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2.4 Bases and Dimensions Lemma 2.4.2. If S is a linearly independent subset of V, then

Vi € V . Span S, S U {u} is linearly independent.
Let V be a vector space over F. A subset B C V is a basis for V if B is

linearly independent and Span B = V. Proof. If V = Span S, then V' \. S = () and the statement is vacuously true.

Assume that Span S G V and let i € V'~ Span S.

Theorem 2.4.1. Let B = {01, 0y, ..., U, } be a basis for V. Then We shall show that S U {«} is linearly independent.

VeV, ar,....an € F,T= a1 + -+ - + ap0y. Letcy,...,c, € Fand iy, ..., 4, € S be such that

Proof. Let v € V. Since Span B =V, U+ ity + -+ + ety = 0.
T=ayh + -+ a,d, If ¢ # 0, then

U= *E(Clﬁl +-+ cnﬁn)

for some ay, ...,a, € F. For uniqueness, let by, ...,b, € F be such that o o o

is in Span S, which is a contradiction. Thus, ¢ = 0, so

U =010y + -+ - + b, U,. .
Clﬁl + -+ Cn,ﬁn =0.

Then o .
But S is linearly independent, we get ¢c; = -+ - = ¢, = 0. O
alUl +"'+an7_)’n :blﬁl +"'+bnﬁn
((11 - bl)gl +---+ (an, - bn)ﬁn, = 6
Since {#, ..., ¥, } is linearly independent, we have

(Ll_bl:"‘:a71_b71:07

soa; =b; forallie {1,...,n}. D
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Theorem 2.4.3. Let V be a vector space over F.

(1) If B is a linearly independent subset of V which is maximal with respect
to the property of being linearly independent (i.e., VB C S, S # B = S is not
linearly independent), then B is a basis of V.

(2) If B is a spanning set for V which is minimal with respect to the property
of spanning (i.e., VS C B,S # B = Span S & V), then B is a basis of V.

Proof. (1) Assume that 5 is a maximal linearly independent subset of V.

It remains to prove that Span5 = V. Let ¥ € V ~\ Span 5.

By Lemma 2.4.2, BU {¢} is linearly independent which contradicts the max-
imality of B. Hence, Span B = V.

(2) Let B be a minimal spanning set for V.

We shall prove that 5 is linearly independent.

Letcy,...,c, € Fand v,..., 7, € B be such that

61171 + -4+ Cn’l_)’n = 6
Assume that ¢; # 0 for some i. Then
- 1. - - -
Uy = ——(101 + -+ + ¢io1Uio1 + G Ui + - 4 cotn) € Span(B N {v;}).
T

Thus, V' = Span B = Span(B ~ {v;}) which contradicts the minimality of 5.

Hence, B is linearly independent. O]
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Theorem 2.4.4. Let V' be a vector space over F. If V has a finite spanning set

{th,..., Uy}, then any linearly independent set in V has < m elements.

Proof. Assume that Span{vy, ..., 0,} = V.
Let S be a linearly independent subset of /. Assume that |S| > m.
Let T = {ﬁl,...,ﬂrrl+1 cSscV.

Since Span{#,...,0U,} =V, we have

Uy = U1 + €1U2 + -+ + iU,

Ug = C12U1 + Co2U2 + =+ - + Cp2Upn,

Um+1 = Clm+101 + Comy1V2 + -0 + Crmn,m+1Um

for some ¢;; € Fforallie {1,...,m}and j e {1,..., m+1}.

By Theorem 1.2.7, the matrix equation

Ci1 €12 ... Clm+1 T

Co1 €22 ... Coam+1 T2 =
= Om

Cml Cm2 --- Cmm+1 Tm+1

has a nontrivial solution 7 # 6,,1+1. Note that

DUy A Doty + - A Dy Uy

= z1(ent + ca1th + - - + i) + Ta(Cr201 + Co2ls + - - - + Cratiy)
+ o+ x771+1(cl,m+lﬁl + 62,7n+1172 +- A+ Cm,m+1ﬁm)

= (zic11 + 22012 + -+ F T 1 ClLmp1) V1 + (X161 + TaCon + - - + Ty 1Co 1) o
+ 4+ (Ilcml + XoCpmo + -0+ I771,+1C7n,m7,+1>ﬁm

=0

which contradicts S is linearly independent. Hence, |S| < m. O
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Corollary 2.4.5. If the vector space V' has a finite spanning set {v1, ..., U},
then

(1) {#,...,0,} has a subset which is a basis for V,

(2) any linearly independent set in V' can be extended to a basis for V,

(3) V has a basis,

(4) any two bases for V have the same finite number of elements,

necessarily < m.

In this case, we say that V is finite-dimensional, and the number of el-
ements in a basis is called the dimension of V, written dim V. If V has no

finite spanning set, we say that V' is infinite-dimensional.

Proof. (1) Let ¥ ={S C{¥),..., Uy} : Span = V}.

Since {0y,...,0,} € ., . is a nonempty finite set partially ordered by C.
Then .7 has a minimal element, say 5.

By Theorem 2.4.3 (2), B is a basis for V.

(2) Let A be a linearly independent subset of V.

If Span A = V, then A is a basis for V. If not, let ¥ € V ~ Span A and
Ay = AU {v,}. By Lemma 2.4.2, A, is linearly independent.

If Span A; = V, then A, is a basis for V. If not the case, we continue the
same process, we get A, which is linearly independent.

Theorem 2.4.4 assures that the process must stop at Ay, where |A;| < m and
Ay, is a basis for V.

(3) Since () is linearly independent, () can be extended to a basis for V by (2).
Hence, V' has a basis.

(4) Assume that B; and B, are bases for V. By Theorem 2.4.4, |B;| and
|Bs| are finite. Since SpanB; = V' and B; is linearly independent, we have
|Ba| < |Bi| by Theorem 2.4.4. Interchange the roles of B; and B,, we get
|B1] < |Bs|. Hence, |B;| = |Bs| O
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Remark. The above proof is valid for a “finite” dimensional vector space. For

a general (finite/infinite dimensional) vector space V, consider
& ={S CV: S islinearly independent}.

Then () € .. Partially order . by C. We can show that every chain in .7
has an upper bound. By Zorn’s lemma, .¥ has a maximal element, say 5. By

Theorem 2.4.3 (1), B is a basis of V. Hence, every vector space has a basis.
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Example 2.4.1. Extend {(1,1,1)} to a basis of R.

Remark. If ¢; is the ith column of the identity matrix I,,, then {€},é,...,¢,}

is a basis for '™, called the standard basis, and so dim F'™ = m.
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Corollary 2.4.6. If V is a vector space with dim V' = n, then:
(1) any spanning set of n elements is a basis of V'

(2) any linearly independent set of n elements is a basis of V'
(3) if W is an n-dimensional subspace of V, then W = V.

Proof. Let S = {vy,...,4,} be a set of n vectors in V.

(1) Assume that Span S = V. Then S has a subset which is a basis for V' by
Corollary 2.4.5 (1). But dim V = n, so we have S is a basis for V.

(2) Assume that S is linearly independent. Then S can be extended to a basis
for V by Corollary 2.4.5 (2). Again dim V' = n implies S is a basis for V.

(3) Assume that W is a subspace of VV and dimW = n with basis B =
{W,...,w,}. Then B C V and B is linearly independent.

But |B| = n = dimV, by (2), Bis a basis for V. Hence, W = Span B=V. [

Corollary 2.4.7. If V is a finite-dimensional vector space and U is a proper
subspace of V, then U is finite-dimensional and dim U < dim V.

Proof. Assume that U is a proper subspace of V.

Let B be a basis of U. Then B is linearly independent.

By Corollary 2.4.5 (2), B can be extended to a basis C for V.

If B=C, then U = V by Corollary 2.4.6.

Hence, |B| < |C], so dimU < dim V. O
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Theorem 2.4.8. If W, and W, are finite dimensional subspaces of a vector

space V over a field F, then Wy + W, is finite dimensional and

d1m(W1 + Wz) = dim W + dim Wy — dim(W1 N Wg)

Proof. Let B = {u,...,u,} be a basis for W; N Ws.

Extend B to a basis By = {uy,...,d,, v, ..., 0, for W,

and to a basis By = {uy, ..., U, W, ..., W, } for Ws.

Then dim W, = r 4+ n, dim Wy = r + m and dim(W; N Ws) = r.

We shall show that B’ = By U By = {uy,..., U, 01,..., 0y, W,...,0,} is a

basis for W, + W,. This implies that
dim(Wy + Wa) = r+n+m = dim W + dim W — dim(W; N Ws)

as desired.

By Exercise Set II - 8, we have
Span(B; U By) = Span By + Span By = W + Wh.

Next, we prove linearly independence.
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Letci,...,cpd1,...,dy, €1,..., 6, € F be such that
s+ 4 ety + diT + -+ dyTy + ey + -+ - + ey, = 0.
Then
Clﬁl 4+ -+ CT’JT + dlgl —+ -+ dnﬁn = —61’U71 — e = em’tﬁ,m

SO —e Wy — +++ — epW,, € Wi N Wa.

Since W, N Wy = Span{y, ..., u,}, there exist ¢}, ..., c. € F such that
—eWy — = ey, = iy + -+ + i,
Thus,

— — — — ] — /-
iy + -+ iy + dity + -+ dypt, = Gy 4 - - - 4 G

(c1 = &)ty + - + (¢ — &)y + doy + -+ - + dy, = 0.

Since B, is linearly independent, ¢; = ¢, foralli € 1,...,r and d; = 0 for all

j€{1,...,n}. Therefore,
01’171+~--+crﬁr+eﬂf}’1+~--+emzﬁm :6

Since B; is linearly independent, ¢; = 0 for alli € 1,...,r and ¢, = 0 for all

ke {l,...,m}. Hence, B, U B; is linearly independent. O
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Example 2.4.2. Consider two subspaces of R’

a c
a—b d
Wy = b | eR’:a,beR ) and Wy = 0 eR’:¢,decR
a+b e
| 0 | |d —e]

Find bases for W;, W, and W, N W,. Determine the dimension of W, + W5.
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Theorem 2.4.9. [Universal Mapping Property]

Let B = {t}, v, ..., 0,} be a basis of V.

If Wy, Ws, ..., W, € W (not necessarily distinct), then 3! linear transformation

T :V — W such that T(v;) = & forall i € {1,2,...,n}.

Proof. By Theorem 2.4.1, for each v € V can be expressed uniquely in the
form

U = ¢1U; + oty + - -+ + ¢, U, for some cy,co,...,c, € F,

soif T': V — W is to be linear, we must define
T(ﬁ) = T(Clgl + Coly + + -+ + 071,77,1) = W7 + CoWy + + -+ + ¢ W, foralloe V.

Then T is linear and 7'(¢;) = w; for alli € {1,2,...,n}.
Finally, if U : V' — W is another linear transformation such that U(%;) = ;
foralli e {1,2,...,n}, then

U(f}') = U(Cﬂ?l + 62’172 + o+ C,,,ﬁ‘n)
=qU(th) + U(%h) + -+ ¢, U(¥,) (because U is linear)
= Wy + CoWy + - -+ + cpy

= 7(7)

forall v € V, and hence U = T. O
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Example 2.4.3. (1) Find a linear transformation 7" that satisfies the follow-
ing conditions
(@ 7T:C— Ryfz]withT(1 —i) =222and T(1 +i) =1 —z,
(b) T : Ry[x] — R? with
T(1)=(2,1),T(1 —z) = (0,1) and T'(z + ) = (1, 1).

(2) Let T : Ry[z] — R? be a linear transformation with
T2—-z)=(1,-1,1)and T'(1 + =) = (0,1, —1).
Find T(—1 + 2x).
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Let V and W be vector spaces over a field and 7" : V — W a linear
transformation. The rank of 7', denoted by rank 7, is dim(im7") and the
nullity of 7', denoted by nullity 7', is dim(ker 7).

Theorem 2.4.10. Let V and W be vector spaces over a field F and T : V — W

a linear transformation. If V is finite dimensional, then
rank 7"+ nullity T = dim V.

Proof. Let B = {uy,...,u;} be a basis for ker T
Extend B to a basis B/ = {uy, ..., U, 01, ..., U, } for V.
Then T(B') = {Ow, T(0), ..., T ()}

By Exercise Set I - 19, we have

im7T = Span T'(B') = Span{T(v1), ..., T(v,,)}.

We shall prove that the set {T'(¢),...,T(v,,)} is linear independent and

hence it is a basis for im 7. Let ¢y, ..., ¢, € F be such that
AT (@) + -+ cnT(Tn) = O
Then
T(c1@ 4 -+ - + ) = O,
SO c1U1 + - -+ + ¢ Uy, € ker T'. Thus,
U1 + -+ Uy, = ditl + -+ dpti
for some dy,...,d; € I, so
ity + - A el + (—d) i@ + -+ + (—dy)il = Oy
Since B’ is linearly independent, we get
co=-=¢p=dy=---=dp=0.
Hence, {T'(¢h),...,T(t),)} is linear independent. Therefore,
rank 7" + nullity 7' = dim(im 7") + dim(ker ') = m + k = dim V/

as desired. |
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Theorem 2.4.11. Let V and W be finite dimensional and T : V' — W a linear
transformation and dim'V = dim W. Then T is 1-1 < T is onto.

Proof. Let T be a linear transformation.

Tis1-1 < kerT = {0y}
nullity 7' =0
rank 7 = dim V'
rank 7 = dim W
dim(im7T) = dim W
imT =W

T is onto.

¢

R

Hence, T"is 1-1 < T is onto. [

Corollary 2.4.12. If V is finite dimensional, S and T are linear transforma-
tions from V to V, and T o S is the identity map, then T = S~".

Proof. We shall prove that S is 1 — 1. Let Z € V be such that S(Z) = Oy.

Since T o S is the identity map, we have
7= (T o 8)(x) =T(0y) = Oy.

By Theorem 2.3.5, S is 1-1. Thus, S is onto by Theorem 2.4.11.
Hence, S is invertible and 7" = S~ . ]
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From Theorem 2.4.1, we know that the representation of a given vector
¢ € V in terms of a given basis is unique. Let V' be an n-dimensional vector
space over a field F with an ordered basis B = {u,us,...,4,} and ¥ € V.
Then

Vo eV, er,...,cn) € F*' 0 = cytly + cotly + - -+ + ¢l
C1
The vector [v]g = | ¢ | € F™is called the coordinate vector of v relative to

C'VI,
the ordered basis 5.

A one-to-one linear transformation from V onto W is called an isomor-
phism. If there exists an isomorphism from V' onto W, then we say that V'
is isomorphic to W and we write V' = IW. Note that = is an equivalence

relation.
Theorem 2.4.13. If V is an n-dimensional vector space over F, then V. = F™.

Proof. Let B = {i,...,u,} be an ordered basis for V.
Define T': V — F" by

Let v,/ € V and a € F.

Then ¢ = ¢yt + - -+ + ¢y, and @ = dyt; + - - - + d,, iy, SO

c1+dy c1 dy
[T+ ] = : =i+ || =[Up+[s
Cn + dy Cn dy,
and
acy c
lat]lp=| i | =a || =a[ls
acy, Cp,

Hence, T is a linear transformation.
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C1
Next, we shall show that 7" is onto. Let | : | € F™.

Cn

Choose v = ¢yl + -+ - + ¢cyti,, € V. Then T'(v) =

C”

Since dim V' = n = dim F", we have T is 1-1 by 2.4.11.

Therefore, T is an isomorphism and V' = F". O
Corollary 2.4.14. If V and W are finite dimensional, then

dmV =dimW <V ZW.

Let A be an m x n matrix. When A is row reduced to a matrix B, the
column of B are often totally different from the columns of A. However, the
equation A7 = ( and B = 0 have exactly the same set of solutions. That is,
the column of A have exactly the same linear dependence relationships as

the column of B. We conclude this result in

Theorem 2.4.15. Elementary row operations on a matrix do not effect the
linear dependence relations among the columns of the matrix. Moreover, the

pivot columns of a matrix form a basis for Col A. Hence, dim(Col A) = rank A.

For an m x n matrix A, dim(Nul A), denoted by nullity A, is called the
nullity of A.

Recall that 7' : ¥ — AZ is a linear transformation from £ to ™.
Corollary 2.4.16. Let A be an m x n matrix. Then
nullity A 4+ rank A = n.

Proof. It follows from Theorem 2.4.10. O
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Example 2.4.4. Let

(i) Find bases for Col A and Nul A.

(ii) Find rank A and nullity A.

N O N = O

2 -1
-3 3
-2 4
4 =2
0 3

— O = s =
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Theorem 2.4.17. Each m x n matrix A is row equivalent to a unique reduced

echelon matrix U.

Proof. The row reduction algorithm shows that there exists at least one such
matrix U. Suppose that A is row equivalent to matrices U and V' in reduced
echelon form. The leftmost nonzero entry in a row of U is a “leading 1”.

The pivot columns of U and V are precisely the nonzero columns that
are not linearly dependent on the columns to their left. (This condition is
satisfied automatically by a first column if it is nonzero.) Since U and V
are row equivalent (both being row equivalent to A), their columns have
the same linear dependence relations. Hence, the pivot columns of U and V'
appear in the same locations. If there are r such columns, then since U and V'
are in reduced echelon form, their pivot columns are the first » columns of
the m x m identity matrix. Thus, corresponding pivot columns of U and V are
equal.

Finally, consider any nonpivot column of U, say column j. This column is
either zero or a linear combination of the pivot columns to its left (because
those pivot columns are a basis for the space spanned by the columns to the
left of column 7). Either case can be expressed by writing U# = 0 for some &
whose jth entry is 1. Then Vi = 0, too, which says that column j of V is
either zero or the same linear combination of the pivot columns of V' to its
left. Since corresponding pivot columns of U and V' are equal, columns j
of U and V are also equal. This holds for all nonpivot columns, so V' = U,

which proves that U is unique. O
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