Exercise on Game Theory

Q. 1
In a noncooperative game called ‘Battle of the Sexes’, two individuals, Ruth and Chris, who are not able to communicate, are choosing what to do on Friday’s evening. Both prefer to be together rather than alone. However, if they are together, Ruth would prefer watching an opera to a football match but Chris prefers the latter to the former. In particular, their payoffs are given in the following payoff matrix.  

Chris

                  

     Opera      
Football
	3 ,  2
	1 ,  1

	1 ,  1
	2 ,  3


    Opera

           Football

Find all pure and mixed Nash equilibrium strategies of the game.

Q. 2
The widget market is controlled by two firms: Acme Widget Company and Widgetway Manufacturing. The structure of the market makes secret price cutting impossible. Each firm announces a price at the beginning of the time period and sells widgets at the price for the duration of the period. There is very little brand loyalty among widget buyers so that each firm's demand is highly elastic. Each firm's prices are thus very sensitive to inter‑firm price differentials. The two firms must choose between a high and low price strategy for the coming period. Profits (measured in thousands of dollars) for the two firms under each price strategy are given in the payoff matrix below. Widgetway's profit is before the comma, Acme's is after the comma.

	
	
	
	Acme

	
	
	
	Low Price
	High Price

	Widgetway
	
	Low Price
	60, 60
	250, ‑20

	
	
	High Price
	‑20, 250
	130, 130


a. Does either firm have a dominant strategy? What strategy should each firm follow?

b. Assume that the game is to be played an infinite number of times. (Or, equivalently, imagine that neither firm knows for certain when rounds of the game will end, so there is always a positive chance that another round is to be played after the present one.) Would the tit-for-tat strategy would be a reasonable choice? Explain this strategy.

c. Assume that the game is to be played a very large (but finite) number of times. What is the appropriate strategy if both firms are always rational?

Q. 3
Two software companies sell competing products. These products are substitutes, so that the number of units that either company sells is a decreasing function of its own price and an increasing function of the other product’s price. Let p1 be the price and x1 the quantity sold of product 1 and let p2 and x2 be the price and quantity sold of product 2. Then x1 = 1000(90 − 0.5 p1 + 0.25 p2) and x2 = 1000(90 − 0.5 p2 + 0.25 p1)
Each company has incurred a fixed cost for designing their software and writing the programs, but the cost of selling to an extra user is zero. Therefore each company will maximize its profits by choosing the price that maximizes its total revenue.

a) Write an expression for the total revenue of company 1, as a function of the its price p1 and the other company’s price p2. 
b) Company 1’s best response function BR1(() is defined so that BR1(p2) is the price for product 1 that maximizes company 1’s revenue given that the price of product 2 is p2. Find the best response function of company 1. (Hint: Take a derivative of revenue with respect to p1 and solve for the revenue-maximizing p1 given p2.)
c) Use a similar method to solve for company 2’s best response function
d) Solve for the Nash equilibrium prices.  
e) Suppose that company 1 sets its price first. Company 2 knows the price p1 that company 1 has chosen and it knows that company 1 will not change this price. If company 2 sets its price so as to maximize its revenue given that company 1’s price is p​1, then what price will company 2 choose? If company 1 is aware of how company 2 will react to its own choice of price, what price will company 1 choose? Given this price for company 1, what price will company 2 choose? 
Q. 4
In the following sequential game called ‘entry game’ Find the subgame perfect equilibrium of the game using 

a) via backward induction method

b) via solving for Nash in every subgame.
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