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Introduction

In this chapter we study

Forced vibration
Def. Periodic
EX 1

EX 2

EX 3

EX 4

Q3

periodic functions, i.e. satisfying f(x 4+ P) = f(x)
Fourier series representation

Solutions to IVP with a periodic external force.

1
2
3
Fourier Series: 27
Formula . . .
EX 5 4. functions on an interval f : |a,b] — R
EX 6
EX 7 5
Q4
EX 8 9
Convergence
EX9

EX 10

Fourier sine/cosine series

Solutions to boundary value problems (BVPs).
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Introduction EX_ Forced Vibration

Forced vibration

Def. Periodic
EX 1 C

EX 2 L
EX 3

EX 4

Q3

Fourier Series: 27

Formula Exisraal
EX 5 force rit)

EX 6
EX7 Fig. 274. Vibrating system Fig. 275. Electrical analog of the system

Q4 under consideration in Fig. 274 (RLC-circuit)
EX 8

Convergence
EX9

EX 10 Mathematical model:

Eit)

my" + vy + ky = r(t)
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Introduction

r(t) is periodic

Forced vibration

Def. Periodic
EX 1

EX 2
EX 3

EX 4 /2

Q3 | / \ |

Fourier Series: 27 —IT bis t
Formula \/—}TJ"E — \/

EX 5
EX 6 Fig. 276. Force in Example 1
EX 7

Q4

EX 8
Convergence

EX 0 For such 7(t), we will express r(t) as a Fourier series:
EX 10

r(t)

r(t) = % + Z(an cosnt + b, sinnt).

n=1
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Periodic Functions

Introduction
Forced vibration Definition For a function f(x), if there is p > 0 such that

EX 1

EX 2 f(x+p) = f(x) for all x,

EX 3
EX 4

Q3 f(x) is called a periodic function and p is a period of f(z), or

Fourier Series: 27 ] ) . .
Formula simply f is p-periodic.
EX5
EX 6
EX 7

Q4 flx)
EX 8

Convergence
o /\\//\Vf/\ _
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Example 1

Introduction EX. The function f defined by

Forced vibration
Def. Periodic
EX1 _ _

v flx) =2 for—1<az<l1, f(z+4+2)=f(x) forallux,
EX 3
EX 4
Q3

Fourier Series: 27

Is 2-periodic.

Formula
EX 5 y
EX 6
EX 7

SX48 / / | /
E;)(n;ergence = : ! . X
EX 10 _V_z - 1/2 3/

1
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Example 2

Introduction
Forced vibration
Def. Periodic

EX 1

EX2 |
EX 3

EX 4

Q3

Fourier Series: 27
Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10

EX. Use the well-known identity
cos(A + 2m) = cos A, sin(A+27m) =sin A

so show that f(x) = cosx and g(x) = sinx are 27-periodic.

o+
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Example 3

Introduction
Forced vibration
Def. Periodic

EX 1

EX 2
EX3
EX 4

Q3

Fourier Series: 27
Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10

EX. Generally, forn = 1,2, ..., show that the functions

fu(x) =cosnx and g,(x) =sinnz

are 2m-periodic.

N_ . \/\/ ANVAWrAWY/
0 21 H\/E;n' \/\/\/En

r:V\ n/\ 2n Gf\ /\n[\?ln'
VY V V V

sin X sin 2x sin 3x
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Introduction
Forced vibration
Def. Periodic

EX 1

EX 2

EX 3

EX4 |
Q3

Fourier Series: 27
Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10

Example 4

EX. Let L > 0. Show that

f(x) = cos % and g¢g(x) = sin %

are 2L-periodic. Prove that the same conclusion holds for

fn(x) = cos % and g¢,(x) = sin %,

form=1,2,...

Lecture 8
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Question 3

Introduction Q_ ShOW that

Forced vibration
Def. Periodic
EX 1 -+ 2
o f(x) = sin“ 3z
EX 3
EEmmmmmmm | 'S @ 27-periodic function.
Fourier Series: 27
Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10
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Periodic Functions

Introduction Note. If f, g are P-periodic functions, then so is af + bg, for any

Forced vibration
Def. Periodic constants a, b. In fact,
EX 1
EX 2
(af +bg)(x + P) = af (¢ + P) + by(x + P) = af(x) + by(z)
Fourier Series: 27 - (af —|_ bg) (x)
Formula

xS This fact is applied to
EX 7
o aif1+asfo+ -

Convergence

EX9 Plan

EX 10
1. P=2m
2. P=2L, L > 0 arbitrary.
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Fourier Series: Period 27

Introduction
Forced vibration
Def. Periodic
EX 1

EX 2

EX 3

EX 4

Q3

Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10

Definition Given numbers ag,a,,b, (n = 1,2,...), a series of

the form

% + (a1 cosx + by sinx) + (ag cos2x + by sin 2x) + - - -

o
0 .
= — g a, cosnx + b, sinnx),

is called a Fourier series with period 27 (the right hand side
is 2m-periodic).
ag, an, by,'s are called coefficients.
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Fourier Series: Period 27

Introduction
Forced vibration
Def. Periodic
EX 1

EX 2

EX 3

EX 4

Q3

Formula

EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX9

EX 10

Theorem Let f(x) be a 27-periodic function. Assume that

1. f is piecewise continuous, and
2. f'(z7), f'(x") exist at every .

Then f can be expanded into a Fourier series:

an cosnx + b, sinnzx).

}:
||
w|©
||M8

(See the computation of ag, a,, b, below).

This series is called the Fourier series expansion of f(x).

Note. Piecewise continuous means there are finitely many jump
discontinuities in one period.
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Computation

Introduction
Forced vibration
Def. Periodic
EX 1

EX 2

EX 3

EX 4

Q3

Fourier Series: 27
EX 5

EX 6

EX 7

Q4

EX 8
Convergence
EX 9

EX 10

Theorem If f is 27-periodic with the Fourier series expansion

an cosnx + b, sinnx),

:':
||
[\D|o
||M8

then the coefficients are computed from

1 T
aoz—/ f(x)dx
L ——

%/W f(x)cosnxdr (n=1,2,...)

S
3
I

=
S
I

%/W f(x)sinnzdxr (n=1,2,...)
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Example 5

Introduction EX. Find the Fourier series expansion of

Forced vibration
Def. Periodic

fa) =37 0 oy — ().

EX 4 k O<zxz<m
Q3

Fourier Series: 27
Formula

EX 6

EX 7 ﬂx]

Q4 e k_ o

EX 8
Convergence
EX9

EX 10
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Example 5

Introduction
Forced vibration i
Def. Periodic k N it
EX 1 \
EX 2 ER—
EX 3 "\ §

-

EX 4 \__//
Q3

Fourier Series: 27

b
)
Formula p ,——-}{f"‘{: 2
EX6 /i{ﬂ“\\ ;f"_\
EX7 . ‘\\H o 5
Q 4 e R%i sin 3x
EX 8 ~— [ %
Convergence
EX 9
S, .8
EX 10 o| et L e
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Example 6

Introduction
Forced vibration
Def. Periodic

EX 1

EX 2

EX 3

EX 4

Q3

Fourier Series: 27

Formula

EX 5
X
EX 7

Q4

EX 8

Convergence

EX9

EX 10

EX. Find the Fourier series expansion of

f(x) =1+ cos2z.

ANS.

Lecture 8
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Example 7

Introduction EX. Find the Fourier series expansion of

Forced vibration
Def. Periodic
EX 1 L .
Ex 2 f(x) = =2+ sinz — 5cos 2.
EX 3
EX 4

x ANS.

Fourier Series: 27

Formula

EX 5 apgp — —4, a1 — O, bl = 1, Ao — —5, b2 — O,
EX 6 b

EX7 |

Q4

EX 8
Convergence
EX 9

EX 10

S
w
]
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Question

Introduction Q_ Use the |dent|ty

Forced vibration
Def. Periodic

EX 1 o , l+cos24
EX 2 cos® A = :
EX 3 2

EX 4
Q3

Fourier Series: 27

to find the Fourier series expansion of

Formula
2

e f(x) = cos”x.

EX 7

Qa4 |
EX 8

Convergence

EX9

EX 10
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Example 8

Introduction
Forced vibration
Def. Periodic

EX 1

EX 2

EX 3

EX 4

Q3

Fourier Series: 27
Formula

EX 5

EX 6

EX 7

Q4

[EX8 |

Convergence
EX9
EX 10

EX. Use the integral formulas

/ x cosnxdx
/ x sin nxdx

T SIn N

n
X COS NI

COSNx

n

n2

Sin NI

n2

+ C,

+ C,

to find the Fourier series expansion of a 2m-periodic function f
where

Lecture 8

flx)y=a for —m <z <m.
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Convergence of Fourier Series

Introduction
Forced vibration Theorem Let f(z) be a 27-periodic function. Assume that
Def. Periodic
o 1. f is piecewise continuous, and
EX 3 2. f'(x7), f/(xT) exist at every x.
EX 4
as Then sum of the Fourier series of f satisfies
rormuls 1. if f(x) is continuous at xg, then
EX 6
EX 7 oo
g
Qs > Z a, cos(nxg) + b, sin(nxg)) = f(xo);
n=1
EX9 -
EX 10 . . . .
2. if f is discontinuous at z(, then
00 - +
ag . _ flzg) + f(zg)
> + ;(an cos(nxg) + b, sin(nzy)) = ;
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Example 9

Introduction EX. The following figure shows a 27-periodic function f in one

Forced vibration

Def. Periodic period. Discuss the sum of the Fourier series expansion of f at x
EX 1
EX 2 where

EX 3
EX 4 1. xg€ (—m,m)

Q3

Fourier Series: 27 2 xO — =T and 'CUO — .
Formula
EX 5
EX 6 T
EX 7

Q4

EX 8
Convergence
EX9 | |

EX 10 i, T
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e R

Introduction EX. Given that a 2m-periodic function f where

Forced vibration
Def. Periodic

2 /4 f-m<z<0

EX 3 f(:l?) —

x4 /4 fo<zxz<nm
Q3

Fourier Series: 27 . ] .
Formula has the Fourier series expansion
EX5
EX 6 1
EX 7 . D D

o SIHI—I—§SIH3$—|—gSIH5£€—|—---,
EX 8
Convergence

EX 9 evaluate the sum
EX10
1 1 1

1] — -4+ =2 — Z 4.
3+5 7Jr
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