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2.4 Bases and Dimensions

Let V be a vector space over F . A subset B ⊂ V is a basis for V if B is

linearly independent and Span B = V .

Theorem 2.4.1. Let B = {~v1, ~v2, . . . , ~vn} be a basis for V . Then

∀~v ∈ V, ∃! a1, . . . , an ∈ F,~v = a1~v1 + · · ·+ an~vn.

Proof. Let ~v ∈ V . Since SpanB = V ,

~v = a1~v1 + · · ·+ an~vn

for some a1, . . . , an ∈ F . For uniqueness, let b1, . . . , bn ∈ F be such that

~v = b1~v1 + · · ·+ bn~vn.

Then

a1~v1 + · · ·+ an~vn = b1~v1 + · · ·+ bn~vn

(a1 − b1)~v1 + · · ·+ (an − bn)~vn = ~0.

Since {~v1, . . . , ~vn} is linearly independent, we have

a1 − b1 = · · · = an − bn = 0,

so ai = bi for all i ∈ {1, . . . , n}.
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Lemma 2.4.2. If S is a linearly independent subset of V , then

∀~u ∈ V r Span S, S ∪ {~u} is linearly independent.

Proof. If V = SpanS, then V r S = ∅ and the statement is vacuously true.

Assume that SpanS $ V and let ~u ∈ V r SpanS.

We shall show that S ∪ {~u} is linearly independent.

Let c1, . . . , cn ∈ F and ~u1, . . . , ~un ∈ S be such that

c~u+ c1~u1 + · · ·+ cn~un = ~0.

If c 6= 0, then

~u = −
1

c
(c1~u1 + · · ·+ cn~un)

is in SpanS, which is a contradiction. Thus, c = 0, so

c1~u1 + · · ·+ cn~un = ~0.

But S is linearly independent, we get c1 = · · · = cn = 0.
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Theorem 2.4.3. Let V be a vector space over F .

(1) If B is a linearly independent subset of V which is maximal with respect

to the property of being linearly independent (i.e., ∀B ⊆ S, S 6= B ⇒ S is not

linearly independent), then B is a basis of V .

(2) If B is a spanning set for V which is minimal with respect to the property

of spanning (i.e., ∀S ⊆ B, S 6= B ⇒ Span S $ V ), then B is a basis of V .

Proof. (1) Assume that B is a maximal linearly independent subset of V .

It remains to prove that SpanB = V . Let ~v ∈ V r SpanB.

By Lemma 2.4.2, B ∪ {~v} is linearly independent which contradicts the max-

imality of B. Hence, SpanB = V .

(2) Let B be a minimal spanning set for V .

We shall prove that B is linearly independent.

Let c1, . . . , cn ∈ F and ~v1, . . . , ~vn ∈ B be such that

c1~v1 + · · ·+ cn~vn = ~0.

Assume that ci 6= 0 for some i. Then

~vi = −
1

ci
(c1~v1 + · · ·+ ci−1~vi−1 + ci+1~vi+1 + · · ·+ cn~vn) ∈ Span(B r {vi}).

Thus, V = SpanB = Span(B r {vi}) which contradicts the minimality of B.

Hence, B is linearly independent.
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Theorem 2.4.4. Let V be a vector space over F . If V has a finite spanning set

{~v1, . . . , ~vm}, then any linearly independent set in V has ≤ m elements.

Proof. Assume that Span{~v1, . . . , ~vm} = V .

Let S be a linearly independent subset of V . Assume that |S| > m.

Let T = {~u1, . . . , ~um+1 ⊆ S ⊂ V .

Since Span{~v1, . . . , ~vm} = V , we have

~u1 = c11~v1 + c21~v2 + · · ·+ cm1~vm

~u2 = c12~v1 + c22~v2 + · · ·+ cm2~vm
...

~um+1 = c1,m+1~v1 + c2,m+1~v2 + · · ·+ cm,m+1~vm

for some cij ∈ F for all i ∈ {1, . . . ,m} and j ∈ {1, . . . ,m+ 1}.

By Theorem 1.2.7, the matrix equation

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c11 c12 . . . c1,m+1

c21 c22 . . . c2,m+1

. . . . . . . . .
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











x1

x2
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xm+1















= ~0m

has a nontrivial solution ~x 6= ~0m+1. Note that

x1~u1 + x2~u2 + · · ·+ xm+1~um+1

= x1(c11~v1 + c21~v2 + · · ·+ cm1~vm) + x2(c12~v1 + c22~v2 + · · ·+ cm2~vm)

+ · · ·+ xm+1(c1,m+1~v1 + c2,m+1~v2 + · · ·+ cm,m+1~vm)

= (x1c11 + x2c12 + · · ·+ xm+1c1,m+1)~v1 + (x1c21 + x2c22 + · · ·+ xm+1c2,m+1)~v2

+ · · ·+ (x1cm1 + x2cm2 + · · ·+ xm+1cm,m+1)~vm

= ~0

which contradicts S is linearly independent. Hence, |S| ≤ m.
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Corollary 2.4.5. If the vector space V has a finite spanning set {~v1, . . . , ~vm},

then

(1) {~v1, . . . , ~vm} has a subset which is a basis for V ,

(2) any linearly independent set in V can be extended to a basis for V ,

(3) V has a basis,

(4) any two bases for V have the same finite number of elements,

necessarily ≤ m.

In this case, we say that V is finite-dimensional, and the number of el-

ements in a basis is called the dimension of V , written dimV . If V has no

finite spanning set, we say that V is infinite-dimensional.

Proof. (1) Let S = {S ⊆ {~v1, . . . , ~vm} : Span = V }.

Since {~v1, . . . , ~vm} ∈ S , S is a nonempty finite set partially ordered by ⊆.

Then S has a minimal element, say B.

By Theorem 2.4.3 (2), B is a basis for V .

(2) Let A be a linearly independent subset of V .

If SpanA = V , then A is a basis for V . If not, let ~v ∈ V r SpanA and

A1 = A ∪ {~v1}. By Lemma 2.4.2, A1 is linearly independent.

If SpanA1 = V , then A1 is a basis for V . If not the case, we continue the

same process, we get A2 which is linearly independent.

Theorem 2.4.4 assures that the process must stop at Ak, where |Ak| ≤ m and

Ak is a basis for V .

(3) Since ∅ is linearly independent, ∅ can be extended to a basis for V by (2).

Hence, V has a basis.

(4) Assume that B1 and B2 are bases for V . By Theorem 2.4.4, |B1| and

|B2| are finite. Since SpanB1 = V and B2 is linearly independent, we have

|B2| ≤ |B1| by Theorem 2.4.4. Interchange the roles of B1 and B2, we get

|B1| ≤ |B2|. Hence, |B1| = |B2|
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Remark. The above proof is valid for a “finite” dimensional vector space. For

a general (finite/infinite dimensional) vector space V , consider

S = {S ⊆ V : S is linearly independent}.

Then ∅ ∈ S . Partially order S by ⊆. We can show that every chain in S

has an upper bound. By Zorn’s lemma, S has a maximal element, say B. By

Theorem 2.4.3 (1), B is a basis of V . Hence, every vector space has a basis.
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Example 2.4.1. Extend {(1, 1, 1)} to a basis of R3.

Remark. If ~ei is the ith column of the identity matrix Im, then {~e1, ~e2, . . . , ~em}

is a basis for Fm, called the standard basis, and so dimFm = m.
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Corollary 2.4.6. If V is a vector space with dimV = n, then:

(1) any spanning set of n elements is a basis of V

(2) any linearly independent set of n elements is a basis of V

(3) if W is an n-dimensional subspace of V , then W = V .

Proof. Let S = {~v1, . . . , ~vn} be a set of n vectors in V .

(1) Assume that SpanS = V . Then S has a subset which is a basis for V by

Corollary 2.4.5 (1). But dimV = n, so we have S is a basis for V .

(2) Assume that S is linearly independent. Then S can be extended to a basis

for V by Corollary 2.4.5 (2). Again dimV = n implies S is a basis for V .

(3) Assume that W is a subspace of V and dimW = n with basis B =

{~w1, . . . , ~wn}. Then B ⊆ V and B is linearly independent.

But |B| = n = dimV , by (2), B is a basis for V . Hence, W = SpanB = V .

Corollary 2.4.7. If V is a finite-dimensional vector space and U is a proper

subspace of V , then U is finite-dimensional and dimU < dimV .

Proof. Assume that U is a proper subspace of V .

Let B be a basis of U . Then B is linearly independent.

By Corollary 2.4.5 (2), B can be extended to a basis C for V .

If B = C, then U = V by Corollary 2.4.6.

Hence, |B| < |C|, so dimU < dimV .
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Theorem 2.4.8. If W1 and W2 are finite dimensional subspaces of a vector

space V over a field F , then W1 +W2 is finite dimensional and

dim(W1 +W2) = dimW1 + dimW2 − dim(W1 ∩W2).

Proof. Let B = {~u1, . . . , ~ur} be a basis for W1 ∩W2.

Extend B to a basis B1 = {~u1, . . . , ~ur, ~v1, . . . , ~vn} for W1

and to a basis B2 = {~u1, . . . , ~ur, ~w1, . . . , ~wm} for W2.

Then dimW1 = r + n, dimW2 = r +m and dim(W1 ∩W2) = r.

We shall show that B′ = B1 ∪ B2 = {~u1, . . . , ~ur, ~v1, . . . , ~vn, ~w1, . . . , ~wm} is a

basis for W1 +W2. This implies that

dim(W1 +W2) = r + n+m = dimW1 + dimW2 − dim(W1 ∩W2)

as desired.

By Exercise Set II - 8, we have

Span(B1 ∪ B2) = SpanB1 + SpanB2 = W1 +W2.

Next, we prove linearly independence.
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Let c1, . . . , cr, d1, . . . , dn, e1, . . . , em ∈ F be such that

c1~u1 + · · ·+ cr~ur + d1~v1 + · · ·+ dn~vn + e1 ~w1 + · · ·+ em ~wm = ~0.

Then

c1~u1 + · · ·+ cr~ur + d1~v1 + · · ·+ dn~vn = −e1 ~w1 − · · · − em ~wm,

so −e1 ~w1 − · · · − em ~wm ∈ W1 ∩W2.

Since W1 ∩W2 = Span{~u1, . . . , ~ur}, there exist c′1, . . . , c
′
r ∈ F such that

−e1 ~w1 − · · · − em ~wm = c′1~u1 + · · ·+ c′r~ur

Thus,

c1~u1 + · · ·+ cr~ur + d1~v1 + · · ·+ dn~vn = c′1~u1 + · · ·+ c′r~ur

(c1 − c′1)~u1 + · · ·+ (cr − c′r)~ur + d1~v1 + · · ·+ dn~vn = ~0.

Since B1 is linearly independent, ci = c′i for all i ∈ 1, . . . , r and dj = 0 for all

j ∈ {1, . . . , n}. Therefore,

c1~u1 + · · ·+ cr~ur + e1 ~w1 + · · ·+ em ~wm = ~0.

Since B2 is linearly independent, ci = 0 for all i ∈ 1, . . . , r and ek = 0 for all

k ∈ {1, . . . ,m}. Hence, B1 ∪ B2 is linearly independent.
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Example 2.4.2. Consider two subspaces of R5

W1 =
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Find bases for W1, W2 and W1 ∩W2. Determine the dimension of W1 +W2.
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Theorem 2.4.9. [Universal Mapping Property]

Let B = {~v1, ~v2, . . . , ~vn} be a basis of V .

If ~w1, ~w2, . . . , ~wn ∈ W (not necessarily distinct), then ∃! linear transformation

T : V → W such that T (~vi) = ~wi for all i ∈ {1, 2, . . . , n}.

Proof. By Theorem 2.4.1, for each ~v ∈ V can be expressed uniquely in the

form

~v = c1~v1 + c2~v2 + · · ·+ cn~vn, for some c1, c2, . . . , cn ∈ F ,

so if T : V → W is to be linear, we must define

T (~v) = T (c1~v1 + c2~v2 + · · ·+ cn~vn) = c1 ~w1 + c2 ~w2 + · · ·+ cn ~wn for all ~v ∈ V .

Then T is linear and T (~vi) = ~wi for all i ∈ {1, 2, . . . , n}.

Finally, if U : V → W is another linear transformation such that U(~vi) = ~wi

for all i ∈ {1, 2, . . . , n}, then

U(~v) = U(c1~v1 + c2~v2 + · · ·+ cn~vn)

= c1U(~v1) + c2U(~v2) + · · ·+ cnU(~vn) (because U is linear)

= c1 ~w1 + c2 ~w2 + · · ·+ cn ~wn

= T (~v)

for all ~v ∈ V , and hence U = T .
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Example 2.4.3. (1) Find a linear transformation T that satisfies the follow-

ing conditions

(a) T : C→ R2[x] with T (1− i) = 2x2 and T (1 + i) = 1− x,

(b) T : R2[x]→ R2 with

T (1) = (2, 1), T (1− x) = (0, 1) and T (x+ x2) = (1, 1).

(2) Let T : R1[x]→ R3 be a linear transformation with

T (2− x) = (1,−1, 1) and T (1 + x) = (0, 1,−1).

Find T (−1 + 2x).
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Let V and W be vector spaces over a field and T : V → W a linear

transformation. The rank of T , denoted by rankT , is dim(imT ) and the

nullity of T , denoted by nullity T , is dim(kerT ).

Theorem 2.4.10. Let V and W be vector spaces over a field F and T : V → W

a linear transformation. If V is finite dimensional, then

rankT + nullity T = dimV.

Proof. Let B = {~u1, . . . , ~uk} be a basis for kerT .

Extend B to a basis B′ = {~u1, . . . , ~uk, ~v1, . . . , ~vm} for V .

Then T (B′) = {~0W , T (~v1), . . . , T (~vm)}.

By Exercise Set II - 19, we have

imT = SpanT (B′) = Span{T (~v1), . . . , T (~vm)}.

We shall prove that the set {T (~v1), . . . , T (~vm)} is linear independent and

hence it is a basis for imT . Let c1, . . . , cm ∈ F be such that

c1T (~v1) + · · ·+ cmT (~vm) = ~0m.

Then

T (c1~v1 + · · ·+ cm~vm) = ~0m,

so c1~v1 + · · ·+ cm~vm ∈ kerT . Thus,

c1~v1 + · · ·+ cm~vm = d1~u1 + · · ·+ dk~uk

for some d1, . . . , dk ∈ F , so

c1~v1 + · · ·+ cm~vm + (−d1)~u1 + · · ·+ (−dk)~uk = ~0V .

Since B′ is linearly independent, we get

c1 = · · · = cm = d1 = · · · = dk = 0.

Hence, {T (~v1), . . . , T (~vm)} is linear independent. Therefore,

rankT + nullity T = dim(imT ) + dim(kerT ) = m+ k = dimV

as desired.
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Theorem 2.4.11. Let V and W be finite dimensional and T : V → W a linear

transformation and dimV = dimW . Then T is 1-1 ⇔ T is onto.

Proof. Let T be a linear transformation.

T is 1-1 ⇔ kerT = {~0V }

⇔ nullity T = 0

⇔ rankT = dimV

⇔ rankT = dimW

⇔ dim(imT ) = dimW

⇔ imT = W

⇔ T is onto.

Hence, T is 1-1 ⇔ T is onto.

Corollary 2.4.12. If V is finite dimensional, S and T are linear transforma-

tions from V to V , and T ◦ S is the identity map, then T = S−1.

Proof. We shall prove that S is 1− 1. Let ~x ∈ V be such that S(~x) = ~0V .

Since T ◦ S is the identity map, we have

~x = (T ◦ S)(~x) = T (~0V ) = ~0V .

By Theorem 2.3.5, S is 1-1. Thus, S is onto by Theorem 2.4.11.

Hence, S is invertible and T = S−1.
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From Theorem 2.4.1, we know that the representation of a given vector

~v ∈ V in terms of a given basis is unique. Let V be an n-dimensional vector

space over a field F with an ordered basis B = {~u1, ~u2, . . . , ~un} and ~v ∈ V .

Then

∀~v ∈ V, ∃!(c1, . . . , cn) ∈ F n, ~v = c1~u1 + c2~u2 + · · ·+ cn~un.

The vector [~v]B =









c1
...

cn









∈ F n is called the coordinate vector of ~v relative to

the ordered basis B.

A one-to-one linear transformation from V onto W is called an isomor-

phism. If there exists an isomorphism from V onto W , then we say that V

is isomorphic to W and we write V ∼= W . Note that ∼= is an equivalence

relation.

Theorem 2.4.13. If V is an n-dimensional vector space over F , then V ∼= F n.

Proof. Let B = {~u1, . . . , ~un} be an ordered basis for V .

Define T : V → F n by

~v = c1~u1 + · · ·+ cn~un 7→









c1
...

cn









= [~v]B.

Let ~v, ~w ∈ V and a ∈ F .

Then ~v = c1~u1 + · · ·+ cn~un and ~w = d1~u1 + · · ·+ dn~un, so

[~v + ~w]B =









c1 + d1
...

cn + dn









=









c1
...

cn









+









d1
...

dn









= [~v]B + [~w]B

and

[a~v]B =









ac1
...

acn









= a









c1
...

cn









= a[~v]B.

Hence, T is a linear transformation.
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Next, we shall show that T is onto. Let









c1
...

cn









∈ F n.

Choose ~v = c1~u1 + · · ·+ cn~un ∈ V . Then T (~v) =









c1
...

cn









.

Since dimV = n = dimF n, we have T is 1-1 by 2.4.11.

Therefore, T is an isomorphism and V ∼= F n.

Corollary 2.4.14. If V and W are finite dimensional, then

dimV = dimW ⇔ V ∼= W.

Let A be an m × n matrix. When A is row reduced to a matrix B, the

column of B are often totally different from the columns of A. However, the

equation A~x = ~0 and B~x = ~0 have exactly the same set of solutions. That is,

the column of A have exactly the same linear dependence relationships as

the column of B. We conclude this result in

Theorem 2.4.15. Elementary row operations on a matrix do not effect the

linear dependence relations among the columns of the matrix. Moreover, the

pivot columns of a matrix form a basis for ColA. Hence, dim(ColA) = rankA.

For an m × n matrix A, dim(NulA), denoted by nullityA, is called the

nullity of A.

Recall that T : ~x→ A~x is a linear transformation from F n to Fm.

Corollary 2.4.16. Let A be an m× n matrix. Then

nullityA+ rankA = n.

Proof. It follows from Theorem 2.4.10.
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Example 2.4.4. Let

A =



















1 0 2 −1 1

−1 1 −3 3 4

0 2 −2 4 1

2 0 4 −2 0

1 2 0 3 1



















.

(i) Find bases for ColA and NulA.

(ii) Find rankA and nullityA.
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Theorem 2.4.17. Each m× n matrix A is row equivalent to a unique reduced

echelon matrix U .

Proof. The row reduction algorithm shows that there exists at least one such

matrix U . Suppose that A is row equivalent to matrices U and V in reduced

echelon form. The leftmost nonzero entry in a row of U is a “leading 1”.

The pivot columns of U and V are precisely the nonzero columns that

are not linearly dependent on the columns to their left. (This condition is

satisfied automatically by a first column if it is nonzero.) Since U and V

are row equivalent (both being row equivalent to A), their columns have

the same linear dependence relations. Hence, the pivot columns of U and V

appear in the same locations. If there are r such columns, then since U and V

are in reduced echelon form, their pivot columns are the first r columns of

the m×m identity matrix. Thus, corresponding pivot columns of U and V are

equal.

Finally, consider any nonpivot column of U , say column j. This column is

either zero or a linear combination of the pivot columns to its left (because

those pivot columns are a basis for the space spanned by the columns to the

left of column j). Either case can be expressed by writing U~x = ~0 for some ~x

whose jth entry is 1. Then V ~x = ~0, too, which says that column j of V is

either zero or the same linear combination of the pivot columns of V to its

left. Since corresponding pivot columns of U and V are equal, columns j

of U and V are also equal. This holds for all nonpivot columns, so V = U ,

which proves that U is unique.
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