Lecture 7 : Game theory part 1

Normal Form games and the equilibrium concept
By Kornkarun Kungpanidchakul

Game theory deals with any situation in which the reward to any one player (or called “payoff”) depends not only on his/her own actins but also on other players’action in the game.

Normal Form Game


A normal form game represent a game in which each player “simultaneously” chooses a strategy, and the combination of strategies chosen by the players determines a payoff for each player. To find the equilibrium of the game, we first need to construct the “payoff matrix”. To do so, we put the payoff of the first player in the row of the table and put the payoff of the other player in the column of the table.

Definition :  A normal form game contains N players, strategies available to those players (called strategy set), and their payoff function from each outcome.


Although we stated that in a normal form game, the players choose their strategies simultaneously; this does not imply that the parties need to act simultaneously. It suffices that each chooses his action without knowledge of the others’ choices.

Example1: Prisoner-dilemma Game

This is an example of a game in which two players can get higher payoff by cooperating with each other. Yet the inferior outcome occurs when each concerns only its interest.

	
	Prisoner 2

	prisoner 1
	
	confess
	Don’t confess

	
	confess


	3 years, 3 years
	Free, 10 years

	
	Don’t confess
	10 years, free
	1 years, 1 years


The first number in each block indicates a numbers of years the first prisoner will be in the jail. The second number in each block indicates a number of years the second prisoner will be in the jail. 

Mixed strategies

Definition : Given pure strategy set Si for player i, mixed strategy for player i is a probability
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Equilibrium Concept

A dominant strategy

Definition : A strategy is strictly dominant for player i if the strategy gives the player i’s payoff more than any other strategy from the strategy set, regardless of other players’ choices.


A dominant strategy is the action which is a player’s best action regardless of the action taken by the other player. In other words, it is a strategy that is best for a player in a game regardless of the strategies chosen by the other player.

Consider example 1, the first number in each block indicates a numbers of years the first prisoner will be in the jail. The second number in each block indicates a number of years the second prisoner will be in the jail. 


Consider the payoff matrix above, confess is the dominant strategy for both players regardless of the other player’s actions. Therefore, (confess, confess) is the unique Nash equilibrium of this game even both are better when both remain silent.


In summary, “confess” is the dominant strategy for both players and (confess,confess) is the Nash equilibrium of this game.

Iterated strictly dominated strategy
Definition : The strategy Si is strictly dominated if there is another strategy in which gives the player i higher payoff than strategy Si, regardless of other players’ strategies.

Remarks:

1. To check whether a strategy is strictly dominant it is enough to check performance vs pure strategy profiles.
2. But while it is enough to test performance against opponents’ pure strategies, it is possible for a strategy which is not dominated by any of one’s pure strategies to be dominated by a mixed strategy.

3. If a pure strategy Si is strictly dominated, then any mixed strategy with Si in its support.

Example 2:

	
	L
	R

	T
	3,…
	0,…

	M
	0,…
	3,…

	D
	1,…
	1,…


The process of iterated elimination of strictly dominated strategies is based on the appealing idea that rational players do not play strictly dominated strategies.

Example 3:

	
	Left
	Middle
	Right

	Up
	1,0
	1,2
	0,1

	Down
	0,3
	0,1
	2,0



Consider the game in Example 3. Player 1 has two strategies (Up and Down) and play 2 has three strategies (Left, Middle, Right). For player 1, neither Up and Down is strictly dominated. For player 2, Right is strictly dominated by middle, so a rational player 2 will not play Right. If player 1 knows that player 2 is rational, then player 1 can eliminate Right from player 2’s strategy set. So he can play the game as if it were the game in the following picture.
	
	Left
	Middle

	Up
	1,0
	1,2

	Down
	0,3
	0,1



Now for player 1, Down is strictly dominated by Up. So if player 2 knows that player 1 is rational, then player 2 can eliminate Down from player 1’s strategy set, leaving the game as the following picture:

	
	Left
	Middle

	Up
	1,0
	1,2



We can see that Left is strictly dominated by Middle for player 2, leaving (Up,Middle) as the outcome of the game.

Drawbacks of iterated elimination of strictly dominated strategies:

· Each step requires a further assumption about what the players know about each other’s rationality, i.e. we need to assume not only that all the players are rational, but also that all the players know that all the players are rational and iterate this process.

· The process often produces a very imprecise prediction about the play of the game. In some games, there are no strictly dominated strategies, then iterated elimination of strictly dominated strategies produces no prediction about the play of the game.

Nash equilibrium


A Nash equilibrium (so-called equilibrium in this course) is a result when every player in a game chooses the best-response strategy given the strategies of other players, ignoring the effects of his/her action on the payoffs received by those other players
Definition : Best-response 
Strategy 
[image: image5.wmf]*

i

s

is a best-response strategy for player i if and only if
[image: image6.wmf])

,

(

max

arg

*

i

i

i

i

u

i

-

=

s

s

s

s

.

Definition: Nash equilibrium

The strategy profile (
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Remarks: 


- When there is a dominant strategy in the game, it is the unique Nash equilibrium of the game.

- Nash equilibrium always exists. However, Nash equilibrium might not be pure strategies. 

- The strictly dominated strategies are not rationalizable, and hence are not in the strategy profile of Nash equilibrium

- After eliminating strictly dominated strategies, for each profile of supports, find all equilibrium from all possible combinations. Each strategy in a support must receive the same payoff, which must be at least as high as payoffs for strategies outside the support.

Example 6: Find all Nash equilibria of the following game.
	
	Left
	Middle
	Right

	Up
	0,4
	5,6
	8,7

	Down
	2,4
	6,5
	5,1


Exercise:
1. Find all Nash equilibria of the following game.

	
	Firm 2

	Firm 1
	
	Advertise
	Don’t advertise

	
	Advertise


	25K, 27K
	25K, 30K

	
	Don’t advertise
	26K, 27K
	20K, 20K


2. Find all Nash equilibria of the following game.
	
	X
	Y

	A
	3,5
	0,4

	B
	2,4
	2,6

	C
	1,6
	1,5
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