Numerical Methods

So far, we have seen several analytical technique for finding solutions to the
PDEs. Another alternative approach is to use numerical techniques. This is also
applicable to find solution of the nonlinear problem. Here we shall focus on the use of
finite difference methods.

Polynomial approximations
From Taylor’s theorem, we can find the polynomial approximation to f near a

point X =X, by

f(x)=f(x,)+(Ax) F'(X,)+ (Ale)z f”(xO)+...+(AnL|)nf(”)(xO)+ R,
_ (AX)n+1 (n+1)
Where R, = —(n+1)! FE) L x, <&<x

(remainder term)
(usually called truncation error)

Here x=X,+AX , Ax small
EXx For linear approximation f(x) = f(x,)+ (AX) f'(x,)
2

For quadratic approximation f(x)= f(x,)+(Ax)f ’(xo)+% £"(X,)

Truncation error usually denotes by the order notation i.e., f =0O(g) as x — x,
means Iimi:C or [f|<Clg|.

X=X g

Thus the truncation error for linear approximation is

f(x) = f(%,)+(AX) f'(%)+ O(AX?) o
truncation error

First derivative approximations

There are several ways to approximate the first derivative by using Taylor’s
theorem. For example, from &, we can write

F00-F0g) _ flp+A) - ()

f'(x)) =
(%) AX AX

1)

This is known as forward difference.

If we replace Ax by —Ax, another kind of approximation to g_f can be achieved
X

f(xo_AX)_f(Xo) _ f(xo)_f(xo_AX)
(—AX) - AX

f'(x,) = (2)

This is known as backward difference. Both forward and backward difference

approximations of g—f have truncation error of order O(AXx).
X

J. Asavanant
February 17, 2007



To get a better approximation, we use Taylor series of f (x,+Ax) and
f(x, —AX) .

f (X, +Ax) = f(xo)+(Ax)f’(x0)+M f”(xo)+M f"(%)+-..

f(x, —Ax) = f(x,)—(Ax) f'(x, )+( ) f"(%,)+ EA)° ) f7(%,) +-.
Subtracting these series, we have

f (X, +AX) — f (X, — AX) = 2(AX) f'(%,) +%(Ax)3 f"(x,) +%(AX)S f©(x,)

Rewriting for f'(x,), we obtain

f (X, +Ax) — f (X, —AX)

e +0(AX?) (3)

F'(%) =

_ . o f .
This is known as the centered (or central) difference approximation to 3— at X =x, with
X

error O(Ax?) . Obviously (3) is more accurate than (1) and (2), and it is more preferable.

These approximations are usually called finite difference formula for the first derivative
df
— at x=X,.
dx

In summary, we can find the error of these finite difference approximation by
using the estimate of the remainder term. Let E denotes the error.

AX "
S

For forward and backward differences, E =

X <& < Xy +AX

For centered difference, E = (AX) f

(&)

, Xo <& < Xy +AX

Ex Given f(x)=Ilogx. First derivative of f(x) is f’(x):l.
X

Thusat x=1, we have f'(1)=1.
Suppose we want to approximate f’(x) at x=1.0 by using forward difference formula,
what is the error from this approximation of f'(1) if Ax=0.1?
f (X, +Ax)— f(x,)
AX

For forward difference, f'(x,) =

Here x, =1.0, Ax=0.1
fL)-f(@) _ 0.09531-0

f'(L.0) = - - 0.9531
0.1 0.1
Centered difference '1.0) = ~ =109 _ 009531+010536 _ ; 55ap
0.1 0.1
2 2
Error (centered) E = %f”’(g)‘ = %% = 3.3x10°°
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Second derivatives
We look at

f (X, +Ax) = f(x,)+(AX) f ’(XO)—ir(AZLI)2 f”(x0)+(A3—XI)3 f”’(xO)Jr(A‘lLI)4 fO(x,)+...

and

(A

f (X, —AX) = f(x,)—(AX) f'(x;) + 3X|)3 f"’(xo)+(A4—le O (%)=

(Ax)° .,
1 (%)=
Adding these two series, we have

— — 2 .
£7(0x,) = f (X, +AX) 2f(xg)+ f(% —Ax) (Ax) £ ()
(AX) 12
where x, < & < X, +Ax. This gives a finite difference formula for f"(x,) with O(Ax?)

truncation error:

f (X, +AX)—2F(%,)+ f(x,—AXx)

f "(Xo) = (AX)Z

(4)

This is called the centered (or central) difference approximation for f"(x,).

Note: The coefficient L > — 2 > and >
(AX) (Ax) (AX)

represent the weight average and they must sum to zero for any finite difference
approximations.

General technique for finding finite difference approximation to derivatives can
be derived based on Taylor’s approximation. As an example, suppose that we want to
find the approximation to f"(x,) using f(x,+Ax), f(x,) and f(x,—AXx), we consider

f"(x,) = af (X, + AX) + bf (x,) + cf (X, — Ax) + O(AX™)
The coefficients a,b,c and m are to be found. Let’s begin with

(AZX!)Z (%) + a% f"(%,) + a% fO(x,)+...

of f(x,+Ax), f(x,) and f(x,—AXx)

af (x, +Ax) = af (x,)+a(Ax)f'(x,)+a
bf (Xo) = bf (Xo)

of (x, —AX) = c;f(xo)—c(Ax)f'(xo)+c(Azil)2 f”(xo)—c(Ag—Xl)S f"'(xo)+c(A4L|)4 £ (%)) +...
= af (% +AX)+bf (x)+cf (X, —AX) =  (a+b+c)f(x)+(@a—Cc)AxF'(x,)

+(a+c)ATX2 f"(%,)+ (a—c)(A?’—XI)3 f"(%,)

+(a+c)(A4LI)4f(‘V)(xo)+...

Setting a+b+c=0 1)

a-c=0 (2

and a+c:i 3)
AX
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It is clear from (2)&(3) that a=c = Ai. From (1), we have b = —Ai . The question now
X X

is how to find m. If we look at the coefficient of f"(x,), itis a—c which is zero. The
4
next non zero term would be (a+c)A4iI f ™ (x,). Hence m=2. This is the centered

difference formula for f"(x,) obtained earlier.

Partial derivatives
Some of the partial derivatives can be approximated by the earlier results for
f'(x,) . For examples, if we use the centered difference formulas,

Z_;J((meo) _ u(><o+A><,yo)2A)t(1(><0 AX, ¥,)
%J(meo) _ U(Xo’yo+Ay)2A;(Xovyo Ay)
ﬂ(x y) = U(Xg +AX, ¥5) = 2u(Xy, Yo) +U(X, — AX, Yy)
oxz e (AX)?
5_112()( y.) = U(Xg, Yo +AY) —2u(Xy, ¥o) +U(Xg, Yo —AY)
oty " (Ay)?

Fa

b (%, 00 )
&t Ax

(o—brye)  Cope)  (Rtbmy)

(7, 0 — &)

For Laplacian V?, we have (based on centered formula with Ax = Ay =A)

u(x, + AXx, +U(X, — AX, +U(X,, Y, +AY) +U(X,, Y, — Ay) —4u(X,,
V2U(x,, y,) = S0 T AX: Yo) + U = AX, o) (oAzyo Y) +U(X, Yo —AY) —4U(Xy, Yo)

This is known as 5-point finite difference approximation for the Laplacian.

+0(A%)

P (L)

) 0

(1)
2

Y \whose truncation error is O(Ax?)
oxoy

for Ax=Ay = A. (Hint: use centered difference approximations for first order derivative.)

Homework 11 (b) Derive an approximation for
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Heat equation

2
Let’s replace the heat equation gt—u—az 2—3 =0 at the point x=X, and t=t; by a
X
forward difference time and a centered difference in space.
U(Xy, ty +At) —u(Xy, ;) 2 u(X, +AX,t,) —2u(X,, t,) + u(x, — Ax,t,) LE

At (Ax)°

1)

2 A4
2%%(5,%) for
t, <7 <t,+At, X, <& <X, +Ax. Here we look for the approximation G(x,,t,) of the
exact solution u(x,,t,) satisfying.
(Xt + A —U(Xp,t) _ 2 U (X, +AX, 1) —20(X%,, t,) + (X, — AX, ;)
At (AX)?

o . At &°u
Where the (discretization) truncation error E :72?(X0,r) —a

()

2
,0U

This approximation is said to be consistent with the heat equation (;t_u =« P when
X

E—>0as Ax—0and At —>0.
Let’s now discretize the domain 0 < x <L into N equal intervals with a mesh

size of Ax=ﬁ (Thatis, x, =0, x =AX, X, =2AX, ... , Xy = NAXx=L). In particular,

we use the notation

X; = jAX 3
Similarly, we define the time step At such that
t. =mAt (4)

Here, m and j are integers. The exact solution of (2) is denoted by

4

: acx;,t,)=uj (5)
v e | Note : Xo +AX = X; + AX =X 4
« o e ' and t,+At —> t +At=t,_,
BESEE: e
xoo NoX X I

Equation (2) can be written as
u;n+1_u;“ _ UT+1—2UT2+UT_1 (6)
At (AX)
Fori=12,....,N-1and m=12,... Note that u; =u(0,t) and uy =u(L,t) are values of
u at boundaries which are generally given (for Dirichlet problem).
To perform the calculations, we rewrite (6) as

At m m m
™ (u " -2ul +u j,l) @)

U =UT+0[2
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To find u(x;,t,,,), we use the values of u at

. * (B o m+l =
oo or 1% previoustime step t, at X=X, X=X and
J-1 4 j+l
e X=X,

This is known as the forward time and central space finite difference scheme. The
scheme is explicit as it can compute u;‘”l directly from the values of u at previous time

t . Define s=a’ 2 a dimensionless parameter of this finite difference equation.
X

This discrete problem can be solved numerically. To obtain numerical stability, it is

required that| s< % :

For non-homogeneous problem u, = a’u, +Q(x,t), the source term Q(x,t) is usually
discretized based on the numerical scheme. If explicit scheme is used then Q(x,t) will be
replaced by Q(jAx,mAt) or (in our notation) Q.

Other numerical schemes
(a) More accurate scheme can be derived by using centered difference in both space

and time
ur_n+1 _ur_n—l 062
] 1]
= 2(u?+1—2u?‘+u;“_1)
At (AX)
or ui™ =ui" +s(ull, —2ul +ul,) (8)

The scheme is known as Richardson’s scheme. It is an explicit scheme with
second order accuracy in space and time O(At?) and O(Ax*) . Although, this scheme is

more accurate than the forward-time, centered-space but should never be used (since the
scheme is always unstable).

(b) Crank-Nicholson scheme
Centered difference approximation can be

. T £+ 4 achieved with higher accuracy by expanding
@D Do g1 2 the Taylor’s series around
. * . i : t+£ = 8_u :U(t+At)—U(t)
x—dx  x x+Ax 2 ot LAt At
2

o%u - L .
For vl the original approximation is done at t ,i.e.,
X

m

_ m m
Uyl =ufl, —2uf +ul,

u;and u,, attand t+At. Hence, the finite

To find u,,| a we average u;,,,
2

difference equation for u, = a’u,, is
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m+1 m 2 m+1 2U m+1 +1

e T e T W e
At 2 AXZ AXZ
S 1 1, S 1 S S
or > ully —(@+s)u™ + > —uiy = —EUTH - (1=s)uy _EUT—l ©)

This is called an implicit scheme with O(At?) and O(Ax?) . The advantage of this
scheme is that it is always stable for all values of s.

Wave equation

2
U, =CU,, , O0<x<1

u(x,0) = f(x), u(x,0)=g(x)

with Dirichlet boundary conditions
We can find numerical solution to this wave equation by using finite difference
approximation.

ui™ —2ut +uf e [ Ta—2ul +ul ] M
At2 AX?
With truncation error O(Ax?) and O(At?). Initial conditions are
uj = f(x;)=f(jax) (2)
and U gy = (i ©
2At !

Question now is about how to deal with uj‘l. From (1) we set m =0 which gives

C2
u=2ul-utt—— - (U, -

At

Eliminating u} from (3) and (4), we have

2u) +uf, ) (4)

. CAt
= 2f(jAX)— 2u1 2Atg(JAx)+(AXJ ( J+1—2u +u )

1(cAtY
or ujil = f(jAX)_Atg(jAX)JFE(Ej ( i -2u° +uJ 1)

Now that uj.’ and uj’1 are known, other uf' ’s can be found by using (1) and the boundary
conditions can be imposed as usual.

Note: To have stable solution, the parameter c% <1. This is known as the Courant-
X

Friedrichs-Lewy condition (CFL). Physical meaning of this is that the speed of the
propagating wave (c) must be smaller than the speed of propagation of the numerical
discretization of the wave equation.

Laplace’s equation Vu=0 (2-D)
Generally, the standard centered difference (5-point difference approximation)
formula is used to find the partial difference equation with Ax=Ay =A. That is
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» (1,7 +1)
Upg Uiy U TU; 5 —4U; ~0 (1)
. . A? -
(G-L7) G @E+L)) .
Rearranging terms,
(- 1) 1
Ui ; :Z(Um,j Uiy +Ui,j+1+ui,j—1) (2)

(value of u; is the average of the four neighboring point)

We can solve (1) directly by writing as a linear system and using Gaussian
elimination. But it costs too much and too expensive. It is more instructive to use
approximation iterative scheme for (2). There are two basic scheme Jacobi and Gauss-
Seidel iterations.

Jacobi method

m+1 1 (um

m m m
+U U +uin)

Ui = 7 \Uisgj TUisy

ij

4

where the superscript m refers to number to iteration. Normally, we stop the iteration
scheme when the convergence is achieved, i.e., [u™" u’

i
Gauss-Seidel method
To accelerate the computation, we can update the values in (2)

um+1:%(um _+_um+l+um. +um+l)

<¢&.

ij i+1,] i-1,j i+l ij1

J. Asavanant
February 17, 2007



