Lecture 8
Extensive Form Game and Nash Equilibrium Refinements

By Kornkarun Kungpanidchakul
Extensive Form Game

The extensive form captures who moves when, what actions each player can take, what players know when they move, what the outcome is as a function of actions, and the players’ payoffs from each possible outcome.

Example 1 : Matching pennies

Two players move sequentially. Player 1 puts her penny down (either head or tail). Then after seeing Player 1’s penny, player 2 puts her penny down.
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The extensive form game consists of :

· an initial decision node represented by an open circle, where player 1 first makes her move.
· Branches from the decision node represented possible choices by player 1

· The decision node (solid dot) at which player 2 can choose the strategy she wants to play.

· The terminal nodes represent the end of the game with the players’ payoffs.

The figure represented game we see in figure 1 is called a game tree.


The game we see in figure 1 is called a perfect information game.

Definition: A game is perfect information if each information set contains a single decision node. Otherwise, the game is imperfect information.


Now we’re introduced with the new concept of information set. 

Definition: A information set for a player is a collection of decision nodes satisfying:

i) the player has the move at every node in the information set, and

ii) when the play of the game reaches a node in the information set, the player with the move does not know which node in the information set has been reached.
Defintion: Perfect Recall


A player does not forget what she once knew, including her own actions


We impose the perfect recall assumption in the extensive form game.

Example 2 : Matching Pennies Version 2

This version of Matching pennies is the same as the first version except that when player 1 puts her penny down, she keeps it covered with her hand. So player 2 cannot see player 1’s choice until after player 2 has moved.
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The use of information sets also allows us to capture play that is simultaneous rather than sequential. 

Example 3: Prisoner-dilemma
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Definition: Common Knowledge

All players know the structure of the game, know that their rivals know it, know that their rivals know that they know it and so on.

The failure of Nash equilibrium in the dynamic game

Example 4: Predation game


Consider the following game. Firm E (entrant) is considering entering the market that currently has a single incumbent (firm I). If it does so, the incumbent can respond in one of two ways: either accommodate, giving up some of its sales but causing no change in the market price, or it can fight the entrant, engaging in a costly war of predation that drastically lowers the market price.

[image: image4.png]o, ouonsia i iy

oul, Biakt ip

In, acoon






From its normal form game, we have two pure strategy Nash equilibria, which are (out, fight if Firm E plays In) and (In, accommodate if Firm E plays In).


Yet, we can claim that the strategy (out, fight if Firm E plays In) is not sensible since Firm E knows that if it indeed enters the market, Firm I will play accommodate nevertheless. Therefore, Firm E should choose In as its optimal strategy. In other words, (out, fight if Firm E plays In) is not a good prediction of the outcome of the game (or not “credible”).


To rule out incredible predictions, we need sequential rationality.

Definition: Sequential Rationality

Equilibrium strategies should specify optimal behavior at every information set, even ones which are not reached in the equilibrium. 


This captures the notion of “credible commitment”. In Nash equilibrium, there may be unreached information sets. However, to have credible commitment, all behaviors in every information set must be optimal.

The Subgame Perfect Equilibrium (Selton 1965)

Definition: A subgame of an extensive for game is a subset of the game which:
i) begins with an information set containing a single dicision node, contains all the decision nodes that are successors of this node, and contains no other nodes.

ii) is closed under information set. (no broken information sets), i.e. if decision node x is in the subgame, all other decision nodes in the information set containing x must be in the subgame as well.

Example 5: Find information sets in the following game
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Definition: A strategy profile 
[image: image6.wmf]}

,...

{

1

N

s

s

s

=

, where I ={1,..,N} is the set of players of the game, is a subgame perfect equilibrium of the game if it induces a Nash equilibrium in every subgame .

Backward Induction


It is the procedure which involves solving first for optimal behavior at the end of the game and then determining what optimal behavior is earlier in the game given the anticipation of this later behavior. This procedure is linked to the idea of sequential rationality as it insures that players’ strategies are optimal at every decision node of the game.
Remarks: The determination of optimal behavior at each decision node has to be a simple single-person decision problem (perfection information). Therefore, in case that the information set contains more than one decision node, we can implement the backward induction by using reduced games. At each stage, after solving for the optimal actions at the current final decision nodes, we can derive a new reduced game by deleting the part of the game following these nodes and assigning to these nodes the payoffs that result  from the already determined continuation plays.

Example 6: Find the subgame perfect equilibrium of the predation game.

Zermelo’s Theorem

Every finite game of perfect information has a pure strategy subgame perfect equilibrium. If no player has the same payoffs at any two of his terminal nodes, then the subgame perfect equilibrium is unique.
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