
Completion of a Metric Space

Definition. A completion of a metric space (X, d) is a pair consisting of a complete
metric space (X∗, d∗) and an isometry ϕ : X → X∗ such that ϕ[X] is dense in X∗.

Theorem 1. Every metric space has a completion.

Proof. Let (X, d) be a metric space. Denote by C[X] the collection of all Cauchy
sequences in X. Define a relation ∼ on C[X] by

(xn) ∼ (yn) ⇐⇒ lim
n→∞

d(xn, yn) = 0.

It is easy to see that this is an equivalence relation on C[X]. Let X∗ be the set of
all equivalence classes for ∼:

X∗ = { [(xn)] : (xn) ∈ C[X] }.

Define d∗ : X∗ ×X∗ → [0,∞) by

d∗ ([(xn)], [(yn)]) = lim
n→∞

d(xn, yn),

where [(xn)], [(yn)] ∈ X∗. To show that d∗ is well-defined, let (x′n) and (y′n) be two
Cauchy sequences in X such that (xn) ∼ (x′n) and (yn) ∼ (y′n). Then

lim
n→∞

d(xn, x′n) = lim
n→∞

d(yn, y′n) = 0.

By the triangle inequality,

d(xn, yn) ≤ d(xn, x′n) + d(x′n, y′n) + d(y′n, yn) and

d(x′n, y′n) ≤ d(x′n, xn) + d(xn, yn) + d(yn, y′n).

Hence,
|d(xn, yn)− d(x′n, y′n)| ≤ d(xn, x′n) + d(yn, y′n) −→ 0.

Since both (d(xn, yn)) and (d(x′n, y′n)) are convergent, this shows that

lim
n→∞

d(xn, yn) = lim
n→∞

d(x′n, y′n).

Thus d∗ is well-defined.
Next, we show that d∗ is a metric on X∗. Let [(xn)], [(yn)], [(zn)] ∈ X∗. Then

d∗([(xn)], [(yn)]) = 0 ⇔ lim
n→∞

d(xn, yn) = 0 ⇔ (xn) ∼ (yn) ⇔ [(xn)] = [(yn)].

Also,

d∗([(xn)], [(yn)]) = lim
n→∞

d(xn, yn) = lim
n→∞

d(yn, xn) = d∗([(yn)], [(xn)]).
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Since d(xn, zn) ≤ d(xn, yn) + d(yn, zn),

lim
n→∞

d(xn, zn) ≤ lim
n→∞

d(xn, yn) + lim
n→∞

d(yn, zn).

Thus
d∗([(xn)], [(zn)]) ≤ d∗([(xn)], [(yn)]) + d∗([(yn)], [(zn)]).

Hence d∗ is a metric on X∗.
For each x ∈ X, let x̂ = [(x, x, . . . )] ∈ X∗, the equivalence classes of the constant

sequence (x, x, . . . ). Define ϕ : X → X∗ by ϕ(x) = x̂. Then for any x, y ∈ X,

d∗(ϕ(x), ϕ(y)) = d∗(x̂, ŷ) = lim
n→∞

d(x, y) = d(x, y).

Hence ϕ is an isometry from X into X∗. To show that ϕ[X] is dense in X∗, let
x∗ = [(xn)] ∈ X∗ and let ε > 0. Since (xn) is a Cauchy sequence, there exists an
N ∈ N such that for any m, n ≥ N , d(xm, xn) <

ε

2
. Let z = xN . Then ẑ ∈ ϕ[X]

and
d∗(x∗, ẑ) = lim

n→∞
d(xn, z) = lim

n→∞
d(xn, xN ) ≤ ε

2
< ε.

Thus ẑ ∈ Bd∗(x∗, ε) ∩ ϕ[X]. Hence, ϕ[X] is dense in X∗.
Finally we show that (X∗, d∗) is complete. To establish this, we apply the

following lemma of which proof is left as an exercise:

Lemma. Let (X, d) be a metric space and A a dense subset such that every Cauchy
sequence in A converges in X. Prove that X is complete.

Hence, it suffices to show that every Cauchy sequence in the dense subspace
ϕ[X] converges in X∗. Let (ẑk) be a Cauchy sequence in ϕ[X], where each ẑk is
represented by the Cauchy sequence (zk, zk, . . . ). Since ϕ is an isometry,

d(zn, zm) = d∗(ẑn, ẑm) for each m, n.

Hence, (z1, z2, z3, . . . ) is a Cauchy sequence in X. Let z∗ = [(z1, z2, z3, . . . )] ∈ X∗.
To show that (ẑk) converges to z∗, let ε > 0. Then there is an N ∈ N such that
d(zk, zn) <

ε

2
for any k, n ≥ N . Hence, for each k ≥ N ,

d∗(ẑk, z
∗) = lim

n→∞
d(zk, zn) ≤ ε

2
< ε.

This shows that (ẑk) converges to a point z∗ in X∗ and that X∗ is complete.
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Theorem 2. A completion of a metric space is unique up to isometry. More pre-
cisely, if {ϕ1, (X∗

1 , d∗1)} and {ϕ2, (X∗
2 , d∗2)} are two completions of (X, d), then there

is a unique isometry f from X∗
1 onto X∗

2 such that f ◦ ϕ1 = ϕ2.

Proof. Since ϕ1 is an isometry, ϕ1 is 1-1. Thus ϕ−1
1 : ϕ1[X] → X is an isometry

from ϕ−1
1 [X] onto X. Since ϕ2 is an isometry from X onto ϕ2[X] ⊆ X∗

2 , it follows
that ϕ2 ◦ ϕ−1

1 : ϕ1[X] → ϕ2[X] is a surjective isometry. Let h = ϕ2 ◦ ϕ−1
1 . Then

h ◦ ϕ1 = (ϕ2 ◦ ϕ−1
1 ) ◦ ϕ1 = ϕ2 ◦ (ϕ−1

1 ◦ ϕ1) = ϕ2 ◦ iX = ϕ2.

Hence there exists a unique isometry f from X∗
1 into X∗

2 which is an extension of h.
For each x ∈ X,

f ◦ ϕ1(x) = f(ϕ1(x)) = h(ϕ1(x)) = h ◦ ϕ1(x) = ϕ2(x).

Thus f ◦ϕ1 = ϕ2. Similarly, there exists a unique isometry g from X∗
2 into X∗

1 such
that g ◦ ϕ2 = ϕ1. Therefore

g ◦ f ◦ ϕ1 = g ◦ ϕ2 = ϕ1 and f ◦ g ◦ ϕ2 = f ◦ ϕ1 = ϕ2.

Hence g ◦ f = iϕ1[X] and f ◦ g = iϕ2[X]. Since ϕ1[X] is dense in X∗
1 , we have

g ◦ f = iX∗
1
. Similarly, f ◦ g = iX∗

2
. Thus f = g−1. Hence, f is a unique isometry

from X∗
1 onto X∗

2 such that f ◦ ϕ1 = ϕ2.
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