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Llnear programming history
*1827: Fourier-Motzkin elimination algorithm was
proposed to reduce the number of variables in a
system of linear inequalities. Complexity O(m”)
f_ - where k is the number of successive step and m is the
- ¥ number of inequalities.
A -1939: Leonid Kantorovich formulated and solved a

. i planning for expenditures and returns during World
Loond Kooty 1

*1975: Nobel prize in economics was award to
A Leonid Kantorovich together with Tjalling Charles
Koopmans

Tjalling Koopmans Source:http://www.wikipedia.org/wiki/Linear_programming 11 March 2016
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Linear programming history
@ +1947: George B. Dantzig published the simplex
- method (the sitmplex algorithm) to efficiently find the
solution of a linear programming problem for US Air
., rorce.

*1979: Leonid Khachiyan published the ellipsoid
algorithm for solving a linear programming model in
polynomial time. However, his algorithm is not
eonid kiachiyn practical for the real world problems.

PP -1984: A new interior-point method was introduced
by Narendra Karmarkar while he was working fot
Bell Laboratories.

Narendra Karmarkar Source:http://www.wikipedia.org/wiki/Linear programmingl1 March 2016
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Linear programming problems
and models
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* Transhipment (Transshipment) 1s the shipment of goods to an
intermediate station then to the destination.
* If there 1s no intermediate station, then this 1s called the

transportation T C cm1ng >

Minimize Z Z C X a, goods available at node i m or1@
i=1 j=1
m+n m+n

subjectto 2, ;= 2, X, =4 VI=LooM ) gestination
s=1 r=1 R
m+n m+n
Zxr,m+1_zxm+],s_bm+] VJ:1, ’n
r=1 s=1

. m -
Total available = Z b,,., demand for the goods at node m;

Total demand

Source: https://en.wikipedia.org/wiki/Transshipment problem 11 March 2016
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* Transportation of n origins and m destinations.
a. = goods available at origin i, b goods demand at destination ;.
@ cost of sh1pp1ng>

o b,  Minimize Z Z cx/\
i=1 j=1
b

subject to Zx..Sa. ‘v’l—

Vj=1,.

a. goods available at node i
b,,., demand for the goods at node m+;j

Total available =
Total demand
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The standard simplex algorithm
from Dantzig




~ dadnsnivmdndiad The standard simplex
~ Chulalongkorn University algorithm from Dantzig

Pillar of the Kingdom
Page 10

Canonical form of the LP model

Maximize ¢ x Easily translate to standard form if 6 > 0
subjectto AXx<b A

x=0
Optimal point

7

Maximize ¢ x+0's
subjectto Ax+Is=b
x>0,s>0
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Maximize c' x
subjectto Ax=b
x>0

{—— Multiply by -1 if b, <0

AN M 1s a very large positive number.

Maximize ¢ x—M1" x Stop at the optimal,
. ¢ 1f 1"x,> 0, then the problem is infeasible.
subjectto Ax+Ix,=b

Otherwise, the optimal is found.
x=0,x,=0 Stop with unbounded case,
If 1'x, > 0, then the problem is infeasible.

Otherwise, the unbounded case is founded.
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. . T
Maximize C X

_, {——= Multiply by -1if 5. <0
Ax=b !

subject to
x=0
A If the optimal is zero,
Then eliminate x , continue with this new BFS.
Minimize 1 X, .. T
Maximize ¢ X

subjectto Ax+Ix,=b :> subjectto A x=h
x=0,x,=0 x>0
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Cosine angle and minimal angle
concept
(Small dimensional problems)
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Minimize C X Gradient vector of objective function

subjectto AXx<b
T T

v
Minimize C,X,+C, X,
subjectto a,,x,+a,,x,<b,

d,; X;+d,,X,<b,

d,X,+ad,,X,<b,
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Y
minimize
X;,X —C,X
1>%2 . Cl £ O, xl — y 27Y2
s.t. a.x, +a,x, 2P, (i=1,..,n) ¢
y minimize )
XY
h(x) : s.t. yzax+b (iel),
|
i y<ax+b (iel,),
|
E [SXZ y
g(x)
xl I{m xn g

Time > O(n?)


http://epubs.siam.org/doi/abs/10.1137/0212052
http://epubs.siam.org/doi/abs/10.1137/0212052

Linear-Time Algorithm
‘  WNADNSNIUMINENAE wrt. # constraints

> Chulalongkorn University (A Boonpel‘m&K
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age 17 Sinapiromsaran 2010)

Only for non-redundant constrained linear
programming problems

h(x)

g(x) & - I22 | -

Optimal solution
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Dual problem

Primal problem

Maximize b'w Minimize ¢ x
subject to Alm=<c subjectto AXx=b
x>0


http://www.sciencedirect.com/science/article/pii/S0305054804000024
http://www.sciencedirect.com/science/article/pii/S0305054804000024

uWadNSNiLMINendg L1e new origin point for
“. Chulalongkorn University starting Simplex Algorithm

Page 19 Pillar of the Kingdom (A Boonperm & K
Sinapiromsaran, 2012)

> X
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Page 20 Pillar of the Kingdom (A. Boonperm & K.
Sinapiromsaran, 2012)

20
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Minimize CiX{+CyX,+Cq X5
subjectto  a,,x,+a,,x,+a,;;x,<b,

dy, X, +dyy Xo+dy3X5<b,

&

a, X, +d,,X,+d, X, <b

m

apiimal point




Dinaonsniumdndiad Projection to 2D LP
— Chul i i .
F’il!alll’ oﬁll?enK?i:;[;::r: Unlversny Iteratlve VS' KKT
Page 22 .
choice

* Select the binding constraint
ailxl T ai2x2 * ai3x3 - bi
e Detine x, = (b.—a . x, —a x)a,
* Replace 1t to the remaining constraints and the

objective function and solve this 2-dimensional LP.
* Solve it using the minimal angled algorithm.

AXx <b
W*TA:CT,W*ZO
w (Ax —b)=0,(c'—w A)x =0
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time (ms)
0.40
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0.30
0.25 —¢— Simplex Method

0.20 ®- Naive Method
0.15 —4— KKT-MAP

0.10
0.05

0.00
4 5 6 7 8 9 10111213 14 15

number of constraints I
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Artificial-free simplex algorithm

(How to avoid artificial variables)
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The Partitioned Problem:

Maximize chx1+c2Tx2
subjectto A, x,+A,,x,<-b,
A, x,+A,,x,<b,

>0,x,=0

The algorithm performs alternating during primal and
dual iterations.

[ Ineffective in practice. J




The primal
i)linaonsmum)nmaa perturbation simplex

B " method (Pan, 2000)

® At the origin point, if the problem was neither primal
nor dual feasible,

O Perturbed cost of objective function in primal to
guarantee the dual feasibility. Then starts the dual
stmplex method.

® The the original cost of objective function was
restored and the primal simplex will be performed.

V4
The computational results were shown to be superior

for low dimensional linear programming problems.



http://166.111.121.20:9080/mathjournal/JSSW200006/jssw200006003.caj.pdf

The big-M free
DiNAdNSNILMINAE solution algorithm
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Start with: Relaxed problem:
Maximize ¢’ x Maximize ¢ x
subjectto  Ax<a subjectto A x<a
Bx<b x>0
x>0
~
where b <0, a > 0. Maximi T
aximize C X
subjectto Ax+Is=a
x=>0,s=>0

[Only small examples were shown.ﬂ



http://ijpam.eu/contents/2006-32-4/14/14.pdf

~ dhadnsniumdndad

—— Chulalongkorn University
Pillar of the Kingdom

Simplex implementation
Without artificial variables
(Our methods)
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Maximize c x
subjectto AXx<b
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optimal point
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optimal point
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= max bi

ieP|—A;c
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P 1s the collection of acute constraints.
N is the collection of non-acute constraints.

Excluded initially

Max
S. t.

T
C X

A,x<b,,b,>

0] s.t. Ay x<b,,b,<0

x,=—hc,\A="axX

i€P

—A;-c
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Let P~ —{z‘eP|bt<0} and PT ={i € P|lb; > 0}. If P~ # )

and A = max{—4—}. Then -y = —Ac is a feasible point of the

1eP—
NAR.

Corollary 2

If P # () then the NAR is always feasible.
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Max ch’+ch0

S. 1. A, X 'SbP—AP Xo < 1 RHS 1is positive.
v

Max ch'+ch0

s.t. A, x'+Is=b,—A,x,5=0

S

T + T .- T
Max C X —C X+c X,
+ -

+ -
s=>0,x =20,x =0
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{ Start }

i

Split constraints

i

NAR (Non-Acute

constrained relaxation) _

Reinsertion to construct

the original problem
T
{ End } .
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Max x, + 2x, No. () 7 e
St 72X - X = -4 1 [,
-3x, - 3x, = -9 TERCTRRN
-Xx;, - 2x, = -4
—3 X, * X, < 6
X, - 33X, = 6
2x, - 3x, = 12
3x, + 5x, =< 30
x, < 5
—X; - X < =2

|
N
H><
|
<
No
IA
I
N



Max X,
s.t. 33X,

x, = 0 1s the feasible point.

The optimal solution 1s x = 5/3

and x,= 3.

This point satisfies the rest of the
constraints. Therefore, it 1s the
optimal solution for the original

problem.

Page 39
+  2X,
+ 5X,

X

Simplex method based
DiNadNSNIUMINENAE on the Non-Acute

. Chulalongkorn University

Pillar of the Kingdom constraint Relaxation
No. (i) A, A.c
< 30 1 [-2,-1] -4
< 5 2 [-3,-3] -9
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® 7 variables (n) — 5, 10, 20, 50, 100

® 7 constraints (m) — 1n, 2n, Sn, 10n, 20n, 30n, 40n, 50n

® For each problem size, 100 different problems were
simulated and solved.

Problem P '
small sizes of constraints large sizes of constraints

[m € {n, 2?1}) [m € {5n, 10n, 20n, 30n, 40?1,50?1})

NAR is Unbounded. NAR is optimal.
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The average number of iterations for a small number of constraints

Two-Phasze Method Arsham’s Method

1 m NAR AN i Phazel Phasell Phasel+Il &5ik RP = RP+= Sy
] ] 1.91 245 2.5 n.20 242 .62 3.35 1.20 378 408 2.05
11 ] 4.14 .60 J.82 10,59 351 13.90 4.500 218 5.53 10.71 h.G3
20 20 5.71 14.10 H4a 25.11 511 36.22 1067 H.08 28.30 3358 11.51
40 20 2068 G684 : .60 G193 L&AR 1880 | 10491 110,34 121.25 46.07
oo 100 | 50066 22217 27283 T0.61 L7700 2016 42,48 | 3TAHT  318.88 30645 9460
200 100 | 12769  1145.84 1273.53 30697 | 411.36 101509 ST2 | TT22 1884ER 196207 ddR518

The average number of iterations for a large number of constraints

SNAR Two-Phasze Met hod Arsham’s Method
1l m NAR AN MNALDLAN o] Y Phazel Phasell Phasel+11 o] I I RFP = RP+= S0y
25 ] HGT 1.93 10.60 281 20.28 3.97 2425 446 4.90 1403 1503 G.25
25(0 ] L7.706 1.38 19.14 3.94 14914 61T 155.30 14.31 0410 20,06 20306 1513
20.27 71.50 24.97 120054 27.07 14761 17.72 22.72 225.51 201.23 hh.a0

oo 20 51.23
oo 20 112.34 11.12 123.46
BO0 100 | 47554 14233 G17.88 G444 | WOTT.71
OO0 100 | 100056 126560 112711 ) 61058 | Gl09.11  50d.dd GG13.66 34301

1297 | 77261 44.10 H16.71 G338 | 49096 300.93  350.80 126.99
203.92 137163 THAZ | 1508 G66d40.71  6RO0.54 12150
J02.33  TIORAL  T407.44 171284
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Figure : The average number of
iterations
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BESNAR
B Two-Phase Method
E Arsham's Method

100
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The average running time
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Figure : The average number of
1terations
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optimal solution
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i

i
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SNAR

- Need no artificial variables (small number of variables)
- Solve the relaxation with less # constraints.
* It accelerates when the optimal solution 1s 1n this relaxation
- Reinsertion after the optimal solution from NAR 1is easily by the dual
simplex method.

* When solving the relaxation gives the unbounded case, the
method performance depends on the order of reinsertion of non-
acute constraints.

* SNAR outperforms Two-Phase method and Arsham's method for
large number of constraints.
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Simplex algorithm with
unrestricted variable problem
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Unrestricted variable problem for LP

Maximize c' x
subjectto AXx=<b

<

Maximize ¢ X —c X
subjectto Ax —AXx<b
X>0,x>0

<

Maximize ¢ x —c' x+0's
subjectto Ax —AXx+Is=b
X>0,x>0,s>0




Handling the unrestricted
- DWNADNSNIUKINANAH variable problem in the
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simplex algorithm

Unrestricted variable problem for LP

Maximize c x
subjectto AXx=<b

<

. s T T
Maximize C,Xyt+CpXy
subjectto A, Xx,+A,x.<b

X,=0
<

. . T T T
Maximize ¢, Xy;+CoX,+0 s
subjectto A, x,+A,x,+Is=b

Xp=0,s=0
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Problem size

Average time

conl.:,ltoréint Valr\:gl.ole o \lj;:izsg{eICted IDPUR DPUR
25 5.354400 | 5.910860
50 7.426180 | 8.833380
100 75 8.658820 | 11.234920
100 11.957900 | 16.057060
50 22.824940 | 25.088420
100 29.233360 | 35.537500
100 200
150 22.153700 | 30.777500
200 18.359740 | 29.345620
75 41.144180 | 45.221960
150 35.768360 | 45.431640
300 225 29.496760 | 43.481600
300 24.958480 | 41.754000

DPUR is the text-book method and IDPUR is our method.

Time comparison)
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Tlrre
18.00

16.00

14.00

12.00

10.00 W IDPUR

8.00 N DPUR

6.00

4.00

2.00

No. unrestricted
variable

0.00

25 50 75 100
Mo. variable = 100

DPUR is the text-book method and IDPUR is our method.
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- Revise the 1nitial basic feasible solution x,.

* Using cosine angle
* Using the directional vector
- Improve the artificial-free simplex algorithm
* Handle unrestricted variable directly
* Handle insertion of n linearly independent
defining hyperplane instead when the unbounded
solution of the relaxation 1s reached.
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