3 Advanced Group Theory

Deeper results of groups are presented in this chapter. Various kinds of series of a group are
studied in the first three sections. A solvable group gets its name from the Galois group of a
polynomial p(x) and solvability by radicals of the equation p(z) = 0. A nilpotent group can be
considered as a generalization of an abelian group. A linear group gives an example of an infinite
simple group. Finally, we discuss how to construct a group from a set of objects and presentations.

3.1 Jordan-Holder Theorem

The ideas of normal series of a group and solvability that arose in Galois theory yield invariants of
groups (the Jordan-Hoder theorem), showing that simple groups are, in a certain sense, building
towers of finite groups.

3.1.1. Definition. A subnormal series of a group G is a finite sequence Hy, H1,..., H, of
subgroups of G such that H;<H,; (although not necessarily normal in ) for all ¢ with Hy = {e}
and H,, = G. The groups H;1/H; are called the factors associated with the series. A subnormal
series is called a normal series of G if H; < G for all <.

3.1.2. Examples. 1. {0} < 8Z < 4Z < Z and {0} < 9Z < Z are normal series of Z.
2. {(1)} < A3 < S5 is a normal series of Ss.
3. {()} <Ay < S, {(1)} < Vi< Syand {(1)} < V4 < Ay < Sy are normal series of S;. Here

Va={(1), (12)(34), (13)(24), (14)(23)}.
4. {(1)} < {(1),(12)(34)} < V4 < Ay < Sy is a subnormal series of S; which is not a normal
series.

3.1.3. Definition. A subnormal [normal] series { K} is a refinement of a subnormal [normal]
series {H;} of a group G if {H;} C {K;}.

3.1.4. Example. Thesseries {0} < 72Z < 97 < 37 < Zis a refinement of the series {0} < 9Z < Z.

3.1.5. Definition. Two subnormal [normal] series {H;} and {Kj} of the same group G are
isomorphic if there is a one-to-one correspondence between the collections of factor groups
{Hi+1/H;} and {K;11/K;} such that corresponding factor groups are isomorphic.

Clearly, two isomorphic subnormal [normal] series must have the same number of groups.
3.1.6. Example. The two series of Z;5, {0} < (5) < Z;5 and {0} < (3) < Z;5 are isomorphic.

The following theorem is fundamental to the theory of series.

3.1.7. Theorem. [Schreier] Two subnormal [normal] series of a group G have isomorphic
refinements.
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90 3. Advanced Group Theory

3.1.8. Example. Find isomorphic refinements of the normal series
{0} <8Z < 4Z < Z and {0} < 9Z < Z.

Consider the refinement
{0} < T2Z < 8Z < 4Z < Z

of {0} < 8Z < 47 < Z and the refinement
{0} < T2Z < 18Z < 9Z < Z

of {0} < 9Z < Z. In both cases the refinements have four factor groups isomorphic to Z4, Zs, Zo,
and 72Z or Z. The order in which the factor groups occurs is different to be sure.

Recall the following fact.

3.1.9. Theorem. If N is a normal subgroup of G, and if H is any subgroup of GG, then HN =
N H is a subgroup of GG. Furthermore, if H <G, then HN < G.

To prove Schreier’s theorem, we shall need the following lemma developed by Zassenhaus.
This lemma is also called the butterfly lemma since the diagram which accompanies the lemma
has a butterfly shape.

3.1.10. Lemma. [Zassenhaus] Let H and K be subgroups of a group G and let H* and K* be
normal subgroups of H and K respectively. Then

1. H*(H N K*) is a normal subgroup of H*(H N K).

2. K*(H* N K) is a normal subgroup of K*(H N K).

3. HY(HNK)/H*(HNK") =2 K*(HNK)/K*(H*NK)=2 (HNK)/[(H*NK)(H N K*)].

H\H( e

K

“(HNK) K*(HNK)
HNK

“(HNK*) K*(H* N K)

N // \ e

H' NK HNK*
Proof. We first note that
H*(HNK),H*(HNK*), K*(HN K) and K*(H* N K)

are groups. It is easy to show that H* N K are H N K* are normal subgroups of H N K. Apply
Theorem 3.1.9 to H*NK and HNK™* as normal subgroups of HNK, we have L = (H*NK)(HNK™)
is a normal subgroup of H N K. Thus we have the lattice of subgroups shown above.
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Let ¢ : H(HNK) — (H N K)/L be defined as follows. For h € H* and x € H N K, let
¢(hx) = xL. We show ¢ is well defined and a homomorphism. Let h1, ho € H* and z1, 290 € HNK.
If hixz1 = hoxo, then h;lhl = 1:21‘1’1 EeH*"N(HNK)=H"NK C L,sox1L = xzoL. Thus ¢ is
well defined. Since H* is normal in H, there is hs in H* such that x1hy = hsxy. Then

o((hax1)(har2)) = ¢((hihs)(v122)) = (z122)L
= (v1L)(z2L) = ¢(h171)p(ham2)

Thus, ¢ is a homomorphism.

Obviously ¢ is onto (H N K)/L. Finally if h € H* and z € H N K, then ¢(hx) = =L = L if
and only if x € L, or if and only if ha € H*L = H*(H* N K)(H N K*) = H*(H N K*). Hence,
ker = H*(H N K*). Another similar result follows by symmetry. O

Proof of Schreier’s theorem. Let GG be a group and let
{e}=Hy<H <Hy<---<H,=G

and
{e}=Ko<K1<Ky<---<Kj,=G

be two subnormal series for GG. For i where 0 < i < n — 1, we form the chain of (not necessarily
distinct) groups

H; =Hi{(Hi1NKy) <Hi(HinNKy) < <Hi(Hip1 N Kyy) = Higa.

We refine the first subnormal series by inserting the above chain between H; and H;;;. In a
symmetric fashion, for 0 < ;7 < m — 1, we insert the chain

Kj = Kj(Kj1 N Ho) < Kj(Kj NHy) < - < K(Kj N Hy) = K

between K; and K. Thus we get two refinement having mn terms. By Zassenhaus’s Lemma,
we have
Hi(Hip1 N Kj1)/Hi(Hipa N Kj) = Kj(Kjpn 0 Hig) /K (K 0 Hi)

for0<i<mn-—1and 0 < j < m — 1. Hence, this two refinements are isomorphic.
For normal series, where all H; and K; are normal in GG, we merely observe that all the groups
H;(Hi+1 N Kj) and K;(Kj41 N H;) are normal in G, so the same proof applies. O

3.1.11. Definition. A normal subgroup M (# G) is called a maximal normal subgroup of G
if there exists no normal subgroup NN, other than G or M, such that M < N < G. Recall that a
group G is simple if G and {e} are the only normal subgroups of G.

For example, Z,,, p a prime, and A,,, n # 4, are simple. We also have an obvious fact.
3.1.12. Theorem. G is a simple abelian group if and only if G is cyclic of prime order.
The next criterion follows directly from the third isomorphism theorem (Theorem 1.5.8).

3.1.13. Theorem. M is a maximal normal subgroup of a group G if and only if G/M is simple.

3.1.14. Definition. A subnormal series {H;} of a group G is a composition series if all the
factor groups H;;1/H; are simple. A normal series { H;} of G is a principal or chief series if all
the factor groups H,.1/H; are simple.
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Observe that by Theorem 3.1.13 H,;,1/H; is simple if and only if H; is a maximal normal
subgroup of H; 1. Thus for a composition series, each H; must be a maximal normal subgroup of
H; 1. To form a composition series of a group G, we just look for a maximal normal subgroup H,,_1
of G, then for a maximal normal subgroup of H,_1, and so on. If this process terminates in finite
number of steps, we have a composition series. Hence, we have first shown:

3.1.15. Theorem. If G is a finite group, then G has a composition series.

Note that by Theorem 3.1.13 a composition series cannot have any further refinement. To form
a principal series, we have to hunt for a maximal normal subgroup H,_ 1 of G, then for a maximal
normal subgroup of H,,_; that is also normal in G, and so on. The main theorem is as follows.

3.1.16. Theorem. [Jordan-Holder] Any two composition [principal] series of a group G are
isomorphic.

Proof. Let {H;} and {K;} be two composition [principal] series of G. By Schreier’s theorem,
they have isomorphic refinements. But since all factor groups are already simple, Theorem 3.1.13
shows that neither series has any further refinement. Hence, {H;} and {K;} must already be
isomorphic. O

3.1.17. Examples. (Examples of composition series) 1. If G is simple, then {e} <G is the only
normal series of G. It is a composition series for G and its associated factor is G = G/{e}.
2. If n # 4, then {(1)} < A,, < S,, is a composition series of .S,,.
3. Z has many normal series. For example, let mq, ..., m, be positive integers. Then

Z > miZ > mymaZ > -+ > mimy...myZ > {0}

is a normal series for Z whose associated factors are Z,,,, Zm,, - - -, Zm,,, Z. Note that since
any nontrivial subgroup of Z is isomorphic to Z, any normal series for Z must have one
associated factor isomorphic to Z. Hence, Z has no composition series.

4. Let p be prime and G = Z,, x Z,. If (z,y) # (0,0) in G, then ((z,y)) = Z, and {(0,0)} <
((z,y)) < G is a composition series for G. The composition factors are G/((z,y)) = Z, and
((,9))/(0,0) = Zy,, i.e., Z, with multiplicity 2. Note that G has (p* —1)/(p—1) =p+1
subgroups of order p, so G has p + 1 distinct composition series. But in all cases they have
the same composition factors: Z, with multiplicity 2.

5. Let p and ¢ be primes and G = Z,, x Z,; = (a) x (b). Then the only proper subgroup of G are
(a) = Z, and (b) = Z,. Thus G has two composition series

{e} < (a) < Gand {e} < (b) < G

In both cases, the associated composition factors are Z, and Z, both with multiplicity one.
6. Consider Zys, Z,» x Z, and Z, x Z, x Z,. In any composition series for these groups the
same composition factors, namely Z, with multiplicity 3, occur.

3.1. Exercises. 1. Suppose G has precisely two subgroups. Show that G has prime order.

2. A proper subgroup M of G is maximal if whenever M C H C G, we have H = M or H = G.
Suppose G is finite and has only one maximal subgroup. Show that |G| is a power of prime.

3. Let G = Zsg. Consider two normal series {0} < (12) < (3) < Zgs and {0} < (18) < Zss. Find two
isomorphic chains and exhibit the isomorphic factor groups as described in the proof of Schreier’s
Theorem.

4. Find a composition series for the dihedral group Dy = {o,p : 0* = p?> = e and pop~! = 0!} and
for the quaternion group @ = {+1, +i, +j, +k}. Determine the composition factor in each case.
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5. Prove that if G has a composition [resp. principal] series and if NV is a proper normal subgroup of G,
then there exists a composition [resp. principal] series containing N. Hence, show that N and G/N
have composition [principal] series.

6. Show that if Hy = {e} < H; < Hy < --- < H, = G is a subnormal [normal] series of GG, and if
H;,1/H, is of finite order s,,1, then G is of finite order s;s5 ... $y,.

7. Show that an infinite abelian group can have no composition series.

3.2 Solvable Groups

3.2.1. Definition. Let G be a group. For g,h € G, [g,h] = ghg~'h~! is called a commutator
of G. The derived subgroup of GG, denoted by G’, is the group generated by all commutators
of elements of G, i.e.,

G' = (ghg *h™':g,h € G).

The n-th derived subgroup of G, denoted by G( is defined inductively by G(®) = G and
G = (G for all n > 1.

3.2.2. Theorem. Let G be a group.
1. If N is a subgroup, then (/V is normal and G/N is abelian) if and only if G’ C N.
2. (' is a normal subgroup of G and G/G’ is abelian.
3. Every homomorphism 6 : G — A, where A is an abelian group, factors through G/G’.
More precisely, there is a map 0 : G/G’ — A such that § = § o 7, where 7 : G — G/G is
the canonical projection.

Proof. (1) Assume that N is normal and G/N is abelian. Let 2,y € G. Then zyN = yxzN, so
ryz~'y~! € N. Thus G’ C N. Conversely, suppose that G’ C N. Let z,y € G and n € N. Then
rnz~n~! € G’ C N which implies that znz~! € Nn = N. Hence, N < G. Since (zy)(yz)™* =
ryz~ 'y~ € G' C N, zyN = yxN, so G/N is abelian.

(2) follows from 1 by taking N = G’.

(3) Define §(xG’) = 6(x) for all x € G. Clearly, § = 6 o 7 and is a homomorphism. Since
0(G") = {e}, 0 is well defined. O

3.2.3. Remark. The quotient G/G’ is the largest abelian homomorphic image of G.
3.2.4. Definition. The derived series of a group G is the sequence of groups
G =G0 ZG(I) ZG(Q) > ... ZG(n) > ..
A group G is said to be solvable (of derived length < n) if G = {e} for some n.

A solvable group arises from the study of the Galois group of a polynomial in order to obtain
a criterion to determine if it is solvable by radicals. We shall see this in Section 5.8.

3.2.5. Definition. A subgroup H of a group G which is invariant under all automorphisms,
that is, o(H) < H for all ¢ € Aut G, is called a characteristic subgroup of G.

Using the inner automorphisms ¢, (z) = axa~! for all a € G, we can deduce that every
characteristic subgroup is normal in G.

3.2.6. Lemma. Let ¢ : G — H be a surjective homomorphism. Then p(G®)) = H® for every
i > 0. Also, G" is a characteristic subgroup for all 4, and is thus normal in G.
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Proof. We have p([z,y]) = [¢(z), ¢(y)], and since ¢ is onto, we see that ¢ maps the set of commu-
tators in G onto those in H. It follows that ¢(G’) = H’, and repeated application of this argument
yields that o(G()) = H() as required. That the terms of the derived series of G are characteristic
follows from the first part of the lemma when we take H = G and ¢ € Aut G. O

3.2.7. Theorem. Let G be a group. Then G is solvable if and only if G has a subnormal series
with abelian factors.

Proof. If G is solvable, G = G(© > G > ... > G = {¢} is a subnormal series with abelian
factors. Conversely, suppose G = Gy > G; > --- > G, = {e} is a subnormal series for G with
abelian factors. Since G;/G, 1 is abelian, G;y1 > G. We claim G; > G for i = 0,1,...,m by
induction on i. For i = 0, Gy = G' = G(*). Assume G; > G, Then G;y1 > G > (GW) = GO+,
which completes the induction. Hence, {e¢} = G,,, > G so G™ =1 and G is solvable. O

3.2.8. Remark. From Lemma 3.2.6, we know that G(Y < G for all i. Then the above derived
series
G:G(O) >G(1) > ... >G(”) :{e}

is indeed a normal series with abelian factors for GG. Also, if G is solvable, its derived length,
dl(@), is the smallest positive integer n such that G() = {e}.

3.2.9. Examples. (Examples of solvable groups) 1. An abelian group G is solvable of derived
length 1 because G’ = {e}. In addition, the groups with derived length 1 are exactly the
abelian groups. Hence, a group G is abelian if and only if GG is solvable of derived length 1.

2. Let D, be the dihedral group of order 2n, i.e.,

D,={o,p:0"=p*=cand pop ! =o'}

Here, o is the 27/n rotation and p is the reflection of the regular n-gon. For example,

Dy = 7, Dy = 7y x 7o and D3 = S3. Then D!, = (¢?), an abelian group. Thus, fo) = {e}.
For n = 1 or 2, D, is abelian and hence has derived length one. For n > 3, D, is solvable of
derived length two.

Proof. Observe that D,, = {e,0,02,...,0" % p,po,pa?, ..., pa"~t}. For x,y € D,, we distinguish

four cases
orolo kot =¢
11 J(paF)(pa) (o Fp ) (0 T h) = pototola T pTh = 07 Ra
Tyxr =
yr -y (po)ot(0~*p ot = g—lg—t = g2
oF(po ok (o~lp 1) = ohak — g2,
This implies that D!, C (¢?). On the other hand, we have 0 = po~!p~lo. Thus, D] = (o?). O

3. The groups S; = {(1)} and Sy = Z» are abelian groups. The group S3 = D3 is solvable of
derived length two. Since S} = Ay, A}, = Vyand V] = {(1)} = Sf)), we can conclude that
the group S is solvable of derived length 3. Forn > 5, S/, = A,, and A}, = S$?) = A, since
A, is simple and non-abelian. Therefore S,, > A,, > A, > ... is the derived series of 5,
and S,, is not solvable for n > 5. These facts are important in Galois theory (Section 5.8)
and relate to the famous formula for the solution of quadratic, cubic and quartic equations
(by using square roots, cube roots, etc.), and the historic proof by Abel in 1824 that there
are no such formula for the quintic equation.

Proof. Itis easy to see that any group of order two in A4 are not normal. Since A, has more than one
Sylow 3-subgroup, any subgroups of A, of order three are not normal. Moreover, A, has no subgroup
of order six (see Exercises 1.6). Hence, the normal subgroups of A4 are A4, V; and {(1)}. Note that
S, is a subgroup of A4. Moreover, it is normal in A4. Since Sy and S4/Vj, are not abelian, S} must
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be A,. Since A4 is not abelian and A,/V} is abelian, we have A} = Vj. Hence, Sy> Ay> Vi {(1)} is
the derived series of S,. Next, letn > 5and K = S/, <S,,. Then KN A,,<.S,,, so KN A, <A,. Since
A, issimple, KNA, ={(1)}or KNA, = A,. But K C A, and K # {(1)} (since S,, is non-abelian),
we get K = A,,. Hence, S/, = A,. O

The following theorem is often useful to decide if a group is solvable.

3.2.10. Theorem. 1. If G is solvable and H is a subgroup of G, then H is solvable.
2. If G is solvable and N is a normal subgroup G, then G/N is solvable.
3. A homomorphic image of a solvable group is solvable.
4. If N<G and N and G/N are solvable, then G is solvable and dI(G) < dI(V) + dI(G/N).
5. If G and H are solvable, then G x H is solvable.

Proof. (1) Since H®) < G for all i, H™ = {e} if G = {e}.

(2) The application of Lemma 3.2.6 to the canonical homomorphism 7 : G — G/N yields that
(G/N)® = 7(G¥) for all 4, and hence if G = {e}, we have (G/N)™ = {N}.

(3) follows from (2).

(4) Let dI(N) = n and dl(G/N) = m. Since the canonical homomorphism ¢ : G — G/N maps
G to (G/N)™ = {N}, we see that G C N. Thus G(™*t") = (G(™)(") € N = {¢}, and
hence G is solvable.

(5) follows from (4). O

Some additional conditions under which finite groups are solvable are as follows.

3.2.11. Theorem. Let G be a finite group.

1. [Burnside] If |G| = p®q® for some primes p and ¢, then G is solvable.

2. [Philip Hall] If for every prime p dividing |G| we factor the order of G as |G| = p®m
where (p,m) = 1, and G has a subgroup of order m, then G is solvable, i.e., if for all
primes p, G has a subgroup whose index equals the order of a Sylow p-subgroup, then G
is solvable—such subgroups are called Sylow p-complements.

3. [Feit-Thompson] If G is odd, then G is solvable.

4. [Thompson] If for every pair of elements z,y € G, (z,y) is a solvable groups, then G is
solvable.

Burnside’s and Philip Hall’s Theorems were proved by using Character Theory. The proof of
the Feit-Thompson Theorem takes 255 pages of hard mathematics (Solvability of groups of odd
order, Pacific Journal of Mathematics, 13 (1963), pp. 775-1029). Thompson’s Theorem was first
proved as a consequence of 475-page paper (that in turn relies ultimately on the Feit-Thompson
Theorem).

3.2. Exercises. 1. (a) Give an example of a normal subgroup of G which is not characteristic.

(b) Prove that Z(G) is a characteristic subgroup of G.

(c) If H is a characteristic subgroup of N and N < G, show that H < G.

Show that if G is a solvable simple group, then G is abelian.

3. Let{e} =Hy < H; < Hy < ---< H,_1 < H, = G be a composition for G. Prove that G is solvable
if and only if the composition factors H,;/H; all have prime order. Deduce that if G is solvable with
a composition series, then G is finite.

4. Find a composition series of S3 x S3. Is S3 x S3 solvable?

5. Show that a group of order 1995 is solvable.

6. Let p < ¢ < r be primes and let G; be a group of order pq and let G5 be a group of order pgr. Prove
that both of them are solvable. [Hint. G; has a unique subgroup of order ¢.]

7. Let G be a group of order 495 = 32 -5 - 11.
(a) Prove that a Sylow 5-subgroup or a Sylow 11-subgroup of G is normal in G.
(b) Let P be a Sylow 5-subgroup and @ a Sylow 11-subgroup of G. Prove that P(@ is normal in G.
(c) Prove that G is solvable.

N
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8. Prove (without using the Feit-Thompson Theorem) that the following statements are equivalent:
(i) every group of odd order is solvable
(ii) the only simple groups of odd order are those of prime order.

3.3 Nilpotent Groups

In this section, we shall introduce a class of groups whose structure, next to those of abelian
groups, is most amenable to analysis. We begin by generalizing the notion of a commutator.

If A and B are subsets of GG, then we let [A, B] be the subgroup of G generated by all commu-
tators [a, b] = aba~'b~! where a € A and b € B, that is,

[A, B] = ([a,b] : a € Aand b € B).
Note that [A, B] = [B, A].
3.3.1. Example. G' =[G,G], G? =[G, ¢, ..., Gt = (g G™).

3.3.2. Definition. The lower central series of a group G is defined inductively by I'; (G) = G
and I',41(G) = [G, T, (G)] for all n > 1, so we get

G=T1(G)>Ts(G) > ...

and I',(G) is called the n-th term of the lower central series of G.

3.3.3. Definition. A group G is said to be nilpotent of class < n if I',,;1 = {e}.

3.3.4. Remarks. 1. Since I'y(G) = [G,G] = G, G is abelian if and only if G is nilpotent of
class < 1.
2. Note that the derived series commences

G=G0>agl > .
while the lower central series commences

G=T1G)>Ty(G)>....

Note however that G is abelian if and only if {e} = [G,G] = G’ = T'2(G), so
G is abelian < @ is solvable of length < 1 < @ is nilpotent of class < 1.

3.3.5. Examples. (Examples of nilpotent groups) 1. S3 has the derived series S3 > A3 >

{(1)} and has the lower central series S5 > A3 > A3 > ..., so S is solvable (of length
2) but not nilpotent.

2. Sy has the derived series Sy > A4 > Vi > {(1)} and has the lower central series Sy > A4 >
Ag > ..., s0 8y is solvable (of length 3) but not nilpotent.

3. D, = (p,7:p" =7%=cand 7pr~! = p~!) has the derived series D,, > (p*) > {e} and has
a lower central series D,, > (p?) > (p*) > (p®) > .... Hence, D, is solvable (of length 2)
unless Dy or Dy which is abelian. But D,, is nilpotent if and only if p?>" = e for some r if and
only if n is a power of 2.

3.3.6. Theorem. Let G be a group. Then I',, 11 (G) > G for all n > 0. Hence, a nilpotent
group is solvable. Therefore, S,, is not nilpotent for all n > 5.
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Proof. We shall use induction on n. For n = 0, I'1(G) = G = G, For the inductive step, we
suppose I, 1(G) > G, Thus

Toi2(G) =[G, Thir (@) > [GM), GV = gD,

Finally, assume that G is nilpotent. Then I',,1(G) = {e} for some n, so G = {e}. Hence, G is
solvable. O

3.3.7. Remark. In fact, we have I';(G) > G0, Ty(G) > GW, T4(G) > G?), Tx(G) > GO, ...,
['22(G) > G, ... but this is more difficult to prove.

Recall that if N is a normal subgroup of G, then H «» H/N gives a 1-1 correspondence
between subgroups of G containing N and subgroups of G/N. Moreover, this correspondence
carries normal subgroups to normal subgroups.

Now let Z(G) denote the center of a group G. Then Z(G) is a normal subgroup of G and
Z(G/Z(@)) is a normal subgroup of G/Z(G). Hence,

Z(G)2(G)) = 22(G)/Z(G)

where Z5(G) is a normal subgroup of GG containing Z(G). We generalize this construction to make
the following definition.

3.3.8. Definition. The upper central series of a group G is defined inductively by Z,(G) =
{e} and Z,,+1(G)/Z.(G) = Z(G/Z,(G)) for all n > 1, so we get

{e} = 20(G) < Z1(G) < Z2(G) <

and Z, (@) is called the n-th term of the upper series of G.

3.3.9. Remarks. 1. Z1(G) is the center of G and Z;11(G)/Z;(G) is the center of G/Z;(G).
2. Zit1(G)/Z;i(G) = Z(G/Z;(G)) is equivalent to Z;+1(G) = {g € G : [G, g] < Z;(G)} because

Zi1(G)/Zi(G) = Z2(G/Zi(G))
<= VgeG, g€ Zit1(G) e Ve eG,gxZ; (G) = 29Z;(G)]
—=VgeG,lg€ Zi1(G) aVre G xgr gt € Z;(Q)]
<= VgeG, g€ Zit1(G) < [G,g] C Zi(G))

= Zin1(G) ={9 € G: [G,g] < Zi(G)}.

3. We can show by induction that Z;(G) is a characteristic subgroup of G for all i« € N.

3.3.10. Definition. A subnormal series G = G; > G5 > ... is called a central series for G if
G, G;] < G4 for all .

3.3.11. Remarks. 1. Since [G,Ti(G)] = T'i+1(G), the lower central series is a central series
for G.
2. Note that the condition Z;,(G)/Z;(G) = Z(G/Z;(G)) implies the inclusion [G, Z;11(G)] <
Zi(@). Thus, if Z,(G) = G for some n, then the upper central series (in reverse order) is a
central series for G:

Now, we wish to collect equivalence definitions of a nilpotent group in terms of lower central
series, upper central series and central series.
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3.3.12. Theorem. Let GG be a group.
1. If G = Gy > Gy > G3 > ... s a central series for G, then G,, > I',,(G) for all n.
2. G has a central series G = G; > Gy > -+ > Gp4+1 = {e} if and only if G is nilpotent of
class < n.

Proof. (1) We shall use induction on n. For n = 1, G; = G = I'1(G). For the inductive step, we
suppose G,, > I',,(G). Then

Gni1 2 [G, Gy 2 [G, Th(G)] = T'nta(G).

Q) IfG =G <Gy <... < Gpyp = {e}is a central series for G, then {e} = G,,41 > ' 41(G
so G is nilpotent of class < n. Conversely, if G is nilpotent of class < n, then G =T'1(G) > ...
I'h+1(G) = {e} is a central series of the required length.

~—

b

NV

3.3.13. Theorem. Let GG be a group.
1. Suppose G = G; > Gy > ... > Gny1 = {e} is a central series for G. Then Z;(G) >
Gp_psq forall k € {0,1,...,n}.
2. If Z,(G) = G, then G = Z,(G) > Z,_1(G) > > 71(G) > Zy(G) = {e} is a central
series for G.
3. G is nilpotent of class < n if and only if Z,,(G) = G.

Proof. (1) We shall show that Z;(G) > G,,—r+1 by induction on k. For k = 0, Zp(G) = {e} =
Grt1. Suppose Zy(G) > G g11- Let g € G (j41)4+1 = Gk, then G, 9] < Gpr_p+1 < Zk(G), so
9 € Zy+1(G). Hence, Z11(G) > G (ky1)11-

(2) Since Z;11(G)/Zi(G) = Z(G/Zi(G)), |G, Zi+1(G)] < Zi(G). Hence, the given series is a
central series.

(3) follows from (1) and (2) using Theorem 3.3.12. O

Suppose that G is nilpotent of class < n and that G = G; > Gy > ... > Gpy1 = {e} is any
central series for G. Theorems 3.3.12 and 3.3.13 show that we have the following inclusions

G= Z,(G) > Z,1(G) >-> ZyG) >--> Zy(G) ={e}
Ul Ul Ul Ul

G= Gy > Go >-->  Gpopy1 2> Gpp ={e}
Ul Ul Ul Ul

G= Ti(G) > Ty(G) >---> Tppp1(G) >---> Tppi(G) ={e}

In other words, of all central series for (G, the upper central series has the largest groups
and the lower central series has the smallest groups. We can restate some of the conclusions of
Theorems 3.3.12 and 3.3.13 as follows.

3.3.14. Theorem. Let GG be a group. Then the following statements are equivalent.
(i) G is nilpotent of class < n.
(ii) Th41(G) = {e}.
(iii) G has a central series G = G1 > G2 > ... > Gpy1 = {e}.
(iv) Z,(G) =G.

Next, we shall see that a finite nilpotent group behaves like a finite abelian group. We show
that it is a direct product of its Sylow p-subgroups. We recall Theorem 1.7.5.

3.3.15. Theorem. Let p be a prime. If G # {e} is a finite p-group, then Z(G) # {e}.

We can thus prove another important fact.
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3.3.16. Theorem. Let G be a finite p-group. Then G is nilpotent, and hence G is solvable.

Proof. Consider the upper central series {e} = Zy(G) < Zi1(G) < Z3(G) < Z3(G) < .... If
Zi(G) # G, then G/Z;(G) is a p-group, so Z;+1(G)/Z;i(G) = Z(G/Z;i(G)) # {Zi(G)}. That is,
Zi+1(G) 2 Z;(G). Since G is finite, the central series cannot increase for all i. Hence, Z,,(G) = G
for some n, so G is nilpotent. O

3.3.17. Theorem. Let G be a nilpotent group and let {e} < Z;(G) < --- < Z,(G) = G be the
upper central series of G. Suppose H is a subgroup of G and define inductively No(H) = H,
Ni(H) = N(H)={g € G:gHg ! C H}, the normalizer of H and Ny, = N(Ny(H)) for all
k> 0. Then N,,(H) = G.

Proof. We shall prove by induction on i that N;(H) > Z;(G). Fori = 0, No(H) = H > {e} =
Zo(G). Suppose N;(H) > Z;(G). Let g € Z;+1(G). Then [¢9,G] C Z;(G). To show that g €
N(N;(H)), let x € N;(H). Then gxg~'z~! € Z;(G) < N;(H), so grg~* € N;(H)x = N;(H).
Hence, g € N;y1(H). O

From the above theorem, we can deduce the following:
3.3.18. Theorem. Suppose G is nilpotent and H is a proper subgroup of G. Then N(H) 2 H.
Before we discuss the main characterization theorem, we study some auxiliary results.

3.3.19. Theorem. 1. If G is nilpotent and H is a subgroup of G, then H is nilpotent.
2. If G is nilpotent and N is a normal subgroup G, then G/N is nilpotent.
3. If G and H are nilpotent, then G x H is nilpotent.

Proof. (1) and (2) are analogous to the proofs of 3.2.10 for G is solvable.

(3) Suppose that G and H are nilpotent. Then there exist r,s > 0 so that I'.(G) = {e¢} and
I's(H) = {en}. Thus 'y (G x H) = I'y(G) x 'v(H) = {(eq,er)} where k = max{r, s}. Hence,
G x H is nilpotent. O

Finally, we shall that a finite nilpotent group behaves like a finite abelian group as we have
seen in Theorem 1.8.16. This theorem characterizes all finite nilpotent groups.

3.3.20. Theorem. [Finite Nilpotent Groups] Let G be a finite group. Then the following state-
ments are equivalent.
(i) G is nilpotent.
(ii) All Sylow p-subgroups of G are normal in G.
(iii) G is the direct product of its Sylow p-subgroups.

Proof. (i) = (ii). Assume that G is nilpotent. Recall Theorem 1.7.14 that if P is a Sylow p-
subgroup, then N(N(P)) = N(P). But Theorem 3.3.18 asserts that if H is a proper subgroup of
G, then N(H) 2 H. Thus we must have N(P) = G, that is, P is normal in G since P < N(P).

(ii) = (iii). Note that if a Sylow p-subgroup P of GG is normal in G, then it is the unique Sylow
p-subgroup of G. Let p1,pa,...,pxr be the distinct prime divisors of |G| and let P; be the Sylow
p;-subgroup of G. Suppose x € P; and y € P; where i # j. Then zyz~ly~! € P, N P; = {e},
so z and y commute. It follows that ¢ : P; x --- x P, — G defined by ¢(z1,...,25) = z1... 2
is a homomorphism. It is easy to show that ¢ is a bijection. Hence, G is the direct product of its
Sylow p-subgroups.

(iii) = (i). A finite p-group is nilpotent (Theorem 3.3.16) and a finite direct product of nilpotent
groups is nilpotent (Theorem 3.3.19). Hence, if G is the direct product of its Sylow p-subgroups,
then G is nilpotent. O]
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The next corollary is just a restatement of Theorem 1.8.16.

3.3.21. Corollary. A finite abelian group is the direct product of its Sylow subgroups.

3.3. Exercises. 1. (a) [P. Hall] Let G be a group and z,y,z € G. Write [z, y, z] for [[z,y], z]. Prove
that [z,y~ 1, 2)Y[y, 21, ][z, 271, y]* = e. Here, [z,y] = 2~ 'y~ 'zy and a? = g 'ag.
(b) Let X,Y,Z C GG and assume [X,Y, Z] = {e} = [Y, Z, X]. Prove that [Z, X, Y] = {e}.

2. Prove that if N < Z(G) and N and G/N are nilpotent, then G is nilpotent. Give an example of a
group G with a normal subgroup N such that N and G//N are nilpotent but G is not nilpotent.

3. Let G be nilpotent of class 3. Show that if v € G’ and = € G, then v~'zv = cx where ¢ € Z(G).
Deduce that G’ is abelian.

4. Show that if G is a nilpotent group and N is a normal subgroup of G where N # {e}, then NNZ(G) #
{e}.

5. Prove that if M is a maximal subgroup of a nilpotent group G, then M is normal and |G/M| = p
where p is a prime. (A maximal subgroup is a proper subgroup which is not contained in any other
proper subgroup. Infinite groups needs not possess maximal subgroups.)

6. Prove that if G is a nilpotent group and N is a minimal normal subgroup of G ({e} # N is normal
and simple), then N < Z(G) and |N| = p for some p.

17. Project. Metabelian groups A group G is metabelian if it admits a proper normal subgroup N such
that both V and G/N are abelian. Prove the following statements.
(a) All abelian groups are metabelian.
(b) A group G is metabelian if and only if G” = {e}. Deduce that if G is a metabelian group, then G is
solvable. Give an example of a solvable group which is not metabelian.
(c) Every subgroup of a metabelian group is metabelian.
(d) All nilpotent groups of class 3 or less are metabelian.

3.4 Linear Groups

In this section, we talk about linear groups over a field. They have many interesting properties
and provide us an example of an infinite simple group (Jordan-Moore’s theorem).

3.4.1. Definition. Let K be a field and M, (K) be the set of n x n matrices with entries in
K. Then M, (K) is a ring. Let GL,,(K) denote the set of multiplicatively invertible elements in
M, (K), called the general linear group of degree n, that is,

GLn(K) = M, (K)* = {A € Mp(K) : det(A) # 0}.

Since det(AB) = det Adet B, det : GL,(K) — K is a homomorphism (of two groups).
Its kernel consists of determinant one matrices, denoted by SL, (K ) and called the special
linear group of degree n. It is a normal subgroup of GL,(K) with the quotient group
GL,(K)/SL,(K) isomorphic to K* = K ~ {0}.

Geometrically, let V be a vector space over K of dimension n. Upon choosing a basis of V', we
can represent all linear transformations from V' to V' via n x n matrices with entries in K. Then
GL,, (K) represents the invertible linear transformations on V, i.e., those which are one-to-one or
equivalently those which are onto.
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3.4.2. Theorem. Let K be a field. Then
Z(GL,(K))={M,: A e K*} and Z(SL,(K))={M,:X€ K and \" =1},

where [, is the n x n identity matrix.

Proof. For M to be in the center of G = GL,(K), it must commute with every N in G. In
particular, M commutes with the elementary matrices. Recall that multiplying M on the left by
an elementary matrix corresponds to performing an elementary row operation; multiplying M on
the right by an elementary matrix corresponds to performing an elementary column operation.
Thus, multiplying the ith row of M by a nonzero a gives you the same matrix as multiplying the
ith column of M by a. This implies that the matrix is diagonal. Then, since interchanging the ith
and jth row of M gives us the same matrix as swapping the ith and jth column of M, the ith
entry along the diagonal must equal the jth entry along the diagonal, for all 7 and j. Therefore,
M must be a multiple of I,,. Finally, it is easy to see that all nonzero multiples of 7,, do commute
with all N € G. Hence, the theorem is proved for GL, (K).

For the center of SL,,(K'), we need to use the elementary matrices X;;(a), i # j, whose entries
are the same as that of the identity matrix [,, except for an ¢ € K in the (7,j) location. It is
obtained by performing the row operation R; + aRj, i # j or the column operation C; + aC;
on I,,. Clearly, X;;(a) € SL,(K) forall a € K and i # j.

If M is in the center of SL, (K), then M must commute with X;;(1) for all ¢ # j, so the ith
and jth columns and rows must be all zeros except for the (i,7) and (j, j) entries which must be
equal. Moreover, the product of the diagonal entries is the determinant which is equal to 1. [

From the above theorem, the center of GL,,(K) consists of scalar matrices AI,, with A € K*
and the center of SL,,(K) consists of scalar matrices \I,, with A € K and A" = 1. They are normal
and lead to the next definitions.

3.4.3. Definition. The quotient group GL,(K)/Z(GL,(K)) = PGL,(K), called the projec-
tive linear group of degree n. The quotient SL,(K)/Z(SL,(K)) = PSL,(K) is called the
projective special linear group of degree n.

If K is finite, we may determine the cardinality of each linear group as follows.

3.4.4. Theorem. If |K| =g < oo, then

IGLn(K)| = (¢" = 1)(¢" — a)(¢" — ¢®) ... (¢" — "7 1).

Proof. Let A € GL,(K). Then the columns of A are linearly independent vectors in K". Thus
the first column of A can be any nonzero vectors in K. The second column must not be multiple
of the first column, and the jth column must not be a linear combination of the previous j — 1
columns for all j = 2,...,n. By the product rule, we obtain the theorem. O

3.4.5. Corollary. Let K be a finite field with ¢ elements. Then

SLn (K)| = [PGLA(K)| = (¢" = 1)(¢" — ) (¢" —¢*) ... (¢" —¢"*)¢" !

and [PSLy(K)| = |SLy(K)| if charK = 2 and [PSLy(K)| = [SLy(K)|/2 if charK # 2.

Proof. They follow from their definitions and Theorem 3.4.4. O
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3.4.6. Lemma. Let K be a field. The group SLy(K) is generated by the union of the two

subgroups {[(1) ﬂ AeEK } and {[; (1)] peK } Hence, every matrix, in SLy(K) is a
finite product of matrices which either upper triangular or lower triangular and which have 1’s

along the diagonal. These matrices are called unipotent matrices or transvections.

Proof. Let [CCL b} € SLo(K). Assume that ¢ # 0. Perform the following row/column transforma-

d
tions:
a b Ri+17% Ry 1 dzl Ra—cRy 1 dzl Coti7%01 10
¢ d| becausead —bc=1 |¢ d 0 1 o 1!’
Thus,
1 0] [1 &2]a o]t =47 _[1 0
—c 1]10 1 c dl |0 1| |0 1]°
Hence, [(cl Z} is a product of transvections.
. la+b b . ,
If ¢ = 0, then d # 0 and the matrix 4 dl € SLo(K) can be treated as in the first case.
However,
a bl la+b bl |1 0
0 d | d dl|-11
and the result follows. O

3.4.7. Theorem. Let K be a field. The elementary matrices X;;(a), defined in the proof of
Theorem 3.4.2, generate SL, (K).

Proof. If n = 1, then SL;(K) = {1} is trivial. Lemma 3.4.6 gives the case n = 2. For n > 2, the
theorem follows from the mathematical induction in a similar manner. O

3.4.8. Lemma. The elementary matrices X;;(a), defined in the proof of Theorem 3.4.2, are
commutators in SL, (K) except in the case n = 2 and (|K| = 2 or 3).

Proof. If n > 3, this is easy since there is a third index &k and [X;;(a), Xi;(a)] = Xjj(a). If n = 2,
we use the commutator relation

| R I P

However, given any A\ € K, the equation A = (a? — 1)/ can be solved for 3 if and only if there
exists a nonzero o € K so that o # 1 (i.e., a # £1). This works as long as K* has at least three
elements. O

3.4.9. Corollary. Let K be a field. If n > 2, then SL,(K) is not solvable except in the cases
SLQ(]FQ) and SLQ(IF3).

3.4.10. Remark. SLQ(]FQ) = PSLQ(FQ) &~ S, SLQ(]F3) % S, and PSLQ(IF3) =~ A,. However, they
are solvable groups. Moreover, PSLy(F9) and PSLy(F3) are not simple.

The following theorem was proved by C. Jordan in 1870 for |K| prime. In 1893, after F.
Cole discovered a simple group G of order 504, E. H. Moore recognized G as PSLy(Fg), and then
proved the simplicity of PSLy(K) for all K of size > 4. It provides an example of infinite simple
groups.
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3.4.11. Theorem. [Jordan-Moore] Let K be a field with |K| > 4. Then PSLy(K) is a simple
group.

Proof. Using the third isomorphism theorem, it suffices to prove that a normal subgroup N of
SLo(K) containing a matrix other than +75 must be all of SLo(K). Let A # +15 be a matrix in .
Then there is a vector ¥ in K2 so that ¢ and A# are linearly independent over K. This means that
{#, Av'} is a basis of K2. The matrix representation of A with respect to this basis is [(1) Z} (since
Av=0-v+1-Av and A(AV) =b- v+ d - Av for some b,d € K). Since det A = 1, we actually
have b = —1. That is, A is conjugate to {(1] _dl} . Since N is normal, [2 _dl is also in N.

Our strategy is to show that N contains all unipotent elements in SLo(K) by repeatedly using
the fact that “C~'B~!CB € N for all C € SLy(K) and B € N”. First, apply this trick with B = A

J— « 0 X
and C = [0 a‘l} (a € K*) to get

—2 —2
CTATICA = [O‘O d(a . 1)] € N.

-2 -2 _
Next, repeat the fact with B’ = [QO d(a o2 1)] and ¢’ = [(1) ﬂ (u € K), we get
c-lp-lo'p = |:(1) N(O‘41_ 1):| c N.

We get all upper triangular unipotent elements in IV as long as there exists an o € K* such that
o* # 1. This happens if | K| > 6 since the polynomial z* — 1 has at most four distinct roots in K *
or if |[K| = 4 since F} is cyclic of order 3 and a* = « for all a € F}. Observe that

0 —1][t p]fo =1]17" [1 0
1 oflo 1/]1 o ~|p 1
for all i € K*. This proves that N = SLy(K) if |K| > 4 and | K| # 5.

a2 da™?-1)

It remains to deal with the case K = 5. We still have 0 o2

} € Nforalla € K*.

0 -1

2
] € N, and hence [_Ol __2161] = [(1) _1d] € N. Two cases are

Take o« = 2 to get [_1 —2d
possible:

(a) d # 0. The powers of [(1)

_;q give all upper triangular unipotent elements. By conjugating

0

with [ 1

_01] , the lower triangular ones appear. Thus, N = SLy(K).
0 —1

1 0

(b)dzO,soA:[ 10

(0 € F2), so that

} . We then perform the standard trick with B = A and C” = [ 0 1}

1 -0

_ =1 4—1 _
As=C""14 C’A[_é 241

Jen

Since & # 0, this element is not in the center. Note that its trace is §2 + 2 is never zero. Choose
0 -1
1 3
proof and the trace remains the same under conjugation). Apply Case (a), to A’, and the proof is
complete. O]

d = 1, say. Then A; € N and A is conjugate to A’ = [ } (as at the beginning of the
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3.4. Exercises. 1. Show that there is no non-abelian finite simple group of order less than 60. (Hint.
We may focus on groups of the following orders: 24, 30, 40, 48, 54 and 56.)
2. Suppose G is a simple group of order 60. Show that:
(a) G has a subgroup A of order 12
(b) A has exactly five different conjugates
(c) there is an injective homomorphism from G to S5
(d) both A5 and H contain every element of S5 of the form g and therefore every 5-cycle and
every 3-cycle
(e) H = As.
Deduce that any simple group of order 60 must be isomorphic to A5 and hence PSLy(F4) and
PSL2(F5) are isomorphic to As.

18. Project. The groups GLy(Z/NZ) and SLy(Z/NZ) In this project, we determine the structure and the
cardinality of the groups GLy(Z/NZ) and SLy(Z/NZ).
(a) Prove that for any integer N, the map SLy(Z) — SL2(Z/NZ) obtained by reducing the matrix entries
modulo N is a surjective group homomorphism.
(b) Prove that for positive integers M and N, the maps (“reduction modulo N”) from SLs(Z/M NZ) to
SL2(Z/NZ) and from GLy(Z/M NZ) to GLy(Z/NZ) are surjective group homomorphisms.
(c) What is the kernel of the homomorphism GLy(Z/p°Z) — GL2(Z/pZ)?
(d) What are the order of the groups GLy(Z/p°Z) and SLo(Z/p°Z)?
(e) Let N = pi'...p¢ be the prime factorization of the positive integer N. Show that the reductions
modulo pjj ,j =1,...,r, give isomorphisms

GLy(Z/NZ) = HGL2 Z/py) and SLy(Z/NZ) = HSL2 Z/p)

() What are the order of the groups GLy(Z/NZ) and SL2(Z/NZ)?

3.5 Free Groups and Presentations

There is a basic method of defining a group G, called a presentation of G by generators and
defining relations. We have used this method without defining it precisely. For example, (a)
means the cyclic group generated by a. If a happened to be an element of some larger group G,
then (a) means the subgroup of G generated by (a). It could be infinite cyclic or finite cyclic. More
generally, if we were working a particular group G, and a4, ...,a; € G, then (ay,...a;) denoted
the subgroup of G generated by ay, ... a.

However, when we were not talking about subgroups of a particular group G, then the brackets
( ) had a different meaning as shown by the following examples.

3.5.1. Examples. 1. () =Z and (a:a"=¢€)=7Z,.
(a,b:a"™ =e,b™ =e,ab=ba) = {a,b: a" —e " =e, ab(fllf1 =e) X Zp X L.

<a1,...,ak:a?1:-~:ak = e, a;a;a; 1a —elfz;&ﬁ ny X+ X L.

(a1, ...,ak: aiajai_laj_l =eifi#j) -x 7 (k coples).
D, = {a,b:a"” = b =ebab! = a*1> = <a,b ca" = b = e,babla = e) is the dihedral

group of order 2n.

uhwbd

6. Doo = {a,b:b> =e,bab~t = a~1) = (a,b: b*> = e,bab~'a = e) is the infinite dihedral group.
L p g

7. {(a,b: ala,b] = [a,bla,ba,b] = [a,b]b) = { [0 1 7’] ip,q,T € Z}. An isomorphism is given
0 0 1

by

O O =
O = =

s

0 1 0 0
0| and b~ [0 1 1].
1 0 0 1
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1
0f.
1

In each of the above examples the data inside the brackets ( ) is sufficient to describe a group,
that is, it gives the multiplication table for a groups. We call such an expression a presentation for
the group. It turns out that every group has a presentation and every presentation defines a group.
However, it is generally difficult to decide if a group defined by a presentation is isomorphic to an
explicitly given group.

1
Observe that ¢ = a~ b~ 1ab = [O
0

o = O

3.5.2. Definition. Let A be any (not necessarily finite) set of elements a; for i € I. We think
of A as an alphabet set and of the a; as letters in the alphabet set. Any symbol of the form a
with n € Z is a syllable and a finite string w of syllables written in juxtaposition is a word. We
also introduce the empty word 1, which has no syllables. A word on A is reduced if w = 1 or
the string a’a~* or a~‘a’ does not appear in w for all a € A and i € N.

3.5.3. Definition. Let A be a set. Write F[A] for the set of all reduced words formed from
our alphabet A. For convenience, we may let F[()] = {1}. We make F[A] into a group by the
juxtaposition wjws of two words w; and w- with reduction of strings a’a~ or a~‘a’ (if any) for
alla € Aand ¢ € N. It is called the free group generated by A.

3.5.4. Example. The only example of a free group that has occurred before is Z, which is free
on one generators. Clearly, every free group is infinite.

3.5.5. Example. F, = (z,y). The element of F, are all words in = and y. More precisely, F; is
the disjoint union of the following seven sets.

1. {1} 4, {alryht gty k> 0,4, jr € Z N {0}}
2. {xt:i € Z~{0}} 5. {ahtyit . gtydkgiil k> 0,4, §, € Z N {0}}
3. {y' i € Z~{0}} 6. {yltatt .yt 1k > 0,4, jr € Z~{0}}

7. {ylrat L ydeateydei ok > 0,4, §, € Z N {0}}

3.5.6. Definition. Let G be a group and let A be a subset of G such that (A) = G. If G is
isomorphic to F'[A] under the map ¢ : G — F[A] such that p(a) = a for all a € A, then G is
said to be free on A. A group is free if it is free on some nonempty set A.

3.5.7. Theorem. [Universal Mapping Property of a Free Group] Let A be a nonempty set.
Suppose H is any group and there is a function ¢ : A — H.
1. There is a unique homomorphism ® : F[A] — H extending ¢.
2. If im ¢ generates H, then ® : F[A] — H is a surjection.
3. If Gisagroup and 6 : G — F[A] is an onto homomorphism, then there is a homomor-
phism @ : F'[A] — G such that § o ® = id p4), the identity map on F'[A].

Proof. (1) is clear and (2) follows immediately from (1).

(3) Since 6 is onto, for each a € A, there is a g, € G such that 6(g,) = a. By (1), there is a unique
homomorphism @ : F[A] — H with ®(a) = g, foralla € A. Then § o ® : F[A] — F[A] is the
identity map. O

Similarly, we can show that

3.5.8. Corollary. Let S be a set. Then there is a unique free group on S.
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Proof. Let G; and G4 be free groups on S. Then S is a subset of both G; and 2. Consider the
inclusion maps ¢; : S — G1 and ¢y : S — G2 and the result follows from the uniqueness of the
universal mapping property. O

3.5.9. Corollary. Every group H is a homomorphic image of a free group.

Proof. Let A be a set for which there exists a bijection ¢ : A — H (e.g.,take A = H and ¢ = id ),
and let G = F[A]. By the universal mapping property, there is an onto homomorphism ¢ : G — H
extending ¢. Therefore, G/(ker ®) = H. O

We refer the reader to reference textbooks for proofs of the next three theorems. They are
stated simply to inform us of these interesting facts.

3.5.10. Theorem. If a group G is free on A and also on B (not necessarily finite), then the sets
A and B have the same number of elements; that is, any two sets of generators of a free group
have the same cardinality.

We shall prove this theorem for the finite basis case with some result on finitely generated free
abelian group in the next chapter.
If G is free on a set A, the number of elements in A is called the rank of G.

3.5.11. Theorem. Two free groups are isomorphic if and only if they have the same rank.

3.5.12. Theorem. [Schreier] A nontrivial proper subgroup of a free group is free.

This is not trivial to prove. There is a nice proof of this result using covering spaces (cf. J.-P.
Serre, Trees, Springer-Verlag, 1980).

3.5.13. Example. Lety; = z'yz~! for I > 0. Then y;, [ > 0, are free generators for the subgroup
of Fy, = (z,y) that they generate. This illustrates that although a subgroup of a free group is free,
the rank of the subgroup may be much greater than the rank of the whole group!

3.5.14. Definition. Let G —’~H > K bea sequence of groups homomorphisms. We say
that it is exact at H if im # = ker ¢. A short exact sequence of groups is a sequence of groups
and homomorphisms

[4 ¢

1 G H K 1

which is exact at G, H and K. In other words, if # is 1-1, ¢ is onto and im 6 = ker ¢.

3.5.15. Remark. If N is a normal subgroup of G, then 1 - N — G — G/N — 1 is exact.
Conversely, if 1 —+ N % G — H — 1 is exact, then N is normal in G and H = G//N. Thus short
exact sequences are just another notation for normal subgroups and factor groups.

3.5.16. Definition. A presentation for a group G is an expression
G={(g1,...,gr Wy = =wg=1)

where wy, ..., w; are words in g1, . . ., g, such that the following two properties are satisfied: (1)
q1,-- -, 9 generate G and (2) the conditions that wy = we = - -- = w; = 1 are sufficient to define
the multiplication table of G. Here, ¢1,..., g, are called generators of GG in the presentation
and wy,wo, ..., w; are called defining relations.
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Note that the free group of rank n is the group F,, = (z1,...,z, : ) given by a presentation
with n generators and zero defining relation.

3.5.17. Remark. The elements of (z1,...,z,) are words in z1,...,x,. Suppose w = w(xq,
..., xy) is any such word. Then if G is any group, we can think of w as a function Gx ---xG — G
such that (¢1,...,9n) — w(g1,...,9n). For example, if w(z1,z9) = [z1,22] = $1$2$I1$51, then

w(gi,92) = 919291_192_1-

3.5.18. Remark. If we have F,, = (x1,...,x,) is a free group and G = (y1,...,yn : w3 = -+ =
wy = 1), then the universal mapping property of a free group says that ¢(z;) = y; defines an onto
homomorphism ¢ : F,, — G. This means we have a short exact sequence

¢

1 ker ¢ —— [, G 1.
What is the kernel of ¢? ker ¢ is a normal subgroup of F,, and contains w;(z1,...,z,) for i =
1,...,t. In fact, ker ¢ is the smallest normal subgroup of F,, which contains w;(x1,...,z,) for

i=1,...,t

3.5.19. Definition. Let G be a group and S a subset of G. The normal closure of S in G,
denoted by (S)¢, is the smallest normal subgroup of G containing S.

It is the subgroup of GG generated by all conjugates of elements of S by elements of GG. That is,

(8)¢ = (zyz~':zeGandy € S)

and so
3.5.20. Theorem. Let G = (xj,...,2p : w1 = --- = wy = 1). Then G = F/N where N is the
normal closure of {wy,...,w;} in the free group F = F[{z1,...,z,}]

3.5.21. Example. Consider the free group Fy = (z,y). Let G = (x,y : ayz~ 'y~ ! = 1) = F,/N.
Since G is abelian, Fj C N. But zyz~'y~! € N and N is the smallest, so N = FJ.

3.5.22. Example. Consider the quaternion group Qs = (a,b : a* = 1,a? = b%,ba = a®b) of order
eight. We shall determine the structure of Qg/Q%. Since |a| = 4 and ba = a®b, (a)<Qs and b ¢ (a),
s0 Qs/{a) = {(a),b(a)}. Then Q% C (a). Since a® = a~'hab~! € Q}, (a®) C Q% C (a). In addition,
ba?b~! = a=2. Thus, (a?) is normal in Qg. Since |Qs/(a?)| = 4, it is abelian. Hence, Q} = (a?).
Note that a’Q} = b*Q% = Q%. Therefore, Qs/Qy = Zo x Zo.

3.5.23. Theorem. [von Dyck /fon dike/] Let G be given by a presentation
G=(r1,...,2p: w1 = =w; = 1).

Suppose H is any group which satisfies:
1. H is generated by hy,...,h, and 2. w;(hy,...,h,)=1fori=1,... ¢t
Then there is a unique onto homomorphism ¢ : G — H for which ¢(z;) = h;.

Proof. By Theorem 3.5.20, G = F/N, where F is a free group on {xi,...,z,} and N is the
normal closure of {wi,...,w;}. By the assumption N C ker¢, so ¢ induces a (well defined)
homomorphism z; = z; N — h; foralli € {1,...,n}. O

3.5.24. Example. Classify all groups G of order six.
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Proof. Since 6 = 2 - 3, GG contains elements a and b such that |a| = 2 and |b| = 3 and G = (a,b).
Since (b) is normal in G, aba~! € (b). Thus, aba™! = b or aba=t = b~L. If aba~! = b, then G is
abelian, so G = Zg. Assume that aba~! = b~!. Then G = (a,b : a®,b%,aba~! = b~'). Note that
Ss = ((12),(123)) and (12)(123)(12)~* = (132) = (123)~!. By von Dyck’s theorem, there is an
onto homomorphism from G to Ss. But |G| = 6 = |S3], so G = Ss. O

3.5. Exercises. 1. (a) Prove that the derived group of a free group consists of those words in which

the sum of the exponents for each generator is equal to zero (e.g., 125 @] 2xo11).
(b) Let F be a free group generated by 1, 29, ..., z,. Show that each element of F//F’ is of the form
(x7" x5 ... 2 )F’. Now use (a) to show that F'/F' = Z", i.e., F/F' is the free abelian group of
rank r.

2. Determine the structure of G/G’, when G is given by
() a® =02 = (ab)? =1; (i) a® = 1,b% = (ab)? = a>.

3. Show that if G is generated by a and b subject to the relations a~'ba = b and ab = ba?, then
G ={1}.

4. Let G be a group. For a,b € G, let [a,b] = aba=*b~! and a® = bab~'.
(a) Prove that [a, bc] = [a, b][a,c]® for all a, b, c € G.
M IfH=(x,y,z€G:x,y] =y,y,2] = z and [z, 2] = z), show that H = {e}.

5. If G is a non-abelian group of order eight, show that G is isomorphic to D, or Qs.




4 Modules and Noetherian Rings

Modules can be considered as a generalization of vector spaces. It is like we study linear algebra
over a ring. In this chapter, we first cover basic concepts of modules. Next, we work on free
modules. Projective and injective modules are introduced. We also present the proof of the
structure theorems for modules over a PID. Finally, we talk about Noetherian and Artinion rings.
Noetherian rings have a lot of applications in algebraic geometry and algebraic number theory.

Each ring R that we consider will be assumed to contain a multiplicative identity element,
which will be denoted by 1. We shall therefore regard the possession of such an identity as one of
the defining conditions of the ring concept and also assume 1 # 0.

4.1 Modules

The definition of a module is similar to a vector space. However, now our scalars are in a ring.

4.1.1. Definition. Let R be a ring. We say that M is a (left) R-module provided:
1. (M,+) is an additive abelian group
2. there is a multiplication R x M — M which satisfies for all «, 8 € R and u,v € M,
(@) alu+v)=au+ av,
(b) (a+ f)u = au+ Pu and
(© a(Bu) = (aB)u
3. if 1 is the unity of R, then 1 - v = u for all u € M.

4.1.2. Remark. Note that we abuse notations by not distinguishing between the addition in M
or in R and the multiplication in R or the multiplication R x M — M. A right R-module can be
defined analogously.

4.1.3. Examples. 1. If R = F, a field, an F-module is just a vector space over F.
2. Any abelian group A is a Z-module, where the action of Z is given by for a € A,

0-a=04,n-a=a+a+---+aifn>0 and
—_———
n-a=(-a)+(—a)+---+(—a) ifn <O0.

3. Let F' be a field and R = M, (F) the ring of n x n matrices over F. Let V = F" be n-
dimensional vector space of n x 1 column vectors over F'. Then V is an R-module where
the multiplication R x V' — V is given by A - ¥ = A¢' (matrix multiplication).

4. Let R be a ring. Then R is an R-module with the usual multiplication R x R — R. More
generally, any left ideal A of R is a left R-module. In fact, a subset A of R is a left ideal in
R if and only if the left multiplication R x A — A makes A into a left R-module. That is,
the set of left ideals of R is the set left R-modules of R. Hence, if R is a ring, then R can
be viewed as an R-module, called a regular left [right] R-module, and is denoted by zR

[RR].

109
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We collect basic terminologies about modules in the following definitions.

4.1.4. Definition. Let R be a ring. We say that N is an R-submodule or submodule of an
R-module M if N is a subgroup of M as an additive group and the multiplications R x M — M
and R x N — N agree on N.

4.1.5. Definition. Let R be a ring. The direct sum of R-modules M and N is the abelian group
direct sum of M and N
M@ N ={(m,n):me M,ne N}

with the action of R on M @ N given by
r(m,n) = (rm,rn).
One often writes m + n in place of (m,n).
4.1.6. Definition. Let R be a ring and let A/ and N be R-modules.
1. Amap f: M — N is an R-module homomorphism provided
(@) f: M — N is a homomorphism of abelian groups and

(b) ifr € Rand m € M, then f(rm) = rf(m).
2. We call a diagram of R-module homomorphisms

M-L-N_%.p

exact if im f = ker g. More generally, a sequence of R-modules and homomorphisms

that may be finite or run to infinity in either direction is called exact if for any three con-
secutive terms the subsequence M; —— M, 1 — M, 5 is exact. An exact sequence of

the form
f

0 M’ M2 M 0

is called a short exact sequence. This means that f is a monomorphism (1-1), ¢ is an
epimorphism (onto) and ker g = im f.

3. If N is a submodule of M, then the quotient group (M /N, +) can be made into an R-
module by defining r(z + N) = rz + N. It is called a factor module of M by N.

4. Let f: M — N be a homomorphism of R-modules. The kernel of f is

ker f={m e M : f(m)=0x}

and the cokernel of f is N/im f. They are clear that ker f and im f are R-submodules of
M and N, respectively. Evidently, f is surjective if and only if coker f = 0. In any case,

we have

0 —— ker fC M ! N coker f ——=0

is exact.

4.1.7. Remark. The isomorphism theorems also hold for R-modules and their homomorphisms.
Note however that the first isomorphism theorem will say a bit more, because coker f = N/im f
is an R-module. This is not the case with homomorphisms of groups or rings: If f : G — H is a
group homomorphism, then f(G) = im f is not in general a normal subgroup of H, hence H/im f



4.1. Modules 111

is not in general a group. And if f : R — S is a ring homomorphism, then f(R) = im f is never
an ideal in S (unless it is all of S), so S/im f is not a ring.

The isomorphism theorems can be stated as theorems about commutative diagrams and ex-
act sequences. The use of diagrams to describe module homomorphisms is very common, we
now give the isomorphism theorems in their diagram theoretic versions. Note that many ho-
momorphisms are projections or injections implicitly defined by the diagram. The proofs of the
isomorphism theorems are left as exercises.

4.1.8. Theorem. [First Isomorphism Theorem] Let M and N be R-modules. Then the follow-
ing diagram of R-modules has an exact row and a commutative square.

f

0 ker fC M N coker f ——=0
M/kerf%imf

4.1.9. Theorem. [Second Isomorphism Theorem] Let N; and N, be submodules of an R-
module N. Then there is a commutative diagram with exact rows in which the vertical map of
the right is an isomorphism.

0——= N1 N Ny Ny NQ/(NlﬂNQ)HO
0 Ny N1+N2H(N1+N2)/N1 ——0

4.1.10. Theorem. [Third Isomorphism Theorem] If N, < N; < N are R-modules, then the
following diagram is commutative and has exact rows:

0 Ny N N/N; 0
L
OHNl/NQHN/NQ N/N1 0

That is, N/N1 = (N/NQ)/(Nl/NQ)

4.1.11. Theorem. Let N; and N, be submodules of an R-module N. Then the following
diagram is commutative and has exact rows and columns.

0 0 0
0 N1 N Ny Ny, Ng/(NlﬂNQ)HO
0 M N N/N; 0

04>N1/(N1ﬁNz)HN/NQHN/(Nl—FNQ);)O
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Proof. The commutativity and the exactness of the top two rows and the two left columns are
clear. The exactness of the third row and right column come, respectively, from the isomorphisms
(N1 + NQ)/NQ = Nl/(Nl N Ng) and (Nl + NQ)/Nl = NQ/(Nl N NQ) ]

The next theorem is widely used in mathematics. It is proved by the technique called “diagram
chasing”.

4.1.12. Theorem. [5-Lemma] Suppose the following diagram is commutative and has exact

rows.

a1 a2 a3 (6%

Al A2 A3 A4 A5
f1i fzJ/ fal f4l fsi
B B B B B
! B1 2 B2 3 Bs 4 Ba g

If f1, f2, f4 and f5 are isomorphisms, so is f3. More precisely,
1. if f; is onto and f» and f4 are 1-1, then f3 is 1-1, and
2. if f5is 1-1 and f, and f, are onto, then f3 is onto.

Proof. (1) Assume f; is onto and f, and f4 are 1-1. Suppose x € A3 and f3(x) = 0. We shall
show that x = 0. Since fi(as(z) = F3(f3(z)) = B3(0) = 0 and f4 is 1-1, ag(z) = 0, so x €
ker a3 = imay from the exactness of the top row. Thus, x = as(y) for some y € Ay. Then
0= fa(z) = f3(a2(y)) = Ba2(f2(y)), so fa(y) € ker B2 = im f; from the exactness of the bottom
row. Thus, fo(y) = Pi(z) for some z € By. Since f; is onto, there is a u € A; with f1(u) = z.
Then fo(y) = Bi(z) = Bi(fi(w)) = fala1(u)), s0 y = a1 (u) since fz is 1-1. Hence, = = as(y) =
ag(aq(u)) = 0 since asa; = 0 by the exactness of the top row.

(2) Assume f5 is 1-1 and f, and f4 are onto. Let z € Bs. We must find w € Az with f3(w) = .
Since f, is onto, we can choose y € As with f4(y) = Ps(z). Then f5(as(y)) = Ba(faly)) =
B4(B3(x)) = 0 from the bottom row is exact. But f5 is 1-1, so as(y) = 0. Since the top row is exact,
y = as(z) for some z € As. Then f5(z) = fi(y) = fa(as(2)) = B3(f3(2)), so fs(x — f3(z)) = 0.
Thus, there is a u € By with 53(u) = z — f3(z) from the bottom row is exact. Since fs is onto,
there is a v € A with fa(v) = w. Hence, x — f3(2) = [a(u) = Ba(fa(v)) = f3(az(v)), so
x = f3(z + a2(v)) = f3(w) where w = z 4+ as(v). That is, f3 is onto. O

B

4.1.13. Theorem. [Split Exact Sequence] Let 0 L—=>>M N 0 be a short
exact sequence of R-modules. Then the following three conditions are equivalent.

(i) There exists an isomorphism M = L & N in which « : I — ({,0) and 8 : (I, n) — n.

(ii) There exists a section of 3, that is, a homomorphism s : N — M such that fo s = id y.
(iiii) There exists a retraction of «, that is, a homomorphism r : M — L such that roa =1id .
If this happens, the sequence is a split exact sequence.

Proof. (i) = (ii) or (iii) is easy.
(i) = (i). The given section s is clearly injective because it has a left inverse; we claim that
M = (L) @ s(N). To see this, any m € M is of the form

m = (m —s(6(m))) + s(B(m)),

where the second term is obviously in s(N); since 3 o s = id , the first term is clearly in ker 3,
and by exactness this is «(L). Furthermore, a(L) N s(N) = {0}, since if n € N is such that
s(n) € a(L) = ker 5 then n = 3(s(n)) = 0.

(iii) = (i) is similar to (ii) = (i) and left as an exercise. O



4.2. Free Modules and Matrices 113

For finite dimensional vector spaces over a field, every subspace has complement, so every
short exact sequence splits. Whether an exact sequence splits or not depends on what ring it is
considered over. For example, if k is a field, then

splits over k but not over k|[z].

Proof. Tt is easy to see that k[z] = k @ k[x]x as k-vector spaces. Note that & is a k[z]-module, where the

scalar multiplication is given by (ag+ a1+ - -+ a,2™)c = apc for all ¢, a; € k. Assume that k[x] < k@ k[x]x
as k[z]-modules and ¢ : 1 — (ag,a12 + - - - + anz™). Then for all m € NU {0} and by, by,...,b, €k,

(bo + b1 + -+ -+ bppx™) 5 (boag, (bo + b1z + - 4 bpz™) (a1 + - - - + anz™)).

Since pis 1-1, ag # 0. Since ¢ is onto, a; # 0. Consider (0, z) in k+k[z]x. If p(bo+biz+- - -+bpz™) = (0, z),
then bpag = 0 and a,by = 1 which is impossible because ag and a; are nonzero. Hence, ¢ is not onto which
is a contradiction. O

4.1. Exercises. 1. Let M; and M5 be R-submodules of an R-module M. Define ¢ : M; x My —
My + M; by ¢(mq, ma) = mq + ms. Prove that ¢ is an isomorphism if and only if M; N My = {0}.
2. Let R be aring, I an ideal of R and M an R-module. Prove that

IM = {Zrixi:nz 1lryel, x; GM}

i=1

is an R-submodule of M and M/IM is an R/I-module where the scalar multiplication is defined by
(r+I)(zx+IM):=rz+IM.

3. Complete the proof of Theorem 4.1.13.

4. (a)If ¢ : M — M be an R-module homomorphism such that ¢ o ¢ = ¢, prove that M = ker ¢ & im ¢.
M) Ifa: M — Nand : N — M are R-module homomorphisms such that 5o a = id ,;, prove that
N =ima & ker S.

4.2 Free Modules and Matrices

Like a finite dimensional vector space over a field, we shall see in this section that a free module
(i.e., a module with basis) over a commutative ring behaves in a similar way.

4.2.1. Definition. Let My, ..., M, be R-modules. The direct sum of My, ..., M, is the set of
k-tuples
{(m1,...,mg) :m; € M;}

with the following operations:
(ml,...,mk)—l-(m,...,nk) = (m1 +n1,...,mk+nk)
r(mi,...,mg) = (rmy,...,rmy),r € R.

k
The (external) direct sum of Mj, ..., M, is denoted by M7 & --- & M, or @ M;.
i=1
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4.2.2. Definition. Let M;,. .., M} be submodules of an R-module M. The sum of My, ..., M,
is the set
{mi+ -+ my:m; € M, for all i},

denoted by My + --- + My or ZMz It is a submodule of M. We say that M,..., M, are
i=1

independent if for any m; € M; with mq + --- + my = 0, we have m; = --- = my, = 0yy. This
condition is equivalent to M; N Z M; = {0} for all .
J#

4.2.3. Theorem. Let My, ..., M} be submodules of an R-module M. Then
1. Themap ¢ : M1®---®& My, — M defined by ¢(mq,...,my) = mi+---+my is an R-module
homomorphism whose image is M; + - - - + M.
2. ¢ is one-to-one if and only if M, ..., M} are independent submodules of M. In case ¢ is
an isomorphism, we say that M is the internal direct sum of the submodules M, ..., M.

4.2.4. Definition. Let M be an R-module and X a subset of M. The submodule of M gener-
ated by X, denoted by RX, is the set of all finite sums

{riz1 +-+-+rgzr:r; € Rand z; € X }.

If RX = M, we say that X generates or spans ). If some finite subset {zy,..., 23} of M
generates M, we say that M is finitely generated M and we write

M = Rxi + - -+ Ry,

If M is generated by a single element, i.e., if M = Rx for some = € M, M is said to be cyclic.

4.2.5. Definition. We say that x1,...,2; € M are linearly independent over R if for any
r1,...,7x € Rwith rizqy + -+ + rgxp = 0p7, we have r; = --- = rp, = 0. A subset X (possibly
infinite) of M is linearly independent if every finite subset of X is linearly independent. We
say that a set X is linearly dependent if it is not linearly independent.

4.2.6. Remarks. 1. By convention, the empty set is linearly independent and R = {0,,}.
2. If x € M, {x} is a linearly independent set if and only if Rz = R as left R-modules. In
particular, if we take M = R, a left R-module, then {z} is a linearly independent set (where
x € R) if and only if z is not a right zero divisor, i.e., a # 0 = ax # 0.
3. If {x1,..., 2} is a linearly independent set, then Rz; 4+ --- + Rxp, = R®--- @ R as left
~—_———

k
R-modules.

4. Any subset of a linearly independent set is a linearly independent set.

4.2.7. Definition. If an R-module M is generated by a linearly independent set X, we say that
M is the free R-module on the set X and that X is a basis for M. If X = {z,...,2zx} is a
finite set, we say that M is the finitely generated free module spanned by x4, ..., z.

Now let M = Rz + - - - + Rz, be the free R-module on the set X = {zy,...,x,}. Suppose N
is any left R-module and vy, . .., y, are any elements of N. Let us define a map ¢ : M — N by
G(rizy + -+ rawn) = 111+ + Ty

Then ¢ is a homomorphism of left R-modules such that ¢(x;) = y; for all 7. In fact, we could also
define a homomorphism even if X were infinite. The point is that any set map X — N gives rise
to an R-module homomorphism M — N. More precisely,
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4.2.8. Theorem. [Universal Mapping Property of a Free Module] Let R be a ring, X a set and
M = M (X) the free R-module on the set X. Let i : X — M be defined by i(z) = 1 - x for all
x € X. (i may be thought of as an inclusion map.) Suppose N is an R-module and o : X — N
is a set map. Then there exists a unique R-module homomorphism ¢ : M — N such that
foi=cq.
X —=M
DY,
v
N

Hence, any module is a homomorphic image of a free module.

Next, let us consider homomorphism of finitely generated free R-modules. Suppose M and N
are free R-modules with bases X = {z1,...,zn}and Y = {y1,...,y,} where

M = Rxy+ -+ Rxy, and N = Ryy + - -+ + Ryp.

Let ¢ : M — N be an R-module homomorphism. Then ¢ will be completely defined as soon as
we specify ¢(z1),...,¢(x,). Moreover, by the above theorem, any choice of ¢(z1), ..., ¢(xy,) is
possible. Hence,

¢ < (o(x1), - d(m))

isa 1-1 correspondence between the set of R-module homomorphisms ¢ : M — N and N x---x N
(m-copies). We have not written N @ --- @ N because so far this correspondence is only a 1-1
correspondence of sets. We do not know if any structure is preserved.

Let M and N be R-modules. The set of R-module homomorphisms from M to N is denoted
by homp(M, N).

4.2.9. Remarks. 1. homp(M, N) is an abelian group with the addition given by

(@ +0)(m) = ¢(m) + 0(m).

2. If R is commutative, then we can make homp(M, N) into a left R-module by defining
(r¢)(m) = r¢(m). Note that r¢ : M — N is really an R-module homomorphism, for if
m € M,s € R, then

(rg)(sm) = r(¢(sm)) = r(s¢p(m)) = (rs)p(m) = (sr)dp(m) = s(r¢(m)) = s[(r¢)(m)].

However, this computation makes it clear that the commutativity of R is essential. If R is
not commutative, there is no natural way to make homp (M, N) into a left R-module.

Let us restate the remarks above in the next theorem.

4.2.10. Theorem. Let M and N be left R-modules.
1. homp(M, N) is an abelian group (or Z-module) with addition (¢ + 6)(m) = ¢(m) + 0(m).
2. If R is commutative, hompg(M, N) is a left R-module, where (r¢)(m) = r¢(m).
3. If M = Rxy + ... Rxy, is the free R-module with basis z1, ..., z,,, then

homr(M,N) —- N&---® N

is an isomorphism of abelian groups. If R is commutative, it is an isomorphism of R-
modules.
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For k > 1 and a ring R, let R* denote the R-module of k£ x 1 column vectors over R. Now
let us return to free R-modules M = Rxzi + --- + Rz, and N = Ry; + --- + Ry,. As noted
earlier, if ¢ : M — N is an R-module homomorphism, then ¢ is completely determined by
d(x1),...,0(xm), and ¢ — (o(z1),...,¢(xn)) is an isomorphism of abelian groups, and it is an
isomorphism of R-modules if R is commutative. Since N = Ry; + - -- + Ry, is freeon y1,...,yn
every element of N can be uniquely expressed in the form

Yy=7yr+..."nYn.
In particular, we can write

d(x1) = a11y1 + a21y2 + -+ + an1yn
d(x2) = a12y1 + a2y + -+ + an2yn

¢(xm) = a1mY1 + a2m¥Y2 + - + ApmYn-

In this way, we have abelian group isomorphisms

hompr(M,N) — No---®&N — n X m matrices over R
ai; aig ... A1m
asr a2 ... Qa2m

¢ — (</>(1’1)77¢(l’m)) —
Gnl1 AaAn2 ... dpm

Moreover, in case R is commutative, this is an isomorphism of left R-modules.

Next, let R be a commutative ring and M = Rxy + --- + Rxy, N = Ry; +--- + Ry, and
P = Rz +- - - + Rz, be finitely generated free modules over R with the indicated free generators.
Letaw: M — R™,3: N — R"and v : P — RP be the R-module isomorphisms

(a1 S1 3]
04(7"11’1 ++7‘m$m) = 7/8(81y1+"'+5nyn) = 77(t121+"'+t}7zp) =
Tm Sn tp

Write Ry, for the R-module of v x v matrices over R. For each R-module homomorphism ¢ :
M — N, we define

a1 a2 e A1m
az; a2 ... a2m

[¢] = . . € Rum
an1 Aap2 ... Anm,

implicitly from the equations

d(x1) = a11y1 + a21y2 + -+ + an1yn
B(x2) = a1oy1 + agyz + - - + anayn

¢(xm) = a1m¥1 + a2m¥y2 + - + ApmYn-

Similarly, for R-module homomorphisms § : N — P and 7 : M — P define [#] € R,, and
[T] € Rpm, respectively. Then ¢ — [¢], 6 — [0] and 7 +— [r] are isomorphisms of R- modules
homp(M,N) = Ry, homg(N, P) = R, and hompg(M, P) = R,,,, respectively. Moreover, we
obtain the following theorem.
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4.2.11. Theorem. Let R be a commutative ring. Under the above set-up we have:
1. Each matrix [¢] € Ry, defines a homomorphism [¢] : R™ — R™ by left multiplication of
an n X m matrix by an m x 1 matrix. The same is true for [f] : R™ — RP and [7] : R™ — RP.
2. The following diagram is commutative

M—2%.N_f%.p

o o
Rm&-Rn&Rp

\[9¢]/

In particular, [0][¢] = [#¢] where the left product is multiplication of matrices.

Recall the following fact about matrices: Let R be a commutative ring and suppose A €
M, (R). Then

A is invertible < A is left invertible < A is right invertible < det A is a unit in R.

In particular, if AC' = I, then CA = I. Moreover, we have

4.2.12. Theorem. Let R be a commutative ring and let [¢] € R,,, and [0] € R,,,. Suppose
[0][0] = I,, and [0][¢] = I,, are identity matrices of sizes m x m and n X n, respectively. Then
m =n.

Proof. Assume that m > n. Then m = n + r for some r € N. Write

6= |5 and 0= [Coxn D],

o)
AC AD I, O
[4116] = [BC BD} - [0 Ir] '
Thus, 0 = C(AD) = (CA)D = I,,D = D which contradicts BD = I,. Hence, m < n. Similarly,
we obtain a contradiction if m < n. Therefore, m = n. O

4.2.13. Theorem. Let R be a commutative ring and suppose that M = Rx; + - -- + Rz, and
N = Ry + - - - + Ry, are free R-modules with indicated generators. If M and /N are isomorphic
R-modules, then m = n.

Proof. Let ¢ : M — N be an isomorphism with inverse 6 : N — M. By Theorem 4.2.11, we can
identify M with m x 1 column vectors and N with n x 1 column vectors and obtain a commutative
diagram

M—2 N p

l [¢] J’ (0] l

R™ — R" —— R™

\[01 m/

In other words, [¢] is an n x m matrix and [f] is an m x n matrix with [¢][0] = I,, and [0][¢] = I,,.
Hence, m = n by Theorem 4.2.12. O

4.2.14. Definition. If M = Rzy + - - + Rx,, is a free R-module on x4, ..., x,, over a commu-
tative ring R, m is called the rank of M.
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In particular, if R = Z, then M is a free abelian group on z1,...,,,, and hence we have
shown:

4.2.15. Corollary. If F'is a finitely generated free abelian group, then any two bases of F" have
the same number of elements.

Using this corollary, we can verify that if a group G is free on A and also on B, which are finite
sets, then the sets A and B have the same number of elements. It is Theorem 3.5.10 for the finite
basis case.

Proof of Theorem 3.5.10 for the finite basis case. Assume that G is a free group on A and also on
B, where A and B are finite sets. By Exercise 3.5 1, G/G is a free abelian group of rank |A| and
| B|, respectively. By Corollary 4.2.15, |A| = |B|. O

4.2.16. Remarks. 1. As we have seen that subgroups of a free (abelian) group are free. This
is not true for general R-modules. For example, let R = Zg. Then rR is a free R-module
generated by {1}. N = {0,2,4} is an R-submodule of pR. Since ) does not span N, {) is not
a basis. If B # () is a basis of N, then 0 ¢ B,so 2 or 4 are in B. Since 3-2=0and 3-4 =0
where 3 # 0, where B is not linearly independent. Hence, submodules of a free module may
not be free.

2. In the case of free abelian groups and vector spaces, it is true that any two bases of have the
same cardinality. This is not true in general as shown in the following example.

4.2.17. Example. Let S be a ring and F' a free S-module with infinite denumerable basis {ey,
eg,e3,... . Let R = homg(F, F). Then R is a ring with identity 1z, so {1} is a basis for yR.
Next, we define fi, fo € R as follows: fi(e2,) = en, fi(ean—1) = 0 and fa(e2,) = 0, fo(ezn—1) =
en. To show that {fi, fo} spans rR, let ¢ € R. Define g1,92 € R by gi(e,) = g(ea,) and
g2(en) = g(ean—1). Then (g1 f1 + g2f2)(ean—1) = g1fi(ean—1) + g2fo(e2n—1) = g2(en) = g(e2n—1)
and (g1f1 + g2f2)(e2n) = g1f1(e2n) + g2f2(e2n) = g1(en) = g(e2n). Thus, g = g1 f1 + g2 f2. Next we
shall prove that { fi, fo} is linearly independent over R. Let hy, hy € R such that h; f; + hafo = 0.
Then for any n > 1, hl(en) = hl(en) +0= hlfl(egn) + thQ(@Qn) = (hlfl + h2f2)(62n) = 0 and
ha(en) = 0+ ha(en) = hifi(ezn—1) + hafa(ezn—1) = (h1f1 + haf2)(€2,-1) = 0, s0 hy = hy = 0.
Hence, { f1, fo} is linearly independent and so it is a basis of pR.

4.2. Exercises. 1. Show that Q is not a free Z-module.

2. Show that M is a cyclic left R-module if and only if it is isomorphic to R/I (considered as a left
R-module) for some left ideal I of R.

3. Show that {e; };c; is a basis of a left R-module M if and only if (r;);er — >
of @,c; rR onto M.

4. Prove that the module ;R in Example 4.2.17 has a basis with m elements for every positive integers
m.

5. Let R be aring and M, N and N’ R-modules. Then homg (M, N) and homg(M, N’) are Z-modules.
For an R-module homomorphism f : N — N’, we define hom (M, —)(f) : homp(M, N) — homp(M, N')
by

;e Ti€; is an isomorphism

hom(M, =)(f)(h) = foh

for all A € homp(M, N). Show that
(@) hom(M, —)(f) is a Z-module homomorphism from homg(M, N) to hompg (M, N').

b Ifo—- N i> N’ % N" is exact, then

hom(M,—)(f) hom(M,—)(g)

0 —— homp(M, N) ———— > homp (M, N’) hompg (M, N")

is exact.
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In a similar manner, one can prove that exactness of N LN S N S0 implies exactness of

hom(—,M)(g) hom(—,M)(f)
- s - s

0 —— homg(N", M) homp(N', M) homp(N, M)
where hom(—, M)(f)(h) = ho f for all h € homp(N’, M) and hom(—, M)(g)(h) = h o g for all
h € homg(N", M).

6. Let R be a ring, I a proper ideal of R and F' a free R-module with a basis X. Then F/IF is a free
R/I-module with a basis of cardinality | X]|.

4.3 Projective and Injective Modules
The concept of projective modules is a generalization of the idea of a free module. Injective

modules, introduced by Baer, are dual to that of projective modules. We follow [?] for this
section.

4.3.1. Definition. Let R be a ring. An R-module P is called projective if given any diagram

P

lf

M —— N
P

there exists a homomorphism ¢ : P — M such that

pr
g - lf

}
M — N

is commutative. In other words, given an epimorphism p : M — N, then any homomorphism
f : P — N can be factored as f = pg for some g : P — M.

p

We recall that for any module M, if 0 N Lo N N 0 is exact, then

hom(M,i) hom(M,p)

0 —— homp(M, N') homp(M, N) homp (M, N")

is exact. Now suppose M = P is projective. Then given f € hom(P, N”) there exists a g €
homp (P, N) such that hompg(P,p)(g9) = pg = f. Thus, in this case, hom(P, p) is surjective and so
we actually have the exactness of

hom(M,z) hom(M,p)

0 —— homp(M, N’)

homp (M, N) homp(M,N") ——=0

as a consequence of the exactness of 0 N s NP2 N 0.

The converse holds also. Suppose hom(P, —) is exact and suppose M —Po N .Let K = kerp.

Then we have the exact sequence 0 K—tsM-LsN 0 where ¢ is the inclusion

map. Applying the exactness of hom(P, —), we obtain the property of a projective module. There-
fore,
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4.3.2. Theorem. Let P be an R-module. Then P is projective if and only if for any R-modules
N, N’ and N”, if 0 N —tsN-E

N" 0 is a short exact sequence, then

hom(Pyi) hom(P,p)

0 —— homp(P, N')

hompg(P, N)

homp(P,N") ——=0
is also a short exact sequence of Z-modules.

By Theorem 4.2.8, we have:
4.3.3. Theorem. Every free module is projective.

4.3.4. Example. Q is not a projective Z-module.

Proof. Let F be a free Z-module with countable basis X = {z1,x2,... }. Define g : X — Q by
1
g:x,+— — foralln e N.
n

Then g induces a Z-module homomorphism from F' to Q. Since g(mz,) = ™ for all m € Z and
n € N, g is onto. Assume that Q is projective.

Q
h iid@
L
F —> Q
Then there exists an h : Q — F such that gh = idg. Suppose A(1 Z a;x; (with all but finite
a; =0). Letk =1+ H |a;| and assume that h(k Z b;x; (again, w1th all but finite a; = 0).

1,a;7#0
> kb = k:Zb x; = kh(k Zam,

SO Z — kb;)z; = 0. Since X is linearly independent, a; = kb; for all ¢ which implies % | a; for

Then

all i. This forces k = 1 and a; = 0 for all 7. Thus, h is the zero map which contradicts gh = id g.
Hence, Q is not projective. O

How close are projective modules to being free? We shall give two important characterizations
of projective modules as follows.

4.3.5. Theorem. The following properties of a module P are equivalent:
(i) P is projective.
(ii) Any short exact sequence 0 M N P 0 splits.
(iii) P is a direct summand of a free module (that is, there exists a free module F' isomorphic
to P & P’ for some P').

f

N—2-p 0 be exact and consider the diagram

iidp

Proof. (i) = (ii). Let 0 M

g
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By hypothesis we can fill this in with ¢/ : P — N to obtain a commutative diagram. Then
g9’ = id p and the given short exact sequence splits.
(i) = (iii). Since any module is a homomorphic image of a free module (Theorem 4.2.8), we

have a short exact sequence 0 p—sf-Lt.p 0 where F'is a free module. If P
satisfies property (ii), then this exact sequence splits and hence F' = P ¢ P’.
(iii) = (i). We are given that there exists a sequence 0 pt.p . p 0 with F
is free. Now suppose we have a diagram
P
f
M —s N

q

Combining the two diagrams, we obtain

- P
0—=P s F_—=P—>0

Z'/
Ip lf

M?N

where pi’ = id p (since the top line splits). Since F is free, hence projective, we can fill in
g: F — M to obtain fp = qg. Then f = fid p = fpi’ = qgi’ and ¢gi’ : P — M make

P
gi’
|
M — N
commutative. Hence, P is projective. O

Of particular interest are the modules that are finitely generated and projective. The theorem
gives the following characterization of these modules.

4.3.6. Corollary. A module P is finitely generated and projective if and only if P is a direct
summand of a free module with a finite base.

Proof. If P is a direct summand of a free module F' with finite base, then P is projective. Moreover,
P is a homomorphic image of F', so P has a finite set of generators (the images of the base under
an epimorphism of F' onto P). Conversely, suppose P is finitely generated and projective. Then
the first condition implies that we have an exact sequence 0 — P’ — F' — P — 0 where F'is free
with finite base. The proof of the theorem shows that if P is projective, then F = P & P/, so P is
a direct summand of a free module with finite base. O

The concept of a projective module has a dual obtained by reversing the arrows in the defini-
tion as follows.

4.3.7. Definition. An R-module (@ is called injective if given any diagram of homomorphisms

0—>N—"> M

/

Q

there exists a homomorphism ¢g : M — @ such that the diagram obtained by filling in ¢ is
commutative. In other words, given f : N — ) and a monomorphism i : N — M there exists
ag: M — @ such that [ = gi.
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With a slight change of notation, the definition amounts to this: Given an exact sequence
0 — N’ % N, the sequence

hom(,Q)
—_—

homp(N, Q) homp(N’,Q) ——=0

is exact. Since we know that exactness of 0 — N’ —» N 5 N” — 0 implies exactness of

hom(p,M) hom(é,M)

00— hOmR(N”, M)

hOIIlR(N, M)

hOHlB(]V/7 M) s

it is clear that @ is injective if and only if hom(—, @) is exact in the sense that it maps any short
exact sequence 0 — N’ — N — N” — 0 into a short exact sequence of Z-module

0 — hompg(N”,Q) — hompg(N, Q) — homg(N’, Q) — 0.

It is easily seen also that the definition of injective is equivalent to the following: If N is a
submodule of a module M, then any homomorphism of N into ) can be extended to a homo-
morphism of M into ). Another result, which is easily established by dualizing the proof of the
analogous result on projective (Theorem 4.3.5), is that if () is injective, then any short exact se-
quence 0 — @Q — M — N — 0 splits. The converse of this holds also. However, the proof requires
the dual of the easy result that any module is a homomorphic image of a projective module (in
fact, a free module). The dual statement is that any module can be embedded in an injective one.
We shall see that this is the case, but the proof will turn out to be fairly difficult.

4.3.8. Theorem. [Baer] A right module @ is injective if and only if any homomorphism of a
right ideal I of R into () can be extended to a homomorphism of R into Q.

Proof. Obviously, the condition is necessary. Now suppose it holds and suppose M is a module
and f is a homomorphism of a submodule N of M into ). Consider the set {(g, M')} where M’
is a submodule of M containing N and g is a homomorphism of M’ into @ such that g|N = f.
We define a partial order in the set {(g, M’)} by declaring that (g1, M{) > (g2, M3) if M| D M;
and ¢1|M} = go. It is clear that any totally ordered subset has an upper bound in this set.
Hence, by Zorn’s lemma, there exists a maximal (g, M’); that is, we have an extension of f to a
homomorphism g of M’ O N which is maximal in the sense that if g; is a homomorphism of an
M{ D> M’ such that g;|M’ = g, then necessarily M| = M’. We claim that M’ = M. Otherwise,
there isan x € M, ¢ M’ and so 2R + M’ is a submodule of M properly containing M’. Now let

I={seR:xse M'}.

Then I = ann(z + M’) in M/M’, so I is a right ideal of R. If s € I, then zs € M’, so g(zs) € Q.
It is immediate that the map h : s — ¢g(zs) is a module homomorphism of I into (). Hence, by
hypothesis, i can be extended to a homomorphism & of R into ). We shall use this to obtain an
extension of g to a homomorphism of xR + M’ to Q. The elements of xR + M’ have the form
xr +y,r € R,y € M'. If we have a relation xs +¢y' = 0,s € R,y € M’, then s € I. Then

k(s) = h(s) = g(xs) = —g(y').
Thus, s + ¢’ = 0 for s € R,y € M’, implies that k(s) + g(y') = 0. It follows that
zr+y = k(r) + 9(y),

r € R,y € M’, is a well defined map. For, if xry + 33 = 2ry +y2,7; € R,y; € M’, then xs +y' =0
for s =11 —ro, ¥ = y1 — y2. Then k(s) + g(v') = 0 and k(r1 — r2) + g(y1 — y2) = 0. Since k and g
are homomorphisms, this implies that k(r1) + g(y1) = k(r2) + g(y2). It is immediate that the map
re+y +— k(r)+g(y) is a module homomorphism of 2R+ M’ into ) extending the homomorphism
g of M'. This contradicts the maximality of (g, M'). Hence, M’ = M and we have proved that if f
is a homomorphism of a submodule N of M into @, then f can be extended to a homomorphism
of M into (). Hence, Q is injective. O
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For certain “nice” rings, the concept of injectivity of modules is closely related to the simpler
notion of divisibility, which we proceed to define.

4.3.9. Definition. If a € R, then the module M is said to be divisible by « if the map = — xa
of M into M is surjective. A module is called divisible if it is divisible by every a # 0. It is clear
that if M is divisible by a or if M is divisible, then any homomorphic image of M has the same

property.
In some sense injectivity is generalization of divisibility, for we have

4.3.10. Theorem. 1. If R has no zero divisors # 0, then any injective R-module is divisible.
2. If R is a ring such that every right ideal of R is principal (= aR for some a € R), then any
divisible R-module is injective.

Proof. (1) Suppose R has no zero-divisors # 0 and let () be an injective R-module. Letx € Q,r €
R,r #0.Ifa,b € R and ra = rb, then a = b. Hence, we have a well defined map ra — xa, a € R,
of the right ideal 7R into ). Clearly this is a module homomorphism. Since @ is injective, the
map ra — xa can be extended to a homomorphism of R into ). If 1 — y under this extension,
then r = 1r — yr. Since r = r1 — z1 = x, we have x = yr. Since x was arbitrary in @ and r was
any non-zero element of R, this shows that () is divisible.

(2) Suppose R is a ring in which every right ideal is principal. Let M be a divisible R-module
and let f be a homomorphism of the right ideal R into M. If r = 0, then f is the zero map
and this can be extended to the zero map of R. If »r # 0 and f(r) = = € M, then there exists
a y in M such that x = yr. Then a — ya is a module homomorphism of R into M and since
rb— yrb = zb = f(r)b = f(rb), a — ya is an extension of f. Thus, any module homomorphism
of a right ideal of R into M can be extended to a homomorphism of R. Hence, M is injective by
Baer’s criterion. O]

If R satisfies both conditions stated in the theorem, then an R-module is injective if and only
if it is divisible. In particular, this holds if R is a PID. We can use this to construct some examples
of injective modules.

4.3.11. Examples. 1. Let R be a subring of a field F' and regard F' as an R-module in the
natural way. Evidently F' is a divisible R-module. Hence, if K is any R-submodule of F',
then F'/K is a divisible R-module. In particular, Q is an injective Z-module which is not
projective.

2. Let D be a PID, F its field of fractions. If » € D, then the D-module F'/rD is divisible and
hence is injective by Theorem 4.3.10.

Our next objective is to prove that any module can be embedded in an injective module, that

is, given any M there exists an exact sequence 0 — M —» @ with Q is injective. The first step in
the proof we shall give is as follows.

4.3.12. Lemma. Any abelian group can be embedded in a divisible group (= a divisible Z-
module).

Proof. Firstlet F be a free abelian group with base {z,,} and F’ the vector space over Q with {z,}
as base. Then F' is embedded in F’ and it is clear that F” is divisible. Now let M be an arbitrary
abelian group. Then M is isomorphic to a factor group F//K of a free abelian group F. Hence,
F’/K is a divisible group and F//K = M is a subgroup. O

An immediate consequence of this and Theorem 4.3.10 is the next corollary.
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4.3.13. Corollary. Any Z-module can be embedded in an injective Z-module.

Now for an arbitrary R-module M, we have the isomorphism of M onto hompg(R, M) which
maps an element x € M into the homomorphism f, such that 1 +— . This is an R-isomorphism
if we make homp(R, M) into a right R-module by defining fa,a € R, by (fa)(b) = f(ab). Also
homyz (R, M) is a right R-module using this definition of fa. Clearly hompg(R, M) is a submod-
ule of homy(R, M). Since M is isomorphic to homp(R, M), we have an embedding of M in
homyz (R, M). Now embed M in an injective Z-module @), which can be done by the foregoing
corollary. Then we have an embedding of homz(R, Q) as R-modules. This gives an embedding of
M in an injective R-module, since we have the following lemma.

4.3.14. Lemma. If ) is an injective Z-module, then homy(R, Q) is an injective R-module.

Proof. We must show that if 0 — N’ I, N is an exact sequence of R-modules, then
homp(N, homz (R, Q)) & homp(N’, homz(R, Q)) — 0
is exact, where f* = hompg(f, homz(R, Q)). We have an isomorphism
¢n : homz(N ®p R, Q) — homp(N, homgz (R, Q))

and the definition shows that this is “natural” in N. Since the isomorphism of N @z R onto N
such that y ® 1 — y is natural in N, we have an isomorphism

wN : hOIHZ(N, Q) — hOHlR(N, homZ(R7 Q))

which is natural in NV, that is we have the commutativity of

homyz (N, Q) o hompg(N,homz(R, Q))

4 3

homgz(N', Q) hompg(N', homz(R, Q))

N/

where f = hom(f, Q). Now f is surjective since Q is Z-injective. Since )y and vy are isomor-
phisms, this implies that f* is surjective. O

The foregoing lemma completes the proof of the embedding theorem.
4.3.15. Theorem. Any module can be embedded in an injective module.

The proof we have given is due to B. Eckmann and A. Schopf. We can apply the theorem to
complete the following characterization of injectives, which we idicated earlier.

4.3.16. Theorem. The following properties of a module () are equivalent:
(i) Q@ is injective.
(ii) Any short exact sequence 0 — @ — M — N — 0 splits.
(iii) @ is a direct summand of every module containing it as a submodule.
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Proof. We leave the proof of (i) = (ii) as an exercise. Conversely, suppose any short exact se-
quence 0 - Q@ — M — N — 0 splits. By the embedding theorem we have an exact sequence

0 — Q = M where M is injective. Then we have the short exact sequence 0 — Q A VA
M/@Q — 0 where p is the canonical homomorphism of M onto M/Q. By hypothesis, we can find
ap': M — @ such that p’i = id 9. Now suppose we have a diagram

0 N J N

)

Since M is injective, we can enlarge this to a commutative diagram

0 N—L N

This means that by the injectivity of M we have g : N — M such that if = gj. Then f =idgf =
plif = (p'g)j. Hence, Q is injective. 0

4.3. Exercises. 1. Let R = Zg. Define L X Lo — 7o by [T]ﬁ[ﬂj]g = [’I“I]g and Ze X Ls — Zs by

[r][x]s := [rz]s. Prove that Z, and Z3 are Zg-modules and Zg = Zy @ Z3 as Zg-modules.
Zo and Zs are not free Zg-modules. Zg is a free Zg-module. Since Z, and Zs are direct summands
of Zg-module, they are projective.

2. Show that if e is an idempotent (e? = ¢) in a ring R, the eR is a projective right module and Re is an
projective left module.

3. Show that
(a) @ P, is projective if and only if every P, is projective.

(b) @ Q. is injective if and only if every Q,, is injective.

4. Prove that
(a) A direct sum of abelian groups is divisible if and only if each summand is divisible.
(b) A homomorphic image of a divisible module is divisible.
5. Let R be an integral domain that is not a field. If M is an R-module such that A is both injective
and projective, prove that M = {0}.
6. Prove (i) = (ii) in Theorem 4.3.16 by dualizing the proof of Theorem 4.3.5.
7. Consider the polynomial ring Z[z] as a Z-module.
() Is Z[z] free? (b) Is Z|x] projective?
(c) Is Z[z] injective? (d) Is Z[z] divisible?

19. Project. (Injective hull) It is possible to prove a sharper result than Theorem 4.3.15, namely that there
is a minimal injective R-module H containing M in the sense that any injective map of M into an injective
R-module @ factor through H. More precisely, show that if M C Q for an injective R-module @ then there
is an injection 7 : H — () that restricts to the identity map on M; using i to identify H as a subset of Q we
have M C H C (). This module H is called the injective hull or injective envelope of M. For example,
the injective hull of Z is Q, and the injective hull of any field is itself. Furthermore, prove that:

(a) The injective hull of an injective module is itself.

(b) The injective hull of an integral domain is its field of fractions.
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4.4 Modules over a PID

Our main goal of this section is to prove the structure theorem for modules over a PID.

4.4.1. Theorem. Let R be a PID and suppose that M is a finitely generated R-module. Then
there is an integer » > 0 and nonzero elements dy, . ..,d; € R with d;|ds,. .., d;_1|d) such that

M>~R&- - -®R®R/Rd, ® - ® R/Rdy.
~—_——

r copies
Moreover, if N is another finitely generated R-module and

N~2R&®---®ROR/Rd, @ - © R/Rdy,
——

7 copies

where d;|d; 1, then M and N are isomorphic as R-modules if and only if » = 7, k = k and d;
and d; are associates fori =1, ..., k.

Note that we cannot assert more than that d; and d; are associates, for if d and d are associates,
then R/Rd = R/Rd.

Since abelian groups are equivalent to Z-modules, this theorem can be stated as “A finitely
generated Z-module is a direct sum of cyclic modules”. Actually, the theorem was more precise in
that it actually classified all finitely generated Z-modules up to isomorphism. That is, one has

4.4.2. Theorem. Let M be a finitely generated Z-module. Then there are nonnegative integers
r>0,d,...,d; >0 where d;|da,...,d;_1|d; such that

M=7® - - OLOL/AWTLD - O L/dL.
N———

r copies
Moreover, if N is another finitely generated Z-module and

N2Z7Z& - - QLOL/1Z& - D Z/diZ,
—_——

7 copies

where d;|d;;1, then M and N are isomorphic if and only if » = 7, £ = k and d; = d; for
t = 1,...,k. r is called the rank or torsion-free rank of M and di,...,d; are called the
invariant factors of ).

Therefore, we have a major theorem on abelian groups:
4.4.3. Corollary. A finitely generated abelian group is a direct product of cyclic groups.

The strategy of our proof is the following. First we observe that even with no hypothesis on
the ring R, the following statements are equivalent:
(i) M is a finitely generated R-module and can be generated by s elements.
(i) Let FF = Rx1 + ---+ Rx, be a free R-module with s free generators. Then there is an exact

sequence of R-modules 0 K F—2oM 0 where K = ker ¢.
(iii) M = F/K where F'is a free R-module on s free generators and K is an R-submodule of F'.
Now let us suppose that R is commutative and we have a free R-module F' and a submodule
K where F' = Rx1 +---+ Rz, + Ry1 + - - - + Ryy, and K = d1 Ry + - - - + di Ryy. Then it is easy
to see that

F/IK=2R®---® ROR/Rdy & --- & R/Rdy,
N————

r copies
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since Rx; = R and Ry;/d;Ry; = R/Rd,.

If we have an arbitrary commutative ring R, K may not have an appropriate form. Moreover,
no change of basis may be possible which changes K to the appropriate form. However, in case
R is a PID, it is always possible to choose a basis for F' and a basis for K (which will also be

free) so that the above situation exists. In addition, it will be possible to choose d, ..., d; so that
di|da,...,di_1|d;. This will yield the desired structure theorem for finitely generated modules
over R.

The proof will consist of two stages.
Stage I. We prove an appropriate theorem about m x n matrices over a PID R.
Stage II. We show that theorem about m x n matrices proved in Stage I can be translated into a
theorem about modules—namely the structure theorem for modules over a PID.

We shall now prove a theorem which says that any m x n matrix [A] over a PID R can be
transformed to a diagonal matrix by a transformation

[A] = [P][A][Q)]

where [P] and [(Q)] are appropriate invertible matrices over R.
Let R be a ring and GL,,(R) the group of invertible n x n matrices over R. It is called the
general linear group over R. Moreover, if R is commutative, then

GL,(R) = {A € M,(R) : det A is a unit in R}.

4.4.4. Theorem. Let R be a commutative ring.

1. If Ra+ Rb = R, then GLy(R) contains a matrix of the form “ e

2. If A = [a;] is an m x n matrix over R, P € GL,,(R) and PA = [b;;], then
Z Ra,-j = Z Rbij.
0] Y]

In other words, the entries of A and of PA generate the same ideal in R.

3. If F is the elementary matrix obtained by interchanging the i-th and j-th rows of the
identity matrix I,,, and A is an m x n matrix, then £ € GL,,(R) and EA is the matrix
obtained by interchanging the i-th and j-th rows of A.

4. If F is the elementary matrix obtained by multiplying the i-th row of the identity matrix
I, by a unit ¢ € R and A is an m x n matrix, then F € GL,,(R) and F A is the matrix
obtained by multiplying the i-th row of A by c.

5. If E is the elementary matrix obtained by adding c¢ times the j-th row of I, to the i-th
row of [,,, and A is an m x n matrix, then E € GL,,(R) and F'A is the matrix obtained by
adding c times the j-th row of A to the i-th row of A.

6. The analogues of (1)-(5) hold for right multiplications and column transformations.

Proof. (1) If Ra+ Rb = R, let ra + sb = 1. Then

a bl |r =b| (1 0
—s r|ls a| |0 1|°
(2) The entries b;; of PA are R-linear combinations of the a;j, so > Rb;; C > Ra;j. But since

P~1(PA) = A the entries a;; of A are R-linear combinations of b;;, so Y Ra;; C > Rb;;.
(3), (4), (5) and (6) are clear. O

4.4.5. Remark. Passing from A to FA as in (3), (4) and (5) of the above theorem are called
elementary row transformations of A. Elementary column transformations of A are defined
similarly.
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Recall that if R is a PID and a, b € R, then Ra + Rb = Rc where ¢ = gcd(a, b). Moreover, if we
let @ = cx and b = ¢y, then ged(z,y) = 1, or Rx + Ry = R. More generally, Ra; + - - - + Ra, = Rd
where d = ged(ay, ..., ay) and if a; = db;, then Rby + --- + Rb, = R. In UFD, gcd(a,b) = 1 does
not imply Ra + Rb = R. For example, R = F'[z,y|, where F is a field, and ged(z,y) = 1.

4.4.6. Theorem. Let R be a PID and A = {Z Z] € M(R). Then there exist P,Q € GLa(R)
such that
e 0
PAQ = [O f}

where e = ged(a, b,c,d) and e | f.

Proof. We first claim
(%) if [Z; ﬂ € My(R), either p = ged(p, ¢, 7, s), or there exist P;, Q1 € GLa(R) such that Rp; D
Rp and

nl fe=fi)

T S T  S1

Casel. q,r,s € Rp. Then p = ged(p, ¢, 7, s) and we are done.
Case 1. ¢ ¢ Rp. Then Rp + Rq = Rp; where p; = ged(p,q) and so Rpy D Rp. Let p = pix
and ¢ = p1y. Then Rx + Ry = R, so we can choose u,v with zu + yv = 1. Then pu + qv =

(p12)u + (p1y)v = p1 and
FTERE

Case III. r ¢ R,. Then we do the analogue of Case II with a transformation on the first column.
Case IV. q,r € Rp and s ¢ Rp. Then we perform a succession of elementary row and column
transformations followed by the manoeuvre of Case II: Let ¢ = ap and r = p:

[p q]w'p q—ocp}:{p 0 }
r s T s—ar r s—afp

P 0 _p 0
N_r—ﬁp s—afp| |0 s—afp

p s—apfp D s ged(p, s)
~ 0 s_aﬁp] ~ [o 5_a5p] ~ [ « *] (by Case II).

where Q; = [Z xy] € GLy(R).

Since this succession of operators corresponds to a transformation [ﬁ ﬂ ~ P []; g] ()1 where

P, Q1 € GLy(R), we are done in Case IV also. This proves (x).
Next we claim

() there exist P, Q € GLo(R) such that PAQ = [i j where e = ged(a, b, ¢, d).

If a = ged(a, b, ¢, d) we are done.
If not, use (x) to choose P;,Q; € GLao(R) such that Ra; D Ra and

a b |Gl b1
Al de=lal
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If a; = ged(aq, b1, c1,d1), take P = P,Q = @ and end the process. If not, use () again to choose
P, Q2 € GLy(R) such that Ras D Ra; and

al bl o a9 bQ
mly o= al
Continue inductively to get

am b _|my1 byt
Fint1 |:Cm dm:| Cm+1 = |:Cm+1 i1

where Ra,,+1 D Ra,, as long as a,, # ged(am,bm, ¢m,dn). Since Ra C Ra; C Ras C ...
is a strictly increasing chain of ideals in a PID R, the process must terminate. That is, a,, =
ged(am, b, Cm, dry) for some m. Now let P = PP, 1...Prand Q = Q1...Qum_1Qm. Then

PAQ = P [Z Z} Q = [am Zm] where a,, = ged(am,bm,Cm,dn) = ged(a,b, ¢, d) because

Cm
P,Q € GLy(R), as required. This proves (xx).
Finally, to prove the theorem we follow the transformation A ~ PAQ by two elementary
transformations:

S 0 o A A B O S

Hence, we have the desired theorem. O

4.4.7. Theorem. Let R be a PID and A an m x n matrix over R. Then there exist P € GL,,(R)
and @ € GL,(R) such that

dy
do 0

PAQ = d,

where the d; #0and d; | da,...,dr—1 | d;.

Proof. We shall prove this theorem by induction on (m,n).

Case . A = [a1 ... a,]isal xn matrix. The proof of Theorem 4.4.6 shows that for any
a,b € R there is a 2 x 2 matrix @ € GLz(R) such that [a b] Q = [ged(a,b) 0]. Hence, for an
appropriate Q; € GLa(R)

o)

[al an] 1 :[gcd(al,ag) 0 agz ... an].

1

—- - nxn

Then a succession of such right multiplications together with elementary transformations (or a
suitable induction) show that we can obtain

AQ = [ged(aq,...,a,) O ... 0] forsome @ € GL,(R)
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as follows:
l[ar a2 an| ~ [ged(ar,a2) 0 ag an|
~ [ged(ar,a2) a3 0 a4 an|
~ [gcd(al,ag,ag) 0 0 ay an]
~-~-~[gcd(a1,...,an) 00 O].

Case II. A is an m x 1 matrix. This is similar to Case I.
Case II1. The general case. We already know the result for m x 1 and 1 x n matrices and to proceed
the induction, we shall assume that m,n > 2 and that we know the result for an (m — 1) x (n —
1) matrix over R. Let A = [a;j|mxn and let Q1 € GL,(R) be such that [a1 ain] Q1

[a 0 0] where a = ged(ai1, . . ., a1,) by Case I. Then
a 0 ... O
AQy = ¥ v

mXxn

where X is an (m—1) x 1 columns matrix and Y is some (m — 1) x (n — 1) matrix. By the inductive
hypothesis there are P, € GL,,—1(R) and Q2 € GL,_1(R) such that

€1

PY Qs =

€s

.,es—1 | es. Then

paa o)

where e; | e, ..

[1

a 0
PBX PRYQ-

QLRI

a 0 0
as €1
= a3
. .
_am -
a b
as 0
We next use Case Il to find a P) € GL,,—1(R) suchthat P | . | = where b = ged(a, as, . . . ap,).
Ay, 0

We now perform a pair of transformations

a
az
as

0
€1

0

€2

0

€s

az
a
as

(&) 0
0 O
0 e9
0

€s

as €1
b 0 = *
0 O
A
0 O
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€2

where 7 = T is a matrix all of whose entries are divisible by e;.
€s

Now by Theorem 4.4.6, there are P, Q3 € GL2(R) such that
as e1 e O
nly Sle-f ]

where e = ged(ag, e1,b) = ged(ag, e1, b, entries of Z) = ged(entries of A). Then

Ps az er 0 --- 0] [Q3
b 0 = *
1 0 1
: A
i 1] [0 1L 1]
¢ 0 ¥ e * .- x e 0 0
0 f * 0 0
— 10 - —
!
: VA 0 w 0 W
_O -

where W’ is an (m — 1) x (n — 1) matrix over R and e divides every entry of W’. Now we use the
inductive hypothesis again to choose P, € GL,,—1(R), Q4 € GL,,_1(R) such that

do
PW'Q4 =
dy
where dy | ds,...,d.—1 | d,. We note that since e divides all the entries of W', e | dy. Hence,
setting e = d;, we have
- i o -
dg d2
L S
Py w’ Qs - B -
dy dy
where d; | da,...,d,—1 | d.. The whole series of transformations on A amount to a transformation
A ~ PAQ where P € GL,,(R) and Q € GL,(R). Therefore, the theorem is proved. O

Before we can use our result on matrices to show that a finitely generated module over a PID
R is a direct sum of cyclic modules, we need to show that every submodule of R* = R®---® R
—_——

is finitely generated. In fact we shall show that every submodule of R" is free of rank < n.

4.4.8. Theorem. Let R be aring and let M = Rxy + ---+ Rz, and N = Ry; + -+ + Ryy,

be free R-modules of rank m and n, respectively. Suppose 0 — M % P 5 N — 0 is an exact
sequence of R-modules. Then P is a free R-module of rank m + n.

Proof. It follows from Theorem 4.3.5. O



132 4. Modules and Noetherian Rings

4.4.9. Theorem. If R is a PID and P is a submodule of R = R® --- ® R, then P is free of
—_——

n
rank < n.

Proof. We shall use induction on n. For n = 1, we have P is a submodule of R, i.e. P is an ideal
of R, so P = Rx for some x € R. If x = 0, P = 0, so P is free of rank 0; if x # 0, Rx = R
as a left R-module, so P is free of rank 1. Next suppose n > 1 and the theorem is true for free
R-submodules of rank < n. Let

R"=Rx1®---®Rxp=(Rr1 @+ @ Rry_1) ® Ry,
Then we have an exact sequence
0— Rz & @ Rapy > R 5 Ray, — 0
where i is the inclusion map and 7 is the projection onto the last factor. Let M = (Rx; @ --- @
Rxn,_1)NPC Rx1®---® Rrp—q and N = n(P) C Rxy,. Then
0 M5 P NS0

is an exact sequence of R-modules. M is a submodule of R"~! and N is a submodule of Rz, = R,
so both are free of ranks < n — 1 and 1, respectively. Hence, P is free of rank <n = (n—1) + 1
by Theorem 4.4.8. O

4.4.10. Theorem. Let R be a PID and A a finitely generated R-module. Then A is a direct sum
of cyclic R-modules. More precisely,

AYR®---®R®R/Rd1 ®---® R/Rdy,
~—_——
where r > 0 and dy, . .., dj are nonzero elements of R and d; | da,...,dk—1 | di.
Proof. Since A is finitely generated, there is an exact sequence 0 — N — M — A — 0 where

M = Rxy + ... Rx, is free of finite rank n and N is a submodule of M. By Theorem 4.4.9, N is
finitely generated, say by

Y1 = a11r1 + ag1x2 + - - + a1y

Y2 = a1221 + a22x2 + - - - + Ap2Ty

Ym = A1mT1 + a2mT2 + -+ + QpmTp-

Let M = R" be the space of n x 1 column vector over R and let N be the R-submodule of M
generated by the columns of the n x m matrix

ailr a2 ... A1m,

_ a1 a2 ... QA2m
[N] =

an1 Qpy ... Apm,

There is an obvious R-module isomorphism o : M — M defined by

1
ari@y + -+ rpy) =

Tn
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and it is clear that o(N) = N. Hence, we have R-module isomorphisms
A= M/N = a(M)/a(N)=M/N.
By Theorem 4.4.7, there are matrices [P] € GL,(R) and [Q] € GL,,(R) such that

dq

L 4 nxm

where the d; # 0 and dy | do, ..., dk_1 | d.

[N][Q] is an n x m matrix whose columns generate N as an R-module. Further, left multipli-
cation by [P] is an isomorphism of M which carries N to the R-submodule U of M generated by
the columns of [P][N][Q]. Then

A= M/N = [P]M/[PIN = M/U.
However, we can see by inspection that

M/U==R/Rdi®R/Rdy®---®R/Rdy ®R®--- O R.
[V RRG @ Bl & O R0 80 08

H AR --- O ROR/Rd R/Rd -+ @® R/Rd;, wh di | ds, ..., dp_1 | d. O
ence, @k@ ®R/Rdy ® R/Rdy & - -- ® R/Rdy, where dy | da, ..., dy—1 | dy

4.4.11. Example. Let A be the Z-module generated by =,y and z with the relations
r+y=0 and z—y+2z=0.
Express A as a direct sum of cyclic modules.

Solution. Observe that A = {(x,y,2) € Z*> : 2 +y = 0 and # — y + 2z = 0}. Consider the exact
sequence

00— N=Zzx+y)+Z(xr—y+2z) —Zoe® Ly Zz — A——0.

Then y; =x+yand yo = x — y + 22, so

Thus, U = Zx @ Z(2y). Hence,
AZM/U =ZxDZyDZz2)/(Zx ®ZL(2y)) {0} D Zo DLz = Lo B L
as desired. O

Our next goal is to show that the direct summands which occur in the above decomposition
are unique up to isomorphism. This does NOT mean that the actual summands which occur are
unique. For example, suppose R = Z and

A=7ZDL D13 D713 = Zaxy B Lxs ® Ly, & Ly
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where Zz1 and Zxs are free summands and 3y; = 3y = 0. Then we can also write
A=7Z(x1+2x2+y2) DZaxo ®Z(2y1 +y2) DZ(y1 + y2) LD LD L3 B 73
In the first case, the direct summands are
Laxy 21, Lxg =1, Ly = L3, Lys = Zs.
In the second case, the direct summands are
Z(x1 + 229+ yo) 2 Z, Zag 27, Z(2y1 + y2) = Zs, Z(y1 + y2) = Zs.

Then the summands which occurs are distinct submodules in the two cases, but the isomorphism
classes of summands are the same, namely Z, Z, Z3 and Zs.
As a preparation for proving uniqueness, we shall need the concept of a torsion element.

4.4.12. Definition. Let R be an integral domain and M an R-module. An m € M is called a
torsion element of M if there is a nonzero r € R such that rm = 0. Let 7(M) denote the set
of torsion elements of R, called the torsion submodule of M. If 7(M) = 0, M is said to be a
torsion free R-module.

4.4.13. Theorem. Let R be an integral domain and M an R-module. Then
1. 7(M) is a submodule of M.
2. 7(M/T(M)) = 0.

Proof. (1) The only problem in showing that 7(M) is a submodule of M is in showing that 7(M)
is closed under addition. Suppose x,y € 7(M). Then there exist nonzero elements r, s € R such
that rx = 0 and sy = 0. Since R is an integral domain, rs # 0. But

rs(x+y) =s(rz) +r(sy) =04+ 0=0.

Hence, z +y € 7(M).
(2) Suppose = + 7(M) € 7(M/7(M)). Then there is a nonzero r € R such that

r(x+7(M))=re+7(M)=0+7(M),

i.e., rz € 7(M). Thus, there is a nonzero s € R such that s(rz) = 0, so sr # 0 and (sr)z = 0.
Hence, x € 7(M), so 7(M/7(M)) = 0. O

4.4.14. Remarks. 1. If R is not an integral domain, then the torsion elements of an R-module
M may not form a submodule, even if R is commutative. For example, let R = F' x F where
Fis afield and let M = R = F' x F. Then the torsion elements of M are all elements of the
form (a,0) or (0,b). Butif a,b # 0, (a,b) = (a,0) + (0, b) is not a torsion element.

2. If R is not commutative, then the torsion elements of an R-module M may not form a
submodule, even if R has no zero divisors. For example, there exists a non-commutative do-
main R (such as the polynomial rings over the quaternion ring) such that for some nonzero
x,y € R, Rx N Ry = 0. In other words, x and y have no common left multiple except 0. For
such an R, z and y, let M = R/Rz as a left R-module. Then

() y+ Rx is not a torsion element of M, for 0 = r(y+ Rz) = ry+ Rz, sory € ReNRy = 0.
Thus, ry = 0, so r = 0.

(b) 1+ Rz is a torsion element of M since z(1+ Rx) = =+ Rx = 0. Since 1+ Rz generates
M = R/Rzx as a left R-module, it follows that the torsion elements of M do not form
a submodule.
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4.4.15. Theorem. Let R be a PID and let p be an irreducible element of R.
1. Rp is a maximal ideal of R, i.e., R/Rp is a field.
2. If d € Rand p{d, then p(R/Rd) = R/Rd.
3. Ifde€ Rand p | d, then p(R/Rd) = Rp/Rd = R/R(d/p).

Proof. (1) Suppose Rp is not a maximal ideal and let Rp C Rz C R. Then p = rx where neither r
nor z is a unit of R, which contradicts the hypothesis that p is irreducible.

(2) Since Rp is a maximal ideal and p t d, Rp + Rd = R. Thus, we can choose r,s € R with
rp+ sd = 1. Then for any z € R, v + Rd = (rp + sd)z + Rd = prz + Rd = p(rxz + Rd). Hence,
p(R/Rd) = R/Rd.

(3) Since p | d, Rd C Rp. The multiplication by p defines an onto R-module homomorphism
¢p : R — Rp/Rd where ¢,(z) = xp + Rd. It is easy to verify that ker ¢, = R(d/p). Hence, we

have the theorem. [
4.4.16. Theorem. Let R be a PID and suppose di,...,dg, €1,. .., €, are nonzero nonunits of
R, where d; | da,...,dp_1 | di,e1 | e2,...,€m—1 | €m. Suppose

A=R/Rd\®---® R/Rdy 2 R/Re1 ®---® R/Rey, = B.

Then £ = m and R/Rd; = R/Re; for i = 1,...,m. In particular, d; and e; are associate for
1=1,...,m.

Proof. Let p be a prime of R which divides d;. Then p | d; foralli=1,...,k, so
(R/Rd;)/p(R/Rd;) = (R/Rd;)/(Rp/Rd;) = R/Rp

foralli =1,...,k. Thus, A/pA = R/Rp@® ---® R/Rp. In other words, A/pA is a vector space

k

over the field R/Rp of dimension k. Note that since p(M/pM) = pM/pM = 0 for any R-

module M, M/pM may be considered as an R/Rp module, i.e., as a vector space over R/Rp.
Since A = B, A/pA = B/pB since any isomorphism ¢ : A — B carries pA onto pB. But since

B is generated as an R/Rp-module by < m elements. Thus,

m > dimR/Rp(B/pB) = dimR/Rp(A/pA> = k.

By symmetry, £ > m. Hence, m = k.

We now show that R/Rd; = R/Re; by induction on the number n of prime divisors of d; - - - d.
E.g.,ford,...dy=p]" ...p0, wehaven =a;+---+a,. fn=1,thenk =1and A = R/Rd; =
R/Re; = B. For inductive step, let p be a prime divisor of d; and hence of ds,...,d;. Then
A/pA = R/Rp@--- @ R/Rp as above. Suppose p { e;. Then p(R/Re;) = R/Re;, by Theorem

k
4.4.15, so (R/Rey)/p(R/Re1) = 0. Thus,

B/pB = (R/Re1)/p(R/Re1) ® - -+ ® (R/Rey,) /p(R/Rey,)
= (R/Rez)/p(R/Res) & - - © (R/Rex) /p(R/ Rex)

is generated by < k — 1 elements. Hence, dimg/g,(B/pB) < k — 1 and dimg/g,(A/pA) =k, a
contradiction, since A/pA = B/pB as above. Thenp | e, sop | ¢; foralli =1,..., k. By Theorem
4.4.15, we have isomorphisms

R/R(d1/p) @ --- & R/R(dy/p) = p(R/Rdy1) & - - - © p(R/ Rd,)

=pA=pB=p(R/Re1) - & p(RR/Rey)
= R/R(e1/p) ®--- & R/R(ex/p).
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Now the number of prime factors of (dy/p)---(di/p) is strictly less than the number of prime
factors of d; - - - di. Hence, the inductive hypothesis applies to the isomorphism

R/R(d1/p) ® -+ ® R/R(dx/p) = R/R(e1/p) ® - ® R/R(ex/p).

Thus, we may conclude that R/R(d;/p) = R/R(e;/p) fori=1,... k.
Note that for any ideal I of R, I = ann(R/I) = {r € R : r(R/I) = 0}. Hence, R/I = R/J if
and only if I = ann(R/I) = ann(R/J) = J (as submodules of R), and so

R/R(dz/p) = R/R(ez/p) = R(dz/p) = R(ei/p) < Rd; = Re; & R/Rdz = R/Rei.
Therefore, R/Rd; = R/Re; for i = 1, ...,k and the theorem is proved. O
4.4.17. Theorem. Let R be a PID. Suppose that

A~R&®---® ROR/Rdy & --- & R/Rdy,
~—_——

T

and
B2R®---®ROR/Re1®---® R/Rep,
~—_———
S
are isomorphic R-modules where the d; and e; are nonzero nonunits, d; | da, . ..,dk_1 | d; and

e1]ex,....em-1|€m. Thenr =s, k=mand R/Rd; =2 R/Re; foralli =1,... k.

Proof. We first observe that the torsion submodules of A and B are
T(A)=R/Rdy ®---® R/Rdy, and 7(B) = R/Re; ® --- ® R/Rep,.

Also,
A/T(A)=R®---®R and B/7(B)=R®---®R.
—— —
Now if ¢ : A — B is an isomorphism, it is easy to see that ¢(r(A)) = 7(B), so ¢ induces
isomorphisms )
¢|T(A) :7(A) = 7(B) and ¢: A/7(A) — B/7(B).

In particular, ¢ is an isomorphism between a free R-module of rank » and one of rank s. Hence,
r = s by Theorem 4.2.13. Finally, Theorem 4.4.16 applies to the isomorphism between 7(A) and
7(B) and shows that k = m and R/Rd; = R/Re; foralli =1,... k. O

4.4. Exercises. 1. Let R be a commutative ring such that every submodule of a free R-module is free.

Prove that R is a PID.

2. Prove that every finitely generated subgroup of the additive group (Q, +) is cyclic.

3. Let R = Z[x] and let M = (2, x) be the ideal generated by 2 and x, considered as a submodule of R.
Show that {2, z} is not a basis of M. Show that the rank of M is 1 but that M is not free of rank 1.

4. Let R be a PID. Prove that
(a) For any a,b € R, if gcd(a,b) = 1, then R/Rab = R/Ra & R/Rb.
(b) If d = pi* ... p.* where py, ..., py are distinct primes and n4,...,n; > 0, then

R/Rd = R/Rp{* @ ---@® R/Rp}*.
5. Let M be the Z-module generated by a, b and ¢ with the relations
4a+3b+3c=0 and 2a—b+3c=0.

Express M as a direct sum of cyclic modules. What are the orders of these modules?
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6. Let D be the ring of Gaussian integers Z[i] and M = D? the free D-module of rank 3. Take K to be
the submodule generated by (1,2,1), (0,0,5) and (1, —,6). Prove that M/K is finite and determine
its order.

7. Let D be the ring of Gaussian integers Z|i]. Determine the structure of D3/K where K is generated
by f1 = (1,3,6), fo = (2 +3i,—3i,12 — 18i) and f3 = (2 — 3i,6 + 9i, —18i). Show that M = D3/K is
finite (of order 352512). (The order of the ring Z[i]/(a + bi) is a® + b2.)

8. Let D = Q[x] be the polynomial ring in one variable over the field Q of rational numbers. Let K be
the submodule of D? generated by (2 — 1, x, 2% + 3) and (z, x, #?). Find polynomials g1, ..., g, such
that D3/K 2 D/(g1) & --- & D/(gr).

4.5 Noetherian Rings

In the proof of Theorem 2.4.26 (every PID is a UFD), the fact that “every ideal of R is a principal
ideal” is used to argue that there is no infinite strictly increasing chain of ideals in R. A ring with
this property is called a Noetherian ring, in honor of Emmy Noether, who inaugurated the use of
chain condition in algebra. Noetherian rings are of the utmost importance in algebraic geometry
and algebraic number theory. One reason for this is that for any field F, F[z1,...,x,], n > 2, is
Noetherian domain but not a PID. We shall study Noetherian rings in this section.

4.5.1. Definition. A partially ordered set ¥ has the ascending chain condition (a.c.c.) if
every chain
s1 <5859 < ...

eventually breaks off, that is, s = sp11 = ... for some k.

This is a finiteness condition in logic that allows arguments by induction, even when the
partially ordered set ¥ is infinite. It is easy to see that a partially ordered set ¥ has the a.c.c. if
and only if every nonempty subset S C ¥ has a maximal element: If ) # S C ¥ does not have
a maximal element, then choose s; € S, and for each s, an element s;; with s < sg41, thus
contradicting the a.c.c..

4.5.2. Theorem. Let R be a ring. The following three conditions are equivalent.
(i) The set X of left ideals of R has the a.c.c.; in other words, every increasing chain of left
ideals Iy C I, C ... eventually stops, that is I = I;,1 = ... for some k.
(ii) Every nonempty set . of left ideals has a maximal element.
(iii) Every left ideal I C R is finitely generated.

4.5.3. Definition. If one of the above conditions hold, then R is Noetherian (named after E.
Noether).

Proof. Here (i) < (ii) is the purely logical statement about partially ordered sets already dis-
cussed, whereas (i) or (ii) < (iii) is directly concerned with rings and ideals.

(i) = (iii). Pick f; € I, then if possible fo € I~ (f1), and so on. At each step, if I # (f1,..., fx),
pick fri1 € I~ (f1,..., fr). Then by the a.c.c. (i), the chain of ideals

(f1) C(fiofo) T+  C (froeens fi) C oo

must break off at some stage, and this can only happen if (f1,..., fi) = I for some k. This proof
involves an implicit appeal to the axiom of choice. It is perhaps cleaner to do (i) = (ii) purely in
set theory, then argue as follows.
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(i) = (iii). Let I be a left ideal of R and consider the set .7 of finitely generated left ideals
contained in /. Then {0} € ., so that . has a maximal element J by (ii). But then J = I,
since any element f € I ~ J would give rise to a strictly bigger finitely generated left ideal
Jc(J,f)CI

(iii) = (i). Let I C I, C ... be an increasing chain of left ideals. Then J = | J,, [}, is again an
ideal. If J is finitely generated then J = (f1,..., f,) and each f; € I}, so that setting k¥ = maxk;
gives J = I} and the chain stops. O

4.5.4. Remarks. 1. Every PID is Noetherian. Hence, we may consider a Noetherian ring as a
generalization of a PID.

2. Most rings of interest are Noetherian this is a very convenient condition to work with. At
first sight, more concrete conditions (such as R finitely generated over k or over 7Z) might
seem more attractive, but as a rule, the Noetherian condition is both more general and more
practical to work with.

3. The descending chain condition (d.c.c.) on a partially ordered set is defined in a similar
way. A ring whose ideals satisfy the d.c.c. is called an Artinian ring. This is also a very
important notion, but is more special: the d.c.c. for rings turns out to be very much stronger
than the a.c.c. (and implies it). We shall discuss this kind of rings in the next section.

4.5.5. Example. Z is Noetherian but not Artinian since Z O pZ D p?Z O ..., p prime, is a
decreasing chain which does not stop.

4.5.6. Examples. Here are three examples of non-Noetherian rings. Let k be a field.
1. The polynomial ring k[x1,...,z,,...] in an infinite number of indeterminates is obviously
non-Noetherian.
2. Consider the ring A; of polynomials in z,y of the form f(x,y) = a + zg(z,y) with a a
constant and g € k[x,y]; that is, f involves no pure power 3’ of y with j > 0. In other
words,

A = {f(a:,y) = ayaly 1, ZOandz’>0ifj7éO}
= klz,zy, xy?,. . xy",...] C k[z,y].

It is clear that (x,zy,zy?,...) is a maximal ideal of A;, and is not finitely generated. (It
looks as if it should be generated by z, but, of course, y, %, ... are not elements of the ring
A1.) Thus, A, is not Noetherian.

3. A rather similar example is the ring As of polynomials in z,y,y~
rh(z,y,y~'); that is,

L of the form g(z,y) +

A2:{f(:£,y):Za”xzyJ120, and]ZOIfZZO} :k[$,y,fﬁ/y,$/y2,,l‘/yn,]

In this ring « = (z/y) -y, and x/y = (z/y?) - y, etc., so that the element 2 does not have a
factorization into irreducibles and

(x) C (z/y) C (z/y*) C -+
is an infinite ascending chain.
4.5.7. Definition. Let R be aring. An R-module M is Noetherian if the submodules of M have

the a.c.c., that is, any increasing chain M; C My C ... C M} C ... of submodules eventually
stops.

Just as before, it is equivalent to say that any nonempty set of submodules of M has a maximal
element, or that every submodule of M is finitely generated.
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4.5.8. Theorem. let 0 L-%*>~M o N 0 be an exact sequence of R-modules.

Then M is Noetherian if and only if L and N are.

Proof. Obviously, the condition is necessary. Suppose M; C Ms C ... is an increasing chain of
submodules of M; then identifying «(L) with L and taking intersection gives a chain

LNMyCLNMyC...

of submodules of L and applying /3 gives a chain 5(M;) C f(Ms) C ... of submodules of N. Each
of these two chains eventually stops, by the assumption on L and N, so that we need to prove the
following statement: O

4.5.9. Lemma. For submodules, M; C My C M, if LN My = LN M and (M) = 5(Ms),
then M, = M.

Proof. Indeed, if m € My, then 3(m) € B(Mz) = B(Mi), so that there is an n € M; such that
B(m) = (n). Then B(m —n) = 0, so that m —n € My Nker = M; Nker . Hence, m € M;. O

We record consequences of this theorem in:

4.5.10. Corollary. Let M be an R-modules and N an R-submodule of M. Then M is Noethe-
rian if and only if N and M/N are.

,
4.5.11. Corollary. 1. If M; are Noetherian modules, 7 = 1,...,r, then @ M; is Noetherian.

=1

2. If R is a Noetherian ring, then an R-module M is Noetherian if anzd only if it is finitely
generated over R.

3. If R is a Noetherian ring and M is a finitely generated R-module, then any submodule
N C M is again finitely generated.

4. If R is a Noetherian ring and ¢ : R — B is a ring homomorphism such that B is a finitely
generated R-module, then B is a Noetherian ring. In particular, a homomorphic image of
a Noetherian ring is a Noetherian ring.

Proof. (1) A direct sum M; & M, is a particular case of an exact sequence, so that the previous
proves (1) when r = 2. The case r > 2 follows by an easy induction.

(2) If M is finitely generated then there is a surjective homomorphism R" — M — 0 for some
r, so that M is a quotient M = R"/N for some submodule N C R"; now R" is a Noetherian
module by (1), so M Noetherian follows by the implication = of the above theorem. Conversely,
M Noetherian obviously implies M is finitely generated.

(3) This just uses the previous implication: M finitely generated and R Noetherian implies that
M is Noetherian, so that NV is Noetherian, which implies that V is a finitely generated R-module.
(4) B is Noetherian as an R-module; but left ideals of B are submodules of B as an R-submodule,
so that B is a Noetherian ring. O

The following result provides many examples of Noetherian rings, and is the main motivation
behind the use of the a.c.c. in commutative algebra. Note that in Hilbert’s day, a “basis” of a
module meant simply a family of generators.

4.5.12. Theorem. [Hilbert Basis Theorem] If R is a commutative Noetherian ring, then so is
the polynomial ring R|x].
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Proof. We shall prove that any ideal I C R|[z] is finitely generated. For this, define auxiliary sets
Jn C R by

Jn = {a € R : there exists f € I such that f(z) = az" + b1z L+ b+ bo}.

In other words, J,, is the set of leading coefficients of elements of I of degree n > 0. Then it is
easy to check that J,, is an ideal (using the fact that I is an ideal), and that J,, C J, 1 (because
for f € I, also x f € I), and therefore

JCJJ1ChC...

is an increasing chain of ideals. Using the assumption that R is Noetherian, we deduce that
Jp = Jpy1 = ... for some n.

For each k < n, the ideal J, C R is finitely generated, say J, = (ax1,-..,arr,); and by
definition of Jj, for each a; ; with 1 < j < r;, there is a polynomial f; ; € I of degree k having
the leading coefficient ay, ;. This allows us to write down a finite set

STl x) >

of elements of 1.

We now claim that S generates /. Indeed, for any polynomial f(x) € I, if f(x) has degree m
then its leading coefficient a is in .J,,, hence if m > n, thena € J,, = J,, sothata = ) bjan;
with b; € R and f(z) — > bjz™ " f,i(x) has degree < m; similarly, if m < n, then a € J,,, so that
a =) bjam,; with b; € R and f(x) — > b; fm i(x) has degree < m. By induction on m, it follows
that f can be written as a linear combination of the finitely many elements in S. This proves that
any ideal of R[z] is finitely generated. O

4.5.13. Corollary. If R is a commutative Noetherian ring and ¢ : R — B is a ring homo-
morphism such that B is a commutative finitely generated extension ring of ¢(R), then B is
Noetherian.

Proof. The assumption is that B is a quotient of a polynomial ring, B = Rz, ..., x,]/I for some
ideal I. Now by Hilbert Basis Theorem and an obvious induction, R Noetherian implies that
so is R[x1,...,xy], and by Corollary 4.5.11, (4), R[z1,...,z,] is Noetherian implies that so is
Rlxy,...,x,)/1. O

4.5. Exercises. 1. Let M be a finitely generated R-module where R is Noetherian. Suppose I is an
ideal of R such that for each element a € I, there exists a nonzero element m € M such that
am = 0p7. Show that Iz = {05} for some nonzero element = € M.
2. Let M be a Noetherian R-module. Prove that I = {r € R : rm = 0y, for all m € M} is an ideal of R
and R/I is Noetherian.
3. Let M be a Noetherian R-module and ¢ : M — M be a surjective module homomorphism. Prove
that ¢ is an isomorphism. [Hint. consider the chain of submodules ker ¢ C ker ¢? C - -.]

4.6 Artinian Rings

In this section, we study deeper commutative ring theory. Our main goal is to show that any finite
commutative ring is a direct product of a finite number of local rings. However, we present results
on more a general ring, called an “Artinian ring”.



4.6. Artinian Rings 141

4.6.1. Definition. The Jacobson radical of a ring R is the intersection of all maximal ideals
of R and is denoted by Jac R. Note that if R is a local ring with unique maximal ideal M, then
Jac R = M. Let R be a ring. An element a € R is nilpotent if " = 0 for some n € N. The set
of all nilpotent elements in a commutative ring R is an ideal, called the nilradical of R.

It is also clear that every prime ideal in a commutative ring contains the nilradical.

4.6.2. Theorem. Let J be the Jacobson radical of a commutative ring R.

1. If I is a proper ideal of R, then so is the ideal generated by I and J.

2. The Jacobson radical contains the nilradical of R.

3. For x € R, x € J if and only if 1 — rz is a unit for all » € R. In partucular, if R is a local
ring with unique maximal ideal M, then 1 — m is a unit in R for all m € M.

4. [Nakayama’s lemma] If M is any finitely generated R-module and JM = M, then M =
{0}.

5. If M is finitely generated and M = N + I'M for some ideal I C J and submodule N of
M, then M = N.

6. Let I be an ideal in the Jacobson radical of R, and suppose that M is finitely generated. If
mi, ..., my have images in M /IM that generate it as an R-module, then m;, ..., m, also
generate M as an R-module.

Proof. (1) If I is a proper ideal of R, then [ is contained in some maximal ideal M of R. Since
JCM,ITUJCM.

(2) Let a € R be nilpotent. Then ¢ = 0 for some n € N. Since maximal ideals are prime and
a® € M,soa € M.

(3) Suppose 1 — rz is not a unit for some » € R and let M be a maximal ideal containing 1 — rz.
Since 1 ¢ M, rz ¢ M,sox ¢ M. But J C M, it follows that x ¢ J. Conversely, assume that
x ¢ J. Then there is a maximal ideal M such that = ¢ M. Thus, R = (x, M), so 1 = rz + m for
some r € R and m € M. Hence, 1 — rz = m € M which implies that 1 — rz is not a unit in R.
(4) Assume that M # {0} and let n be the smallest positive integer such that M is generated by
n elements, say mq, ..., m,. Since M = JM, we have

My =7r1m1 + -+ rpm,  forsomery,...,r, € J.

Thus, (1 — ry)m, = rimi + -+ + rp_1mu—1. By (3), 1 — r, is a unit, so m,, lies in the module

generated by my, ..., m,_1 which contradicts the minimality of n. Hence, M = {0}.
(5) Apply (4) to M/N.
(6) Apply (5) to N =), Rm;. O

4.6.3. Remark. In the special case of a finitely generated module M over a local ring R with
unique maximal ideal J, the quotient M /JM is a vector space over the field R/.J. Statement (6)
implies that a basis of M /J M lifts to a minimal set of generators of M. Conversely, every minimal
set of generators of M is obtained in this way, and any two such sets of generators are related by
an invertible matrix with entries in the ring.

4.6.4. Definition. A ring whose ideals satisfy the descending chain condition (d.c.c.), i.e.,
whenever I1 O I, D ... is a decreasing chain of ideals of R, then there is a positive integer m
such that I, = I,,, for all £ > m, is called an Artinian ring (named after E. Artin).

Clearly, every finite ring is Artinian. Also, it is immediate that every quotient ring of an Artinian
ring is Artinian. Similar to Theorem 4.5.2, we have the following theorem.

4.6.5. Theorem. R is an Artinian ring if and only if every nonempty set . of ideals has a
minimal element.
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An R-module M is said to be Artinian if it satisfies d.c.c. on submodules. Similar to Theorem
4.5.8, we have:

4.6.6. Theorem. Let 0 L M N 0 be an exact sequence of R-modules.
Then M is an Artinian R-module if and only if L and N are.

4.6.7. Lemma. Let M be a maximal ideal of the commutative ring R and suppose that M =
{0} for some m € N. Then R is Noetherian if and only if R is Artinian.

Proof. Observe that each successive quotient M*/M**1 i =0,1,...,m — 1, in the filtration R D
M2 M?2D...2M™ !t D M™= {0} is a module over the field F' = R/M. Consider the exact
sequence 0 M R R/M 0 of R-modules. Assume that R is Noetherian. By

Theorem 4.5.2, M and R/M is Noetherian. Thus, R/M and M are Artinian by Exercise 4.6 (2).
Hence, it follows from Theorem 4.6.6 that R is Artinian. The converse is proved in the same
way. 0

4.6.8. Lemma. Let R be a commutative ring and P a prime ideal of R. If I and J are ideals of
Rsuchthat P> INJ,then C PorJ C P.

Proof. Assume that I ¢ Pand J ¢ P. Letz € I,¢ Pandy € J, ¢ P. Thenzy € I N J. Since x
and y are not in P and P is a prime ideal, zy ¢ P which contradicts P O I N J. O

Now, we are ready to prove our main results.

4.6.9. Theorem. Let R be a commutative Artinian ring.
1. There are only finitely many maximal ideals in R.
2. The quotient R/(Jac R) is a direct product of a finite number of fields. More precisely, if
My, ..., M, are finitely many maximal ideals in R, then

R/(JacR) = k1 X -+ X ky,

where k; is the field R/M; foralli € {1,...,n}.
3. Every prime ideal of R is maximal. The Jacobson radical of R equals the nilradical of R
and (Jac R)™ = {0} for some m € N.
4. The ring R is isomorphic to the direct product of a finite number of Artinian local rings.
5. Every Artinian ring is Noetherian.

Proof. (1) Let . be the set of all ideals of R that are the intersection of a finite number of maximal
ideals. By Theorem 4.6.5, . has a minimal element, say M; N --- N M,. Then for any maximal
ideal M, we have

MM N---NM,=MnN---NM,,

soM D MyN---N M,. By Lemma 4.6.8, M; C M for some i. Since M; and M are maximal,
M; = M and hence My, ..., M, are all maximal ideals of R.

(2) Since M; + M; = R for all i # j and Jac R = M; N --- N M,, the statement follows from the
Chinese remainder theorem applied to M, ..., M,.

(3) We first show that J = Jac R is nilpotent. By d.c.c., there is some m € N such that J” = J"+i
for all i € N. Assume that J™ # {0}. Let . be the set of proper ideals I such that I.J™ # {0}.
Then J € .. Let I be a minimal element of .. Thus, there is some x € I such that 2J™ # {0}.
By minimality of Iy, we have Iy = (z). Since ((z)J)J™ = xJ™ ! = xJ™, it follows that (z) = (z)J
by minimality of (z). By Nakayama’s lemma, (z) = {0}, a contradiction. Hence, J" = {0}.
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Since ™ € J™ = {0} for all a € J, every element of J is nilpotent. But J contains the
nilradical of R, so these two ideals are equal.

Let P be a prime ideal of R. Then P contains the nilradical of R, so it contains J. Thus, P/J
is a prime ideal of R/J. By (2), R/J = ky x - - - X k;, and thus a prime ideal of R/.J consists of the
elements that are 0 in one of the components. In particular, such a prime ideal is also a maximal
ideal. Hence, P is maximal as desired.

(4) Let My, Mo, ..., M, be all the distinct maximal ideals of R and let J = Jac R and J" = {0}

as in (3). Then .
(M < (ﬂ MZ-) = J™ = {0}.
i=1 i=1
It follows from the Chinese remainder theorem that
R=R/M" x R/IM3"* x ---x R/M]",

and each R/M]" is an Artinian ring (because R is) with unique maximal ideal M;/M™.

(5) From (4), it suffices to prove that an Artinian local ring is Noetherian. Assume that R is an
Artinian with unique maximal ideal M. Then Jac R = M and M™ = {0} for some m € N. Thus,
the desired result follows from Lemma 4.6.7. Ol

4.6.10. Corollary. Every finite commutative ring is a direct product of a finite number of local
rings.

4.6.11. Example. Letn > 1. If n = p{'p5? ... pS", then
ZInL = Z)p' L X L)PSPL X - - - X L/ per L.

Each Z/p}'Z is a local ring with unique maximal ideal p;Z/p{*Z for all i € {1,2,...,7}.

4.6. Exercises. 1. Prove that an Artinain integral domain is a field. Hence, Z is not Artinian.
2. Suppose R = F'is a field. Prove that an R-module M is Artinian if and only if it is Noetherian if and
only if M is a finite dimensional vector space over F'.
3. Let F be a field and let f(z) be a polynomial in F'[z] of degree at least one. Decompose the quotient
ring F[x]/(f(x)) as a direct product of a finite number of local rings.
4. Let R and S be commutative rings. Prove that (R x S)* = R* x §*.
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5 Field Theory

In Section 2.6, we learn about extensions of a field. Here, we give more details on a construction
of extension fields. We prepare the readers to Galois theory which yields a connection between
field theory and group theory. Applications of Galois theory are provided in proving fundamental
theorem of algebra, finite fields, and cyclotomic fields. We discuss some results on a transcenden-
tal extension in the final section.

5.1 Preliminary Results

5.1.1. Definition. Let I be a field. The intersection of all subfields of I is the smallest subfield
of F, called the prime field of F.

Recall that the characteristic of a field is 0 or a prime p.

5.1.2. Theorem. Let F be a field with the prime subfield P and 15 denote the identity of F.
Then

(1) If char ' = p, aprime, then P={n-1p:n=0,1,...,p — 1} 2 Z,.

(2) If char F =0, then P = {(m - 1p)(n-1p)~' :m,n € Z,n # 0} = Q.

Proof. Since Pisafield, 1 € P,so{n-1p:n € Z} C P. Define p : Z — P by ¢(n) =n - 1 for
all n € Z. Then ¢ is a ring homomorphism and im¢ = {n - 1p : n € Z}, so Z/ ker ¢ = im .

(1) Assume that char F' = p is a prime. Then imy = {n-1p : n = 0,1,...,p — 1} and p is the
smallest positive integer such that p € ker ¢, so ker ¢ = pZ. Hence, im ¢ = Z/pZ which is a field,
so P =imy = Z/pZ = L.

(2) Assume that char ¥ = 0. Then ¢ is a monomorphism. Since {n-1p : n € Z} C P and
P is a subfield of F, {(m - 1g)(n-1p)"t : m,n € Z,n # 0} C P. Define ¢ : Q — P by
¢(m/n) = @(m)p(n)~! for all m,n € Z,n # 0. Then @ is a monomorphism and |z = . Thus,
Q=imp = {(m-1p)(n-1p)~t : m,n € Z,n # 0} which is a subfield of P, and hence they are
equal. O]

5.1.3. Definition. A field K is said to be an extension of a field F' if F' is a subring of K.

5.1.4. Definition. Let K be an extension field of F'. The degree of K over F, [K : F|, is the
dimension of K as a vector space over F. More generally, if a field F' is a subring of a ring R,
then [R : F] is the dimension of R as a vector space over F.

For example, [C : R] = 2 and [R : Q) is infinite (in fact [R : Q] = |R]).

145
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5.1.5. Theorem. If [L: K] and [K : F] are finite, then [L : F] is finite and
[L:F)=|[L:K]K:F]

Infact, [L: F] =[L: K|[K : F] whenever F C K C L.

Proof. With ' C K C L, let {§3;};cs be a basis of K over F' and {«;};c; be a basis of L over K.
Every element of L can be written uniquely as a linear combination of the elements of {«; };c; with
coefficients in K, and every such coefficient can be written uniquely as a linear combination of
the elements of {f;},c; with coefficients in F'. Hence, every element of L can be written uniquely
as a linear combination of the elements of {«;0;}icr jes with coefficients in K, {c;f;}ier jes is @
basis of L over F,andso [L: F]=|I x J|=[L: K][K : F]. O

Let K be an extension field of F'.
(1) If t4,...,t, are indeterminates over F, then F'(¢,...,t,) denotes the field of quotients of the
polynomial ring F'[ti,...,t,].
) fu,...,u, € K (or S C K), then Fuy,...,u,] (or F[S]) denotes the subring of K generated
by F and uy,...,u, (or S), and F(ui,...,u,) (or F(S)) denotes its field of quotients.

5.1.6. Theorem. Let K be a field extension of a field F' and let u € K. Then EITHER
(@) [F(u) : F] is infinite and F[u] = F[t], so F'(u) = F(t) where ¢ is an indeterminate OR
(b) [F(u) : F]is finite and F[u] = F(u).

Proof. Lett be an indeterminate and consider the ring homomorphism
Flt] 5 K

defined by ¢(t) = u (or ¢(f(t)) = f(u)). Note that the kernel of ¢ is a prime ideal, since the
image of ¢ has no zero divisors. There are two possibilities.

(1) ker o = 0. Then we have (a).

(2) ker p # 0. Then ker p = F[t]g(t) where g(t) is a monic prime (i.e., irreducible) polynomial.
Since F[t] is a PID, F[t]g(t) is a maximal ideal. Thus,

Flu] = F[i]/Ft]g(t)
is a field, so Fu] = F(u). O

5.1.7. Remarks. 1. If g(t) = go + g1t + -+ + gnat™ ' +t", then [F(u) : F] = n and
{1,u,...,u" "'} is a basis for F(u) over F.
2. Consider R C C and g(t) = go + g1t + t* € R[t]. We distinguish three cases.
(a) If g2 — 4gp > 0, then g(t) = (t — a)(t — b) where a,b € R,a # b and R[t]/R[t]g(t) is a
ring without nonzero nilpotent elements.
(b) If g7 — 4go = 0, then g(t) = (t — a)? and R[t]/R[t]g(t) is a ring with nonzero nilpotent
elements.
(c) If g7 — 4go < 0, then R[t]/R[t]g(t) = C.
3. If p is a prime, then ¢? — p is irreducible over Q and the fields Q[,/p] = Q[t]/(t* — p) are all
distinct.

5.1.8. Definition. Let K be an extension field of a field F'. An element u € K is algebraic over
F in case there exists a nonzero polynomial f(¢) € F[t] such that f(u) = 0 and transcendental
over F' otherwise.
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For example, every complex number is algebraic over R; v/2 and 1 + v/5 € R are algebraic
over Q. It has been proved that e and m € R are transcendental over Q; it can be shown that
most of real numbers are in fact transcendental over Q (see Exercises). Theorem 5.1.6 yields
characterizations of algebraic and transcendental elements:

5.1.9. Corollary. Let K be an extension field of a field F and u € K. The following conditions
on u are equivalent:

(i) w is transcendental over F' (if f(¢) € F[t] and f(u) = 0, then f = 0);

(ii) F(u) = F(t);

(iii) [F'(u) : F] is infinite.

5.1.10. Corollary. Let K be an extension field of a field F' and u € K. The following conditions
on u are equivalent:

(i) u is algebraic over F' (there exists a polynomial 0 # f(¢) € F[t] such that f(u) = 0);

(ii) there exists a monic irreducible polynomial ¢(¢) € F[t] such that g(u) = 0;

(iii) [F'(u) : F] is finite.

Moreover, in part (ii), we have g(¢) is unique; f(u) = 0 if and only if ¢(¢) divides f(¢); F(u) =
FI#)/(9(¢)); and [F(u) : F] = deg g(t).

5.1.11. Definition. When v is algebraic over F, the unique monic irreducible polynomial g(¢) €
F[t] in part (ii) is the minimal polynomial of u. The degree of u over F is deg g(t).

5.1.12. Definition. An extension field K of a field F' is algebraic in case every element of K
is algebraic over F.

For example, C is an algebraic extension of R, but R is not algebraic over Q. Note that if
[K : F) is finite, then K is algebraic extension.

5.1.13. Definition. An extension field F of a field F' is said to be a simple extension of F' if
E = F(«) for some a € E.

5.1.14. Theorem. If L is an algebraic extension of K and K is an algebraic extension of F,
then L is algebraic extension over F.

Proof. Let w € L. Since L is algebraic over K, there exists f(z) = a9 + a1z + -+ + apz" €
K|[z] such that f(u) = 0. Since K is algebraic over F, ag,ay,...,a, are algebraic over F, so
[F(ag,a1,...,ay): F)is finite. For, let £ = F(ag,ay,...,a,). Then

n

[E: F] = [F(ao) : F][[IF(a0,a1,...,a:) : Flag,a1,... a;-1)],
=1

ayp is algebraic over F' and q; is algebraic over F'(ag,...,a;—1) forall i € {1,...,n}. Since f(z) €
El[z], u is algebraic over E, so [E(u) : E] is finite by Corollary 5.1.10. Thus,

[F(u) : F] <[E(u) : F] = [E(u) : E][E: F] < c.

Hence, u is algebraic over F. O
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5.1.15. Corollary. Fora,b € K, if a and b are algebraic over F' of degree m and n, respectively,
then a + b, ab and a/b (if b # 0) are all algebraic over F' of degree < mn. In other words,

A ={u € K : u is algebraic over F'}

is a subfield of K and is an algebraic extension over F.

Proof. By Corollary 5.1.10, [F(a) : F] = m and [F(b) : F| = n. Since b is algebraic over F, b is
algebraic over F'(a), so [F'(a)(b) : F(a)] < n. Thus, by Theorem 5.1.5, [F(a,b) : F] = [F(a)(b) :
F] = [F(a)(b) : F(a)][F(a) : F] < mn. Since a & b, ab, ab~! (if b # 0) are in F(a,b) which is a
finite extension, they are all algebraic over F' of degree < mn. O

5.1. Exercises. 1. Let E = Q(u) where u® —u? +u+2 = 0. Express (u? +u+1)(u? —u) and (u—1)~*
in the form au? + bu + ¢ where a, b, c € Q.
2. Let E be an algebraic extension of a field F'. Show that any subring of E/F is a subfield. Hence,
prove that any subring of a finite dimensional extension field E/F is a subfield.
3. Let v and v be positive irrational numbers such that « is algebraic over Q and v is transcendental
over Q.
(a) Show that v is transcendental over QJu].
(b) Classify whether the following elements are algebraic or transcendental over Q.
@) Py () Vu (i) v
Let E = F(u), u transcendental and let K # F a subfield of E/F. Show that u is algebraic over K.
(a) Show that there are countably many irreducible polynomials in Q[z].
(b) Let A be the set of all real numbers that are algebraic over Q. Show that A is countable, so that
R ~ A is uncountable.
6. Let K be a field. Amap D : K — K is called a derivation if D(u + v) = D(u) + D(v) and
D(uwv) = uD(v) + D(u)v for all u,v € K.
(a) Show that D(1) = D(0) = 0, D(x — y) = D(z) — D(y) and that the set of element z € K such
that D(z) = 0 forms a subfield M of K.
(b) If [K : M] is finite, prove that char K = p > 0 and for every v € K there are m € M and
i € NU {0} such that u?" —m = 0.
7. Let E; and Es be subfields of a field K. The composite field of F; and F5, denoted by E; Es, is the
smallest subfield of K containing both F; and FE,. Prove that if [K : F] is finite, then [E1Es : F] <
[El : FHEQ : F}

o1k

5.2 Splitting Fields

Let F' be a field. Given a polynomial f(z) € F[x] we would like to have at hand an extension
field E of F which in some sense contains all the roots of the equation f(x) = 0. We recall that
f(r) =0if and only if f(z) is divisible by = — r.

5.2.1. Definition. We say that f(x) splits in an extension field F if f(x) = H c(x — i), that
i=1
is, it is a product of linear factors in E[x] and ¢ € F.

We shall first study some facts about the roots of f(z) € F[z] as follows.

5.2.2. Theorem. If f(x) € F[z] and deg f(x) = n > 1, then f(z) can have at most n roots
counting multiplicities in any extension field of F'.
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Proof. We shall prove the theorem by induction on the degree of f(x). If deg f(x) = 1, then
f(z) = ax + b for some a,b € F and a # 0. Then —b/a is the unique root of f(x) and —b/a € F,
so we are done.

Let deg f(x) = n > 1 and assume that the result is true for all polynomials of degree < n. Let
E be any extension field of F. If f(z) has no roots in F, then we are done. Let r € F be a root
of f(x) of multiplicity m > 1. Then there exists ¢(z) € E|[x] such that f(z) = (z — r)"¢(z) and
q(r) # 0. Thus, deg g(z) = n — m. By the inductive hypothesis ¢(z) has at most n — m roots in F
counting multiplicities. Hence, f(z) has at most m+ (n—m) roots in E counting multiplicities. [

5.2.3. Theorem. [Kronocker] If p(t) € F[t] is irreducible over F, then there exists an extension
field F of F such that [E : F] = degp(t) and p(t) has a root in E.

Proof. Let E = Flx]/(p(x)) where z is an indeterminate. Then E is a field containing {a +
(p(x)) : @ € F} as a subfield. But F' = {a+ (p(z)) : a € F} by ¢ : a = a+ (p(z)), so £
can be considered as an extension field of F' by considering a as a + (p(z)) for all a € F. Then
E = Flz|/(p(z)) = F(t) where t = = + (p(z)) is a root of p(t). Since E = F(t) and p(t) is
irreducible over F, [E : F| = [F(t) : F] = degp(t) by Corollary 5.1.10. O

5.2.4. Corollary. If p(t) € F[t] is a nonconstant polynomial, then there exists a finite extension
field F of F' containing a root of p(¢) and [E : F] < degp(t).

Proof. Since F'[t] is a UFD, p(t) has an irreducible factor in F'[¢] say p;(t). By Theorem 5.2.3, there
exists an extension field E of F' such that F contains a root of p;(¢) and [E : F] = degpi(t).
Hence, [E : F| < degp(t) and E contains a root of p(t). O

5.2.5. Definition. Let F' be a field and f(z) a monic polynomial in F[z]. An extension field F
of F'is a splitting field of f(x) over F' if

fl@)y=(x—mr1)...(x—1p)

in F[x] and
E:F(rl,...,rn),

that is, F is generated by the roots of f(x).
The next results demonstrate the existence of a splitting field for a monic polynomial.

5.2.6. Theorem. [Existence of Splitting Fields] Let f(xz) be a monic polynomial of degree
n > 1. Then there exists an extension field F of F' such that [F : F] < n! and E contains n roots
of f(z) counting multiplicities. Hence, in Et], f(z) = ¢(x —r1)...(z — r,,) for some ¢ € F and
T1,...,Tn € E, sothatry,...,r, are n roots of f(z) in E.

Proof. We shall prove the theorem by induction on the degree of f(x). If deg f(z) = 1, then f(z)
has exactly one root in F' and [F': F] =1 =1l

Let deg f(z) = n > 1 and assume that the theorem is true for the case of polynomials of
degree < n. By Corollary 5.2.4, there exists an extension field E, of F' such that f(x) has a root,
say r € Ep and [Eyp : F] < n. Since r is a root of f(z), f(x) = (z — r)q(z) for some ¢(z) € Ey|x],
so degq(z) = n — 1. By the inductive hypothesis, there exists an extension field F of Ej such
that [E : Ey] < (n — 1)! and E contains n — 1 roots of ¢(x). Then E is an extension field of F,
[E: F]=[E: Ey[Ep : F] <n!and FE contains n roots of f(z) counting multiplicities. O

5.2.7. Corollary. Let F'be a field and f(x) a nonconstant polynomial over F' of degree n. Then
there exists a splitting field £ of f(z) over F'. Moreover, [E : F| < nl.
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Proof. We have seen from Theorem 5.2.6 that there exists an extension field F of F' such that
flx) =c(x —7r1)...(x —ry), for some ¢ € F and ry,...,r, € E, is a product of linear factors in
E[z] and [E : F] < nl. Hence, E = F(ry,...,ry) is a desired field. O

5.2.8. Examples. (Examples of splitting fields) 1. Let f(z) = 22 + ax + b. If f(z) is reducible
in F[z] (F arbitrary) then F is a splitting field. Otherwise, put E = F[z]/(f(z)) = F(r1)
where r; = z+ (f(z)). Then F is a splitting field since f(r1) =0, so f(z) = (x —r1)(x —r9)
in E[x]. Thus, E = F(ry) = F(ry1,r2). Since f(z) is the minimal polynomial of r; over F,
[E: F]=2.

2. Let the base field F be Z/(2), the field of two elements, and let f(z) = 2® + = + 1. Since
1+1+1#0and 0+0+1 # 0, f(z) has no roots in F’; hence f(x) is irreducible in F[z]. Put
ri =z + (f(x))in Fz]/(f(z)) so F(r1) is a field and 2% + = + 1 = (z +r1)(2® + ax + )
in F(r1)[z]. (Note that we can write + for — since characteristic is two.) Comparison
of coefficients shows that ¢ = r1, b = 1 + r%. The elements of F(r) can be listed as
c+dri+er} c,d,e € F. There are eight of these: 0, 1,71, 1+71, 73, 1477, 11 +rf and 1+, +7%.
Substituting these in #2 + 7z +1+7%, we reach (r?)2 +r1(r?) +1+7r? = rf+ 13+ 1472 =0
since { = r1 + 1 and r] = r? + 1. Hence, 2 + ax + b factors into linear factors in F'(r1)[z]
and F = F(ry) is a splitting field of 2® + x + 1 over F.

3. Let F = Q, f(z) = (2% — 2)(«® — 3). Since the rational roots of 2% — 2 and x? — 3 must be
integral, it follows that 2% — 2 and 2? — 3 are irreducible in Q[z]. Form K = Q(ry),r =
r + (22 — 2) in Q[z]/(2% — 2). The elements of K have the form a + bry,a,b € Q. We
claim that 22 — 3 is irreducible in K [z]. Otherwise, we have rational numbers a, b such that
(a +br1)? = 3. Then (a? + 2b%) + 2abr; = 3 so that ab = 0 and a® + 2b* = 3. If b = 0 we
obtain a? = 3 which is impossible since /3 is not rational, and if a = 0,b> = 3/2. Then
(20?) = 6 and since /6 is not rational, we again obtain an impossibility. Thus, 2% — 3 is
irreducible in K[z]. Now form F = K|z]/(z?> — 3). Then this is a splitting field over Q of
(22 —2)(2* —3)and [F: Q] =[E: K|[K: Q] =2-2 = 4.

4. Let F =Q, f(x) = 2P — 1, p a prime. We have 2P — 1 = (z — 1)(2P~ ' + 2P 2 4 .- + 2 + 1)
and we know that #P~! + 2P=2 + ... + x + 1 is irreducible in Q[z]. Let E = Q(z) where
z=x+@P 2P 24 4 2+1)inQx]/(zP 1+ 2P 2+ +x+1). Wehave 1, z,..., 2P~ !
are distinct. Also (2¥)P = (2P)* = 1 so every z* is a root of P — 1. It follows that 2P — 1 =

P_,(z—z%)in E[z]. Thus, E is a splitting field over Q of 2” — 1 and [E: Q] = p — 1.

5. Since 23 — 2 = (z — V/2)(z — V2w)(z — v/2w?) where w # 1 and w?® = 1, Q(+/2) is not a
splitting field of f(x) = 23 — 2 over Q. A splitting field of f(z) is E = Q(v/2,w). Since
g(x) = 2% + 2 + 1 is irreducible over Q(v/2) and g(w) = 0, [E : Q(v/2)] = 2,50 [E : F] =
E:Q(V2)Q(V2): Q] =2-3=6.

6. A splitting field over Z/(p) of 27" — 1, e € N, is Z/(p).

5.2.9. Theorem. [Uniqueness of Splitting Fields] Let  : F' — Fj be an isomorphism of fields
and let  : F[x] — Fi[z] be the isomorphism which extends n and satisfies n(z) = x. Suppose
f(z) is a monic polynomial in F[z|, let fi(z) = n(f(z)) and suppose that £/F and E;/F; are
splitting fields of f(x) and fi(x), respectively. Then there exists an isomorphism n* : £ — E;
which extends 7.

Proof. Let f(x) be an irreducible factor of f(x) and let fi(z) = n(f(z)). Let r € E be a root
of f(x) and let m € E; be a root of fi(z). Then we have a commutative diagram in which the
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vertical arrows are isomorphisms and the horizontal arrows are inclusion maps

F Fr] E
Flz]/ f(a)F[z]
n Yl
Fy[z]/ fi(z)Fi[x]
J
F1 F1 [’r‘l] El.

The map j7i~! = 7 is an isomorphism of fields extending 7. Also, 7(f(z)/(x — 7)) = fi(z)/(x —7)

and E/F[r], E1/Fi[r1] are splitting fields of f(z)/(x — r) and fi(z)/(x — r1), respectively.
Now, by induction on deg f(x), 77 : F[r] — Fi[r1] has an extension to n* : E — E; and this is
the required extension of 7. O

5.2.10. Theorem. Assume f(x) has no multiple factors as an element of F[z]. Under the
hypothesis of Theorem 5.2.9, the number of distinct extensions of  : F' — Fy ton : E — Ej is
at most [E : F|. Moreover, the number of distinct extensions is equal to [E : F] if and only if
f(z) has distinct roots in E.

Proof. Proceeding as in the proof of Theorem 5.2.9, let f (x) be an irreducible factor of f(x), let d
be the degree of f(x), let fi(z) = n(f(x)), let r1,...,r. be the distinct roots of f(x) in E and let
r,...,r. be the roots of f1 () in E;. (Note that e < d and e = d if fl(x) has no multiple roots,
but this is not always the case.)

Next fix a root » = r; of f(z). The argument of Theorem 5.2.9 shows that for each root
7, ...,r, of fi(x) there is an isomorphism 7j; : F[r] — F} [r}] extending n, where 7);(r) = 7.

F—— Fr]
n
F1 4>F1[T‘;]C—> E1

On the other hand, any isomorphism of F[r] into F; must carry r into a root of f; (), and so must
one of the 7;. Furthermore, as noted above

the number of roots of f(z) =e < d = [F[r] : F].

By induction, the number of ways each 7); can be extended to an isomorphism F — FE; is at most
[E : F[r]]. Thus,

the number of extensions of n: F' — Fy ton* : E — F;
<elE:F[r]] <[Flr]: F||[E: F[r]] = [E: F].

Now we want to answer the question: When is there equality — that is, the number of exten-
sions = [F : F|?

Looking at the first step above we see that the number of roots of f(x) = e = d = [F[r] : F] if
and only if f(x) has d = deg f(x) roots — that is if and only if f(z) has distinct roots.
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To continue inductively, we now have the set up

Flr]——F

|

F1 [’I”;] —— E1
The key point is that E is the splitting field over F[r] of the polynomial f(x)/(x — r). This
polynomial has no multiple factor so inductively the number of extensions of 7); to an isomorphism
n*: E — E;isequalto [E : F[r]] if and only if f(x)/(x—r) has distinct roots. Combining this with
the result for f(z) we get the number of extensions of 5 : ' — F} to an isomorphism 7 : E — F;
is equal to [E : F] if and only if f(x) has distinct roots in E. O

5.2.11. Remarks. (1) If f(z) is an irreducible polynomial over a field ' and r is a root of f(x)
in some extension field of F, then

Flal/ f(z)Flz] = F[r].

However, if f(x) = g(z)h(z) where g(z) and h(z) are irreducible polynomials, then by Chinese
remainder theorem
Fla]/ f(z)Flz] = Flz]/g(x)Fla] x Flz]/h(x)Flx]

a direct product of fields. If f(x) = g(x)?, then F[z]/f(x)F[z] even has nilpotent elements.
In general, E/F arises from a succession of simple extensions
FC R = Fla]/ fi(e)Fla],
By C Fy = Fy[z]/ fa(2) Fi[z],

Foy CF. 2 F._[z]/fr(x)F_1[z] = E.

We shall see that in some important cases (but not all), the splitting field £//F of the polynomial
f(x) can be achieved as a simple extension F' C Fx]/g(x)F[x] = E, but usually g(x) # f(x).

(2) If f(z) and g(x) have the same roots in some extension field £ of F' (f(x),g(z) € Flx]),
then they have the same splitting field. However, one cannot guarantee that the roots of f(x) are
distinct (or simple, or one fold). The basic example is the polynomial

f(x) =2 —a € Fld]

where F is a field of characteristic p > 0. If r is a root of f(z) in some extension field £ of F[a],
then 7P = a and the factorization of f(z) in E[z] is

f(l‘)zfp—a:xp—rp:(x_r)l{

5.2. Exercises. 1. Construct a splitting field over Q of 2° — 2. Find its dimension over Q.
2. Let f(z) = 2* + 2* + 1. Find the splitting field of f(z) over Q and determine its dimension.
3. Let E/F be a splitting field of over F' of f(x) and let K be a subfield of F/F. Show that any
monomorphism of K/F into E/F can be extended to an automorphism of E.
4. If f(x) € Flx] has degree n and K is a splitting field of f(x) over F, prove that [K : F| divides n!.
5. Let F be a field of characteristic p > 0 and let b € F. Show that either 2 — b is irreducible in F'[z] or
b=aP and 2? — b= (v — a)? for some a € F.
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5.3 Algebraic Closure of a Field

We know about the prime field which is the smallest field such that every other field is an extension
of it. However, we does not know if we can algebraically extend our field F' forever to obtain a
field that every polynomial in F'[z] has a root in it. We shall assure it in this section.

Afield F is called algebraically closed if every monic polynomial f(x) of positive degree with
coefficients in F has a root in F'.

5.3.1. Theorem. Let F be a field. The following statements are equivalent.

(i) F is algebraically closed.

(ii) An irreducible polynomial in F'[z] is linear, and hence every polynomial of F'[x] of positive
degree is a product of linear factors.

(iii) F has no proper algebraic extension field.

Proof. Since r is a root, that is f(r) = 0, if and only if = — r is a factor of f(z) in F[z], we have
(i) & (ii). Next, we show (i) < (iii). If F is an extension field of F' and a € F is algebraic
over F, then [F(a) : F] is the degree of the minimal polynomial f(z) of a over F, and f(x)
is monic and irreducible. Then a € F if and only if deg f(z) = 1. Hence, E is algebraic over
F and E D F implies there exist irreducible monic polynomials in F[z| of degree > 2; hence
F is not algebraically closed. Conversely, if F' is not algebraically closed, then there exists a
monic irreducible f(x) € F[z] with deg f(x) > 2, Thus, the field F[z]/(f(x)) is a proper algebraic
extension of F. O

We recall that (Corollary 5.1.15) if E is an extension field of the field F’, then the set of
elements of E that are algebraic over F' constitutes a subfield A of F/F (that is, a subfield of F
containing F'). Evidently E = A if and only if F is algebraic over F'. At the other extreme, if
A = F, then F is said to be algebraically closed in E. In any case A is algebraically closed in
E, since any element of F that is algebraic over A is algebraic over F' and so is contained in A.
This result shows that if a field F' has an algebraically closed extension field, then it has one that
is algebraic over F'.

5.3.2. Definition. We call an extension field £/F' an algebraic closure of F' if E is algebraic
over F' and F is algebraically closed.

For example, assuming the truth of the fundamental theorem of algebra (Theorem 5.6.10),
that C is algebraically closed, it follows that the field of A of algebraic numbers is an algebraic
closure of Q, and thus A is algebraically closed.

We proceed to prove the existence and uniqueness up to isomorphism of an algebraic closure
of any field F'. For a countable F' a straightforward argument is available to establish these results.
We begin by enumerating the monic polynomials of positive degree as fi(z), f2(x), . ... Evidently
this can be done. We now define inductively a sequence of extension fields beginning with Fy = F'
and letting F; be a splitting field over F;_; of f;(z). The construction of such splitting fields was
given at the end of the previous section. It is clear that every F; is countable, so we can realize all
of these constructions in some large set S. Then we can take £ = J F; in the set. Alternatively
we can define F to be a direct limit of the fields F;. It is easily seen that E is an algebraic closure
of F. We showed that (Theorem 5.2.9) there exists an isomorphism of K;/F onto Ko/F. This
can be used to prove the isomorphism theorem for algebraic closures of a countable field by a
simple inductive argument.

The pattern of the proof sketched above can be carried over to the general case by using
“transfinite induction”. This is what was done by E. Steinitz, who first proved these results. There
are several alternative proofs available that are based on Zorn’s lemma. We shall give one that
makes use of the following lemma.
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5.3.3. Lemma. If E is an algebraic extension of a field F, then the cardinality of E cannot
exceed the cardinality of F'[z].

Proof. Let S be the set of all ordered pairs (f,«) where f(z) € F[z] is nonzero and o € E with
f(a) = 0. Since for each polynomial f(z), the number of « such that (f, ) lies in S is finite, we
have |S| < |F[z]|Ro = |F[z]|. On the other hand, F maps injectively into S via a — (fa, o) where
fa is the minimal polynomial of «, and thus |E| < |S|. O

Recall that |F[z]| = |F|Ng. If F is infinite, then |F[z|| = |F| and it follows that |E| = |F|.
When F is finite, F'[z] is countable, and hence E is either finite or countably infinite.

5.3.4. Corollary. There exist real numbers transcendental over Q.

Proof. There are only countably many polynomials in Q[z]. Since R is uncountable, the above
lemma guarantees that R is not algebraic over Q. O

We can now prove the existence of algebraic closures.
5.3.5. Theorem. Any field F has an algebraic closure.

Proof. We first embed F' in a set .S in which we have a lot of elbow room. Precisely, we assume
that |[S| > |F| if F' is infinite and that S is uncountable if F is finite. We now define a set A whose
elements are (F, +,-) where F is a subset of S containing F’ and +, - are binary compositions in
E such that (E, +, ) is an algebraic extension field of F'. We partially order A by declaring that
(E,+,) > (E',+',”) if E is an extension field of E’. By Zorn’s lemma there exists a maximal
element (E,+,-). Then FE is an algebraic extension of F. We claim that E is algebraically closed.
Otherwise we have a proper algebraic extension E' = FE(a) of E. Then |E’| < |S|, so we can
define an injective map of E’ into S that is the identity on E and then we can transfer the
addition and multiplication on E’ to its image. This gives an element of A bigger than (E, +, ).
This contradiction shows that E is an algebraic closure of F. O

Next we take up the question of uniqueness of algebraic closures. It is useful to generalize the
concept of a splitting field of a polynomial to apply to sets of polynomials.

5.3.6. Definition. IfI' = {f,(z)} is a set of monic polynomials with coefficients in F’, then an
extension field E/F is called a splitting field over F' of the set I if

1. every f,(x) € I' is a product of linear factors in F[x] and

2. E is generated over F' by the roots of the f,(z) € T

It is clear that if F is a splitting field over F' of I, then no proper subfield of £/ F is a splitting
field of T and if K is any intermediate field, then E is a splitting field of I". Since an algebraic
closure E of F' is algebraic, it is clear that F is a splitting field over F' of the complete set of
monic polynomials of positive degree in F'[x]. The isomorphism theorem for algebraic closures
will therefore be a consequence of a general result on isomorphisms of splitting fields that we
shall now prove. Our starting point is the following result, which is Theorem 5.2.9.

Let 7 : a — @ be an isomorphism of a field ' onto a field F, f(z) € F[z] be monic of positive
degree, f () the corresponding polynomial in F'[z] (under the isomorphism, which is  on F" and
sends = — z), and let E and F be splitting fields over ' and F of f(x) and f(z), respectively.
Then 7 can be extended to an isomorphism of F onto E.

We shall now extend this to a set of polynomials.



5.4. Multiple Roots and Separability 155

5.3.7. Theorem. Let 7 : a — a be an isomorphism of a field F onto a field F, ' a set of
monic polynomials f,(z) € F[z], T the corresponding set of polynomials f(z) € F[z], E and E
splitting fields over F and F of " and T, respectively. Then 7 can be extended to an isomorphism
of F onto E.

Proof. The proof is a straightforward application of Zorn’s lemma. We consider the set of exten-
sions of 1 to monomorphisms of subfields of £/F into E/F and use Zorn’s lemma to obtain a
maximal one. This must be defined on the whole F, since otherwise we could get a larger one
by applying the result quoted to one of the polynomials f,(z) € I'. Now if ¢ is a monomorphism
of E into E such that (| = n, then it is clear that ((E) is a splitting field over F of I'. Hence,
¢(E) = E and ¢ is an isomorphism of £ onto E. O]

As we have observed, this result applies in particular to algebraic closures. If we take F' = F
and n = id, we obtain

5.3.8. Theorem. Any two algebraic closures of a field F' are isomorphic over F.

From now on we shall appropriate the notation F' for any determination of an algebraic closure
of F. If A is any algebraic extension of F, its algebraic closure A is an algebraic extension of A,
hence of F, and so A is an algebraic closure of F. Consequently, we have an isomorphism of A/F
into F'/F. This maps A/F into a subfield of F//F. Thus, we see that every algebraic extension
A/F can be realized as a subfield of the algebraic closure F/F.

5.3. Exercises. 1. No finite field F is algebraically closed. [Hint. If ' = {0,1,as,...,a,}, consider
the polynomial 1 + z(z — 1)(x — a2) ... (z — a,) € F[z].]
2. Let E be an algebraic extension of a field 7' and A an algebraic closure of F'. Show that E/F is
isomorphic to a subfield of A/F. [Hint. Consider the algebraic closure A of A and note that this is
an algebraic closure of F'.]

5.4 Multiple Roots and Separability

Recall the following facts from Subsection 2.6.2 about the multiple roots.

5.4.1. Definition. Let R be an integral domain and f(z) € Rx]. If a is a root of f(z), then
there exist m € N and g(x) € R[z] such that f(z) = (r — «)™g(x) and g(«) # 0. m is called the
multiplicity of the root « of f(z) and if m > 1, « is called a multiple root of f(z).

5.4.2. Definition. If f(z) = ap+a1z+---+apz™ € R[z], we define f'(z) € R[z], the derivative
of f(z), to be

fl(x) = a1 + agz + - - - + na,z" L.

We record the straightforward properties of the derivative of polynomials in the next lemma.

5.4.3. Lemma. If f(z) and ¢g(z) are polynomials over an integral domain R and ¢ € R, then
cf(x)) = cf'(z),

f(x)+9(x)) = f(x) + g'(2),

f(@)g(2))" = f(x)g'(x) + f'(x)g (),

(f(@)") = n(f(x))""'f'(v) where n € N.

—~

1.
2.
3
4.
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5.4.4. Theorem. Let FE be an extension of a field ' and f(x) € F|[z].
1. For « € E, o is a multiple root of f(z) if and only if « is a root of both f(z) and f’(z).
2. If f(x) and f’(z) are relatively prime, then f(x) has no multiple root.
3. If f(z) is irreducible over F' having a root in F, then
f(z) has no multiple root in F if and only if f’(x) # 0.

Proof. (1) is clear.

(2) Since f(z) and f’(x) are relatively prime, there exist h(z) and k(z) in F[z] such that 1 =
f@)h(z) + f'(x)k(x). If a € E is a multiple root of f(x), by (1), f(a) =0 = f'(«),s01 =0, a
contradiction.

(3) Since f(x) is irreducible, f'(z) # 0 and deg f'(z) < deg f(x), we have f(z) and f'(x) are
relatively prime, so f(z) has no multiple roots. Conversely, if f'(z) = 0, then f(«a) = 0 = f'(«)
for some « € E since f(z) has a root in E. Hence, by (1), « is a multiple root of f(x). O

5.4.5. Definition. Let F be a field. A polynomial f(x) € F[z] is separable if every root (in
some splitting field over F') of its irreducible factor is not a multiple root. If E is an extension
of F'and « € E is algebraic over F, then « is separable over F if its minimal polynomial over
F is separable.

Let FF C K C F be field extensions. Note that if « is separable over F, then « is separable
over K since mq k() | mq,r(x). Here mq, —(z) stands for the minimal polynomial of « over the
indicated field.

5.4.6. Examples. 1. Consider f(z) = 2% + 1. Over Q, we have f(z) is irreducible and sepa-
rable but over Z/(2), we have f(x) = 22 + 1 = (z + 1)? is not irreducible but is separable
since the only irreducible factor is = + 1 which is separable over Z/(2).

2. Let K be a field of characteristic p and F' = K (y) be the field of rational functions over K
with indeterminate y. Since K[y| is UFD, y is irreducible element in K [y], so the polynomial
f(x) = 2P — y in F[z] is irreducible over F by Eisenstien criterion. Since f’(z) = 0 and f(z)
has a root, say « in some splitting field F of F, « is a multiple root of f(z), so f(z) is not
separable over F'. However, if we consider f(x) = 2P — y € E[z], we have f(z) = (z — a)?
and its irreducible factor in E[x] is only = — a which is separable over F, so f(x) is separable
over E.

Suppose that F' is a field of characteristic zero and f(z) is a monic irreducible polynomial
over F, say f(z) = ap + a1z + --- + ap_12" ' + 2" Then f'(x) = a1 + 2asx + --- + naz""!. The
key point is that n # 0, so f/(z) # 0. Since deg f'(z) < deg f(x) and f(x) is irreducible, f(z) and
f/(x) are relatively prime, so all roots of f(x) are simple. Thus, we have shown:

5.4.7. Theorem. Let F be a field of characteristic zero. Then every polynomial f(z) € F[z] is
separable.

5.4.8. Definition. We call an algebraic extension field F of a field F' a separable extension if
the minimal polynomial of every element of F is separable. Hence, if F is of characteristic zero,
then every algebraic extension is a separable extension. A field F' is perfect if every polynomial
f(x) over F' is separable.

Thus, all fields of characteristic zero are perfect.

5.4.9. Remark. Suppose F'is a field (or even a commutative ring) of characteristic p > 0. Then
the identities
(ab)? = aPb? and (a+b)P =aP +b°
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show that the map ¢ : F' — F defined by ¢(a) = a” is a ring homomorphism. Since F is a field,
¢ has to be one-to-one. But ¢ does not have to be onto - for example

¢ (Z2/p2)(x) = (Z/pL)(x)

is not onto; the image is (Z/pZ)(z?). However, if F is finite of order p”, then a?" = a foralla € F,
so ¢ is onto and " is the identity map, called the Frobenius’ automorphism.

5.4.10. Theorem. Let F be a field of characteristic p > 0, and let a € F.
(D Ifae FPand a =P, thena? —a = (z —r)P.
(2) If a ¢ FP, then zP — a is irreducible.

Proof. (1) is trivial.

(2) In a splitting field for F, 2P — a = (x — r)? (r may not be in F'). Any proper factor of 2P — a
(after being made monic) has the form (z — 7)? where 1 <4 < p — 1. Thus, if 27 — a has a proper
factor over F, then 7' € F forsome 1 < i < p— 1. But then ! and » = a € F, so r € F since
(i,p) = 1. Hence, a = P € FP. O

5.4.11. Theorem. Let F be a field of characteristic p > 0. Then F is perfect if and only if
F = FP,

Proof. Suppose F' # FP and choose a € F' ~ FP. By Theorem 5.4.10, 2P — a is irreducible. But
2P — a does not have distinct roots in a splitting field of F'. Hence, F is not perfect.

Conversely, assume that F' is not perfect. Then there is an irreducible polynomial f(z) over
F which does not have simple roots. By Theorem 5.4.4, this means that f(x) and f/(z) are not
relatively prime. Since f(z) is irreducible and deg f'(z) < deg f(x), f'(x) = 0. Thus, f(z) is a
polynomial in 27, i.e.,

f(x) = a0 + apa? + agpa® + -+ + a(m_l)px(m_l)p +a2™P.
We shall claim that some a;, ¢ F?. For if each a;, € F?, say aj, = (b;)?, then f(x) = g(x)? where
9(x) =bo + b1z + - + b1z + 2™

which contradicts the irreducibility of f(z) over F. This establishes the claim. Hence, aj, ¢ F?
and F' # FP. O

5.4.12. Corollary. Every finite field is perfect.

Proof. The characteristic of a finite field F' is a prime p. The monomorphism a + a? of F' is an
isomorphism since F' is finite. Hence, F' = F” is perfect by Theorem 5.4.11. O

We shall end this section by proving the “primitive element theorem” which is a classic of field
theory. We first recall that an extension field E of a field F is said to be a simple extension of F’
if E = F(«) for some a € E. Such an element « is called a primitive element.

5.4.13. Theorem. If F is a field and G is a finite subgroup of the multiplicative group of
nonzero elements of F, then G is a cyclic group. In particular, the multiplicative group of all
nonzero elements of a finite field is cyclic.



158 5. Field Theory

Proof. If G = {1}, then G is cyclic. Assume that G # {1}. Since G is a finite abelian group,

G2Z/(m)® - ®Z/(mg)

k

where k > 1,m; > 1and m; | --- | my. Since mk(z Z/(m;)) = 0, u is a root of the polynomial
i=1

2™ — 1 € F[z| for all u € G. By Theorem 5.2.2, this polynomial has at most m;, distinct roots in

F, we must have k = 1 and G = Z/(m,) which is a cyclic group. O]

5.4.14. Theorem. [Primitive Element Theorem] Let F be a finite separable extension of a
field F. Then there exists & € E such that £ = F(«). That is, a finite separable extension of a
field is a simple extension.

Proof. If F'is a finite field, then F is also finite. Let o be a generator for the cyclic group of all
nonzero elements of F under multiplication. Clearly, F = F'|a], so « is a primitive element in this
case.

We now assume that F' is infinite and prove our theorem in the case that £ = F(5,~). The
induction argument from this to the general case is obvious. Let mg r(x) and m. r(x) be the
minimal polynomials over F of # and ~, respectively. Assume that mg () has distinct roots 3 =

Bi,. .., Bn and m, p(x) has distinct roots v = 71, . .., 7, in F where all roots are of multiplicity 1,
since F is a separable extension of F'. Since F' is infinite, we can find a € F such that
- Bi — B
Y=

for all i and j, with j # 1. Thatis, a(y — ;) # 8; — . Letting a = 3 + ay, we have o =  + ay #
Bi + av;, so
o —ay; # fi

for all s and all j # 1. Consider h(z) = mg r(a — az) € F(a)[z]. Now, h(y) = mgr(8) = 0.
However, h(y;) # 0 for j # 1 by construction, since the (; were the only roots of ms (). Hence,
h(x) and m. p(x) have a common factor in F'(«)[z], namely the minimal polynomial of v over
F (), which must be linear, since + is the only common root of m., p(x) and h(x). Thus, v € F(«),
and therefore 5 = a — a7y is in F'(«). Hence, F/(3,v) = F(«). O

5.4. Exercises. 1. Suppose that FF C K C F and that FE is separable extension of F'. Prove that F is

separable over K and K is separable over F.

2. Let F be of characteristic p and let a € F'. Show that f(z) = 2 — z — a has no multiple roots and
f(z) is irreducible in F[z] if and only if a # ¢? — ¢ for any c € F.

3. Find a primitive element of Q(i, v/2) over Q.

4. Let K = Fo5 be the field with 5 elements and let ' = Z/(5) be the prime subfield of K. Determine
the cardinalities of the following two sets.
(a) The set of elements of K which generate K as a field over F.
(b) The set of elements of K which generate the group of nonzero elements of K as an abelian group
under multiplication.

5. Let F be a field and let F be its algebraic closure. If a monic polynomial p(z) € F|[z] is irreducible
over F and has distinct roots a4, as, . .., ai € F, prove that the multiplicities of «; are equal, that is,

p(z) =(r—a)"(x —a2)” ... (x —ay)™

for some m € N.
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5.5 Automorphisms of Fields and Galois Theory

If F is a field, the set of automorphisms of F, Aut F’, forms a group under composition of func-
tions.

5.5.1. Examples. (Examples of automorphism groups) 1. Any automorphism satisfies p(1) =
1,50 p(n) =nforalln € Z and p(n/m) = n/m if n,m € Z and m # 0 in F. This implies
that the fields Q and F, = Z/(p) have only the identity map as an automorphism. That is,
Aut (F) = {idp} if F = Q or [F,,. Moreover, any field £ is an extension of Q or [F,, (so called
the prime subfield) and any automorphism ¢ : £ — FE leaves the prime subfield pointwise
fixed.

2. The only automorphism ¢ : R — R is the identity map. For, we have known that p(q) = ¢
for all ¢ € Q. Note that ¢(a) = p((v/a)?) = (¢(/a))? > 0 for all @ > 0. Thus, if a < b,
then p(a) < p(b). Let z € R. Suppose ¢(x) # z. Then ¢(x) < z or p(x) > z. If p(z) < =z,
then there exists a ¢ € Q such that ¢(x) < ¢ < z. Thus, ¢ = ¢(q) < ¢(x), a contradiction.
If © < p(x), then there exists a ¢ € Q such that z < ¢ < (), so p(z) < p(q) = ¢, a
contradiction. Hence, ¢ = id g.

3. Complex conjugation: ¢(z) = Zz is an automorphism of C of order two. In fact, AutC
is uncountable, but the other automorphisms are “indescribable” and exist only via Zorn’s
lemma. However, the group of automorphisms of C which fix all elements of R is a group
of order two.

4. Let F' be a field and let £ = F(¢) where ¢ is transcendental over F'. As shall be indicated in
the Exercise 5.5 below, u € E is a generator of E/F if and only if it has the form

at +

u:7t+5, ad — By #0.

Since an automorphism of £/F sends generators into generators, it follows that every au-
tomorphism ¢ : £ — F is given by

. _at—i—ﬁ
p(a)=aforalla e F and ¢(t)= ey

where o, 3,7v,0 € F and ad — $y # 0. Note that if ¢ € F and ¢ # 0, then
a [ ca cf
[’Y (5} and [C’Y cé}

give rise to the same automorphism of F'(¢). A computation shows composition of functions
corresponds to matrix multiplication. The net result is that

AutF(t) = GLQ(F)/FX = PGLQ(F),

where F'* is the set of matrices al, a # 0.
5. If F'is a subfield of K, let

Aut p K = {p € Aut K : p(a) = aforall a € F'}.

The group structure of Aut pF'(z,y) is known, but very complicated. For n > 3, almost
nothing is known about Aut pF(x1,...,2,).

The above examples show that Aut F' is in general very complicated and probably impossible
to describe. Galois theory proceeds in a different direction. One takes a subgroup H of Aut F—we
shall be almost concerned with finite H—and looks the set

FH —{aecF:pa)=aforall p € H}.
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It is easy to see that F'/ is a subfield of F'. Moreover, if K is a subgroup of H, then

1CKCH
FOFKDOFH,

The fundamental result of Galois theory is that of F' is separable over F¥/| then there is a one-
to-one correspondence between subgroups of H and subfields of F which contain F. Such
correspondences are inclusion reversing and are called “Galois correspondences”.

5.5.2. Definition. Let FE be an extension field of a field /. The Galois group of F over F
denoted by Gal(E/F) is the group

{p € Aut E: p(a) =aforalla € F}.

Let G be a subgroup of Aut E where F is a field. Then the field of G-invariant of E or the
fixed field of G acting on F is the field

{a € E: p(a) =aforall p € G}.
It is denoted by E¢ or Inv G.
5.5.3. Theorem. (1) If Aut E D Gy D Gs, then E¢1 C EC2,
(2) If E D Fy D I, then Gal(E/Fl) - Gal(E/Fg)

(3) If G = Gal(E/F), then E¢ D F.
(4) If F = EY, then Gal(E/F) 2 G.

Proof. These are immediate consequences of the definitions. O

We shall now apply these ideas to splitting fields. Using the present terminology, Theorem
5.2.10 can be restated as follows. If F is a splitting field over F' of a polynomial f(x), then
Gal(E/F) is finite and we have the inequality |Gal(E/F)| < [E : F|. Moreover, |Gal(E : F)| =
[E : F|if f(z) has distinct roots. We therefore have the following important preliminary result.

5.5.4. Lemma. Let E/F be a splitting field of a separable polynomial contained in F[z|. Then

|Gal(E/F)| = [E : F].

Our next attack will be from the group side. We begin with an arbitrary field £ and any finite
group of automorphisms G acting in E. Then we have the following

5.5.5. Lemma. [Artin] Let G be a finite subgroup of Aut E and let F = E“. Then

[E:F] <|G.

Proof. Let |G| = n and write G = {¢g1 = 1,¢2,...,9,}. We have to show that [E : F| < n, or
equivalently:
(%) If x1,...,2y41 € E, then there exist uy, ..., u,+1 € F not all zero, such that

U1 + -+ Upp1Tpp1 = 0,

that is, x1, ..., 2,41 are linearly dependent over F.
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Consider the following n x (n + 1) matrix with entries in £

1 T2 e Tn+1
I 92(.961) g2(z2) .. g2(@n41)
In(1) gn(x2) .. gn(Tni1)
This matrix has rank < n, so there is a nonzero (n + 1) x 1 vector ¥ = (vy,. .., v,4+1)" with entries

in E such that Mv = 6(,1“)“. We wish to find such a vector where entries lie in F. Among
all such vectors with entries in F, choose one in which the number of nonzero coordinates, r, is
minimal. By renaming the elements x4, ..., x,1+1, we may suppose that the nonzero coordinates
are the first r of them; by multiplying the vector by v, ! we may suppose that the last nonzero
coordinate is equal to 1. Thus,

Mv = 6(n+1)><1 where ¢ = (7)1, ey Up1, 1,0, - ,O)t.

Claim. If h € G and h(7) = (h(v1),. .., h(v,—1),1,0,...,0), then Mh(%) = 0.
Proof of Claim. The inner product of the j-th row of M with A(?) is:

z=gj(z1)h(v1) + -+ gj(zr—1)h(vr—1) + gj(zr) - 1.
Apply the automorphism h~! to z,
hlz = b gj()h(or) + -+ B g (1) h(v1) + B gg(a) -1
= gi(r1)v1 + - + gi(zr—1)vr—1 + gi(xr) - 1 =0,

since h~1g; = g; for some 4. This proves the claim.
Now we consider, for any h € G

¥ — h(?) = (v1,...,v-1,1,0,...,0)" = (h(v1),..., h(v,—1),1,0,...,0)

r—1
=(%...,%0,...,0"

Since M (7 — h(%)) = 0 and ¥ — h(%) has at most r — 1 nonzero entries, 7 — (%) = 0 by the minimal

choice of r. This means that forall h € Gandi =1,...,r — 1, we have h(v;) = v;. Thus, all the v;
liein E = F and (u1,...,uns1) = (v1,...,0,_1,0,...,0) is a set of elements of F which satisfies
(). ]

Recall that an algebraic extension field E of a field F is a separable extension if the minimal
polynomial of every element of F is separable.

5.5.6. Definition. We call an algebraic extension field E of a field F' a normal extension
if every irreducible polynomial in F[z] which has a root in E splits into linear factors in FE.
This is equivalent to saying that E contains a splitting field for the minimal polynomial of
every element of E. Normality plus separability, called a Galois extension, mean that every
irreducible polynomial of F[x] which has a root in E is a product of distinct linear factors in

Also, by the results of the last section, if F is algebraic over F', then E is necessarily separable
over F if the characteristic is zero or if the characteristic is p > 0 and F? = F.

We are now ready to derive our main results, the first of which gives two abstract character-
izations of splitting fields of separable polynomials and some important additional information.
We state this as
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5.5.7. Theorem. Let E be an extension field of a field F'. Then the following conditions on
E/F are equivalent.
(i) E is a splitting field over F' of a separable polynomial f(z).
(i) F = E¢ for some finite group G of automorphisms of E.
(iii) F is finite dimensional Galois (normal and separable) over F.
Moreover, if £ and F' are as in (i) and G = Gal(E/F), then F = ES and if G and F are as
in (ii), then G = Gal(E/F).

Proof. (i) = (ii). Let G = Gal(E/F). Then EC€ is a subfield of F containing F'. Also it is clear that
FE is a splitting field over E“ of f(z) as well as over F and G = Gal(E/E®). Hence, by Lemma
5.5.4, |G| = [F: F]and |G| = [E : E®]. Since E D E® DO F, we have [E : F] = [E : E®][E® : F].
Hence, [E“ : F] = 1, and so E® = F. We have prove also that ' = E“ for G = Gal(E/F), which
is the first of the two supplementary statements.

(ii) = (iii). By Artin’s lemma, [E : F] < |G|, and so F is finite dimensional over F. Let f(z)
be an irreducible polynomial in F'[x] having a root r in E. Let {r = ry,79,..., 7} be the orbit of
r under the action of G. Thus, this is the set of distinct elements of the form o(r),o € G. Hence,
if 0 € G, then the set {o(r1),0(r2),...,0(rm)} is a permutation of {ry,rs,...,7r,}. We have
f(r) = 0 which implies that f(r;) = 0. Then f(z) is divisible by x —r;, and since the r;, 1 <1i <m,
are distinct, f(x) is divisible by g(z) = [[;%,(z — r;). We now apply to g(x) the automorphism
of E[z], which sends 2 — x and a — o(a) for a € E. This gives og(z) = [["1(z — o(r;)) =
[[X(x —r;)) = g(x). Since this holds for every 0 € G we see that the coefficients of g(z)
are G-invariant. Hence, g(z) € F[z]. Since we assumed f(x) irreducible in F[z] we see that
f(z) = g(x) = [[(z — r;), a product of distinct linear factors in E[z|. Thus, E is separable and
normal over I' and (iii) holds.

(iii) = (i). Since we are given that [E : F| < co we can write £ = F(ry,72,...,r;) and each
r; is algebraic over F'. Let f;(x) be the minimal polynomial of r; over F. Then the hypothesis
implies that f;(x) is a product of distinct linear factors in E|x]. It follows that f(z) = Hle fi(x)
is separable and £ = F(ry,r9,...,71) is a splitting field over F' of f(x). Hence, we have (i).

It remains to prove the second supplementary statement. We have seen that under the hy-
pothesis of (ii) we have [E : F] < |G|, and that since (i) holds, we have |Gal(E/F)| = [E : F].
Since G C Gal(E/F) and |G| > [E : F| = |Gal(E/F)|, equivalently G = Gal(E/F). O

The above proof also yields

5.5.8. Corollary. If E/F is the splitting field of f(z) € F[z| and ry,...,r, are distinct roots
of f(x) in E, then G = Gal(E/F) may be identified with a subgroup of S,,, the group of
permutations of {r,...,r,}. However, it is not always the case that Gal(E£/F) is the full group
of permutations of the roots of f(z).

There are two observations underlying the above corollary.

1. Each o € G permutes ry,...,7,.

2. 0 € (G is determined by its action on 4, ..., r, because r1,...,r, generate E as a field over
F,ie, E=F[ri,...,rp) =F(r1,...,rn).

5.5.9. Example. (Elementary symmetric functions) If K is a field, then the polynomial ring
K|[zy,...,z,]is an integral domain. The quotient field of K[z, ..., z,] is denoted by K (z1,...,x,)
and is called the field of rational functions in x4, ..., x, over K. In the field extension

K C K(z1,...,2y)

each z; is easily seen to be transcendental over K. In fact, every element of K(z1,...,x,) not in
K itself is transcendental over K (Prove!).
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Let S,, be the symmetric group on n letters. A rational function ¢ € K(x1,...,z,) is said to
be symmetric in x4, ..., z, over K if for every o € S,
@(xlv L2, ... ,I‘n) - Sp(xa(l)v Lo(2) s xa(n))'

Trivially, every constant polynomial is a symmetric function. More generally, the elementary
symmetric functions in x1, ..., z, over K are defined to be the polynomials:

n
erL=T1+x2+ -+ Ty = E T}

€y = E Tilj;

1<i<j<n

€ = E Ljy Ljg «+ - Ty 5

1<y <--<ip<n

€p = T1T2...Tp.

The verification that the e; are indeed symmetric follows from the fact that they are simply the

coefficients of ¢ in the polynomial p(t) € K|[z1,...,x,][t], where
pt)=(t—a)(t —x2) ... (t—xp) =t" —ert" Pt egt" 2 — o (=1)" eyt + (—1)"e,.
If o € Sy, then the assignments z; — 2,(;), 1 = 1,2,...,n and

f@, . zn)/g(@1, o x0) = f(Zs1)s 0 Tom))/9(To(1)s - -+ s To(n))

define a K-automorphism of the field £ = K(«x1,...,x,) which will also be denoted o. The
map S, — Gal(F/K) given by o — o is clearly a monomorphism of groups, whence S,, may be
consider as a subgroup of the Galois group Gal(E/K). Clearly, the fixed field F = ES» consists
precisely of symmetric functions; that is, the set of all symmetric functions is a subfield of E
containing K. Therefore, by Theorem 5.5.7, F is a Galois extension of F' with Galois group
Gal(E/F) = S,, and dimension |S,| = n!.

5.5.10. Example. Let K be a field and z1, 22, 23 be indeterminates over K, set
€1 = X1 + T2 + T3, = T1X2 + T2X3 + T3X1,€3 = T1T2X3

and consider the fields
F = K(el, €9, 63) Q K(l’l, 9, xg) = F.

The relevant subfields of E are indicated in the diagram

1)
/ X
F = K(e1,ez,e3) 29) —— K(x1,29,23) = E

\)/

The fields F'(z1), F/(z2) and F'(z3) are all isomorphic (over F'), but they are distinct subfields of F.
Moreover, F is a splitting field for f(t) = t3 — e1t? + eat — e3 but F(z1), F(z2) and F(x3) are not.
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We know that G = Gal(E/F) = S3 where Ss is identified with the group of permutations on
3 letters. We next calculate E¥ when H is a subgroup of G = Gal(E/F) = Ss. The following is a
diagram of the lattice of subgroups of S5 and there indices.

S3
((12)) ((13)) ((23)) As
N%

{(D}

We have already calculated that E3 = E¢ = F and of course E{)} = E. It is not hard to verify
that
B2 = Flgg], BXI3) = Fla,], E(®3) = Flgz].

It is somewhat more difficult to verify that E43 = F[A] where
A= (1‘1 — xg)(xg — x3)(x3 — 1'1).

Note that 0(A) = Aif o € Az, but o(A) = —Aif 0 € S5 \ As.
We already know that

[Flz1] : F] = [Flas] : F] = [Flzs] : F] =3

and one can verify that [F[A] : F| = 2. Thus, we get the following diagrams of all (by Galois
Theory) subfields of FE containing F

F =E%
3 2
3 3
Flzs] = E((2) Flza] = E((3)) Flzi] = E((23) FIA] = EAs
2 2
E = plW}

The indices are the same as in the lattice diagram for S3, but inclusions are reversed. Recall
that F is the splitting field of a separable polynomial

f(t)=(t —21)(t —22)(t — x3)

for any field in the above diagram. More generally, it is clear that if M/L is a splitting field for
f(t) € L[t] and M > N D L, then M/N is a splitting field for f(¢), regarded as a polynomial in
Nt].

Furthermore, for each field L in the above diagram, we have L = E for some subgroup H of
G = Ss and Gal(E/L) = H. On the other hand, things are not so nice for the extensions L/F. For
example, Gal(F[x;]/F) = 1foralli =1,2,3 and Gal(F[A]/F) = Z/(2) = (¢) where the action of
¢ is p(A) = —A. Here A? € F and F[A] is the splitting field of the polynomial t* — A% over F, so
it is Galois. However, we may conclude that the fields F[x;], F'[x2] and F[x3] are not the splitting
fields of any polynomials over F.

The previous example illustrates the fundamental theorem of Galois theory: if E/F is the
splitting field of a separable polynomial f(¢) € F'[t], then the map

H+— E% ={acFE:p(a)=aforallp c H}
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is a 1-1 correspondence between
subgroups of Gal(F/F') +— subfields of F

which reverses inclusions. In addition, H is a normal subgroup of Gal(E/F) if and only if £ is
the splitting field of some separable polynomial over F (i.e., E¥ is normal over F), and if H is
normal in Gal(E/F), then

Gal(E" /F) =~ Gal(E/F)/H.

In our example, the only proper normal subgroup of S5 is A3, and
Gal(E4 /F) = Gal(F[A]/F) = Zy = S3/As = Gal(E/F)/As.

We now formally establish Galois’ fundamental group-field pairing as follows.

5.5.11. Theorem. [Fundamental Theorem of Galois Theory] Let F be a finite dimensional Ga-
lois extension of a field F' (i.e., the conditions of Theorem 5.5.7 holds) and let G = Gal(E/F).
Let I' = {H}, the set of subgroups of GG, and ¥, the set of intermediate fields between E and
F (the subfields of E/F). Then the map H + E¥ and K — Gal(E/K), H € T, K € ¥, are
inverses to each other. In particular, they are one-to-one correspondences between I" and .
Moreover, the pairing I" <+ ¥ has the following properties:

1. H, O H, if and only if £t C EH2,

2. |H|=[E:EH and [G: H] = [E¥ : F] = [E¥ : EY].

3. H is normal in G if and only if £ is normal over F. In this case,

Gal(E/F) = G/H.

This is the main theorem. Most of our remaining field theory will be consequences of it.

Proof. Let H be a subgroup of G' = Gal(E/F). Since F' = EY, F C Ef and E¥ is thus a subfield
of E containing F. Also, E/E! is Galois. Applying the second supplementary result of Theorem
5.5.7 to H in place of G we see that Gal(E/E) = H. By Lemma 5.5.4, |H| = |Gal(E/E")| =
[E : Ef]. Now let K be any subfield of E/F. Then Gal(E/K) C G = Gal(E/F), so Gal(E/K)
is a subgroup of G. It is clear also that E is a splitting field over K of a separable polynomial.
Hence, the first supplementary result of Theorem 5.5.7 applied to the pair £ and K shows that
K = EG¥(E/K)  We have now shown that the specified maps between I' and ¥ are inverses.
Also, we know that if H; D H,, then EHt C EH2. Moreover, if E* C EH2, then we have also
that H; = Gal(E/EH) D Gal(E/E™2) = H,. Hence, (1) holds. The first part of (2) was noted
before. Since |G| = [E : F] = [E : E¥][E! . F| = |H|[E" : F] and |G| = |H||G : H], evidently
[Ef : F] =[G : H]. This proves (2).

If H € T, then E""" = y(EH) for all n € G. This is clear since the condition o(z) = z is
equivalent to (non~')(n(z)) = n(x). It now follows that H is normal in G if and only if n(EX) =
EH for every € G. Suppose H is normal in G. Then every n € G maps E* onto itself and so its
restriction 7j = 71| g# is an automorphism of £ /F. Thus, we have the restriction homomorphism
n — 7 of G = Gal(E/F) into Gal(E' /F). The image G is a group of automorphisms in E# and
clearly (E¥)% = F. Hence, G = Gal(Ef /F). The kernel of the homomorphism 7 — 7 is the set of
n € G such that 5| g = idgs. By the pairing, this is Gal(E/E*) = H. Hence, the kernel is H and
G = Gal(E¥ /F) =~ G/H. Since F = (E™)%, EY is normal over F by Theorem 5.5.7. Conversely,
suppose E is normal over F. Let a € Ef and let f(x) be the minimal polynomial of a over F.
Then f(z) = (x—a1)...(r—ay,) in E¥[x] where a = ay. If n € G, then f(n(a)) = 0 which implies
that n(a) = a; for some 4. Thus, n(a) € E¥. We have therefore shown that n(E*) = E*. Hence,
H is a normal subgroup of GG. This completes the proof of (3). O
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5.5.12. Example. Let F = Q[v/2,/3] be a splitting field of f(z) = (2? — 2)(z? — 3). Then E
is Galois over Q. Let G = Gal(F/Q). Then |G| = [E : Q] = 4. Since Q(+/2) is a splitting field
of 22 — 2, it is Galois over Q and its Galois group consists of 2 elements, namely o; = id and
o2 : V2 — —+/2. Each automorphism extends to an automorphism of F in two different ways;
V3 = /3 or v/3 — —/3. Then the four elements of G are 7, = idg, ™ : V2 — V2,V3 — —/3,
73 :v2 = —/2,v/3 = V3 and 74 : V2 — —v/2,V3 — —/3. Each of these elements except 7; has
order 2. Thus, G = Zy x Zo. Hence, the subgroup-intermediate subfield correspondence for the
fundamental theorem of Galois theory is shown in the lattice diagrams

{ide}
(r2) (73) (1) Qlv2) = E™ = B B
G
5.5. Exercises. 1. Let E = F(t) where ¢ is transcendental over F' and write any non-zero element

of E as u = f(t)/g(t) where (f(t),g(t)) = 1. Call the maximum of degrees of f and g the degree
of u. Show that if z and y are indeterminates then f(x) — yg(z) is irreducible in F[z,y] and hence
is irreducible in F(y)[xz]. Show that ¢ is algebraic over F'(u) with minimal polynomial the monic
polynomial which is a multiple in F'(u) of f(x) — ug(x). Hence, conclude that [F(¢) : F'(u)] = 1, and
F(u) = F(t) if and only if degu = 1. Note that this implies

at +b
ct+d

where ad — be # 0. Therefore, deduce that Gal(E/F) is the set of maps h(t) — h(u) where u is of
the form indicated.

2. Let F C K C E and E Galois over F. Prove that E is Galois over K.

Show that every element of K (x1,...,x,) which is not in K is transcendental over K.

4. Show that in the subgroup-intermediate subfield correspondence given in the fundamental theorem
of Galois theory, the subfield corresponding to the intersection of two subgroups H; and H, is the
subfield generated by the composite field £+ E¥2 | the smallest subfield of E generated by E
and E2, and the intersection of two intermediate fields K; and K, corresponds to the subgroup
generated by Gal(E/K;) U Gal(E/K3).

5. Use the fact that any finite group G is isomorphic to a subgroup of S,, (Cayley’s theorem) to prove
that given any finite group G, there exist fields F and E/F such that Gal(E/F) = G

6. Let E = Q(r) where r® +r? —2r — 1 = 0. Verify that »’ = r? — 2 is also a root of 2% + 2% — 22 — 1 = 0.
Determine Gal(F/Q). Show that E is normal over Q.

7. Let « = v/2+1/2in R, f(x) the minimal polynomial of a over Q and FE is a splitting field of f(z)
over QQ.

(a) Compute f(z) and [E : Q).
(b) Find G = Gal(£/Q) and draw a lattice diagram for the subgroup-intermediate subfield corre-
spondence for the fundamental theorem of Galois theory.

8. Let (Z/(p))(t) where t is transcendental over Z/(p). Let G be the group of automorphisms generated
by the automorphism of E such that ¢ + ¢ 4 1. Determine F = E“ and [E : F].

w

5.6 Some Consequences of Galois Theory

In this section, we shall derive some consequences of Galois theory including another proof of the
fundamental theorem of algebra.
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5.6.1. Theorem. Let K be a finite dimensional separable extension of a field F. Then there
are only finitely many fields L such that K D L D F.

Proof. Since K/F is finite separable, by primitive element theorem, KX = F'[a] for some o € K.
Let E be the splitting field of m,_ (). Then E is Galois over F' and £ C K C F. By fundamental
theorem of Galois theory, the number of intermediate fields between E and F' is the number of
subgroups of Gal(F/F'). Hence, the number of intermediate fields between K and F' is at most
the number of subgroups of Gal(E/F). O

5.6.2. Remark. If G = Gal(E/F), then K = E¥ for some subgroup H of G and the fields L such
that K O L D F are in 1-1 correspondence with the subgroups J of G such that G O J D H.

The primitive element theorem and the previous theorem both fail for inseparable extensions
as shown in the following example.

5.6.3. Example. Let F' be an infinite field of prime characteristic p and let v and v be indetermi-
nates over F'. Consider
F(u,v) 2 F(u?, o)

It is easy to see that [F(u,v) : F(uP,vP)] = p®. On the other hand, if z € F(u,v), then 2P €
F(uP,vP), so
[F (i, 09)(2) : F(uP,o”)] < p.

Hence, there is no z such that F'(u,v) = F(u?,vP)(z), that is, no primitive element.
On the other hand, the nonexistence of a primitive element shows that the fields

F(uP,vP)(u + aw),

for a € F, are all distinct. To see this, assume that F'(u?, vP)(u+ av) = F(uP,vP)(u + pv) = E for
some « # (3 in E. Then u + av and u + v in E, so

a(u+ pv) — Bu+av) = (a— plu € E.

Since o — 8 # 0, u is in E which implies that v is also in E. Thus, E = F(u,v), a contradiction.
Hence, there are infinitely many fields L such that F(u,v) D L D F(uP,vP).

Let us now recall some concepts from group theory. Suppose a group G acts on a set S. The
action is transitive if for any s,t € S there is a g € GG such that gs = t.

5.6.4. Remark. The action of G being transitive simply means that the action of G on S has only
one orbit. Assuming G acts transitively on S. let s € S and let

H={geG:gs=s}
be the stabilizer of s. Then S can be identified with the set of left cosets
{gH : g € G},

with G acting by left multiplication. Note that the subgroup H depends on the choice of s and
choosing a different s will give a conjugate of H. More precisely, if s € S and « € G, and

H = stabilizer of s = {g € G : gs = s}
then
xHz~! = stabilizer of s = {g € G : g(xs) = xs}.
(If gs = s, then (zgz~!)(xs) = xs.)
A basic example of this phenomenon is the action of S,, on {1,2,...,n}. The stabilizer of

ie{1,2,...,n}isSym{l,...,i—1,i+1,...,n} which may be identified with S,,_1, but S,,_; has
n conjugates in S,,.
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5.6.5. Theorem. Let E be the splitting field over F' of a separable polynomial f(z) € F|[z]
which is irreducible over F'. Then Gal(E/F) acts transitively on the roots of f(z). Hence,
Gal(E/F) may be identified with a subgroup of Sym{ri,...,r,} which acts transitively on
{r1,...,m}, the roots of f(x) in E.

Proof. This is implicit in the proof of Theorem 5.2.9. For, if  and s are roots of f(x) in E, then
F(r)2 Flz]/(f(x)) 2 F(s) with r+—x+ (f(z))— s

by an isomorphism which fixes F' pointwise. Let n : F(r) — F(s) be this isomorphism. By
Theorem 5.2.9, n extends to an isomorphism 7 : £ — E. Then 7 € Gal(E/F) and 7(r) = s, which
is what we need to prove. O

5.6.6. Remarks. 1. The hypothesis that f(x) be irreducible over F' is essential. For, example,
if f(x) = fi(x)... fx(x) where fi(x),..., fr(z) are distinct irreducible polynomials, then all
one can say is that Gal(F/F') permutes the roots of each f;(x) among themselves. It is still
true that Gal(E/F') can be identified with a subgroup of the group of permutations of the
roots, but not a transitive one.

2. Assume that f(x) is irreducible and separable over F' of degree n, E/F is a splitting field
for f(z) over F and r is one root of f(z). Then the fundamental theorem of Galois theory
gives the following picture

E {id g}
Fi]  Gal(E/F[r]) = H
F Gal(E/F).

Thus, F[r] = B where H is a subgroup of index n in G.

The basic Theorems 5.2.6 and 5.2.9 give the existence and uniqueness of splitting fields. That
is, if F' is a field and f(x) is a monic polynomial in F'[z], then
1. A splitting field F for f(z) exists. FE is generated over F' by the roots of f(z) and f(x) splits
into linear factors in E[x].
2. The splitting field £/F is unique up to isomorphism over F. In other words, if E'/F is
another splitting field for f(z) over F, then there is an isomorphism

0:E—FE

which is identity on F.

What does this means if we are searching for the splitting field of some f(x) € Q[z]?

It means that we can realize F as a subfield of C. More precisely, f(x) is a product of linear
factors in C[z], say f(z) = (z—aq) ... (z—ay) and we can take E to be the field Q(ay, ..., ax) C C.
This could be very helpful because it allows us to work in a concrete and explicit field.

The fundamental theorem of algebra (every f(x) € Clz] is a product of linear factors) is usually
proved in complex analysis and there is also a topological proof. Here we present a proof based
on Galois theory and the intermediate value theorem from real analysis or calculus. We shall start
with some basic results.

5.6.7. Theorem. Let f(z) € R[z| be a polynomial of odd degree. Then f(x) has a root in R.
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Proof. It is enough to prove for a monic polynomial
f(@) =2" +ap_12" + -+ a1z +ap

with a; € R and n is odd. If a = |ag| + -+ + |an—1], then it is easy to see that f(a) > 0 and
f(—a) < 0. By intermediate value theorem (because f(x) is continuous), there exists € R such
that f(r) = 0. O

Consider o + i with «, 8 € R. If v = y/a?2 + 32, then

VO +a)/2+iV/ (v —@)/2)* = a+ Bi.

Hence, we have proved

5.6.8. Theorem. Every complex number has a square root.

5.6.9. Theorem. If K is a field containing C, then [K : C] # 2.

Proof. Suppose conversely that [K : C|] = 2 and let K = C + Cu for some u € K. Then u satisfies
a polynomial
flz)=2%—br+c

of degree two over C, since 1, u, u? are linearly dependent over C. The roots of f(x) are

—b+Vb? — dac
2

which lie in C, since every element of C has a square root in C. Thus, v € C, a contradiction. [J

Recall that a finite p-group G is nilpotent, so by Exercise 3.3, a maximal subgroup M of G is
normal and [G : M| = p, i.e., if G is a nontrivial finite p-group, then G has a normal subgroup of
index p.

5.6.10. Theorem. [Fundamental Theorem of Algebra] Let f(x) € C|z]. Then f(x) is a product
of linear factors in C[z].

Proof. Let ~: C — C denote the complex conjugation. Then g(z) = f(z)f(z) € R[z]. Let E be a
splitting field for g(x)(2% + 1) over R and identify C with the subfield of E generated by the roots
of 2 4 1. Since the characteristic is zero, all polynomials are separable, so E is the splitting field
of a separable polynomial. Hence, E is Galois over R by Theorem 5.5.7.

Let G = Gal(E/R), |G| = 2%m, where m is odd, and let P be a Sylow 2-subgroup of G.

Consider the diagram of fields

Thus, EX = {a € E : p(a) = « forall p € P} is an extension of R of odd degree m, by the
fundamental Galois correspondence. If u € E¥, the minimal polynomial ¢(z) of u over R is an
irreducible polynomial in R[z| of odd degree, so it has a root in R by Theorem 5.6.7. Since ¢(x)
is irreducible, it has degree one. Hence, E = R and G = P, so |G| = 2°. By the fundamental
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theorem of Galois theory, C = E¥ where H is a subgroup of G of index 2. If H # {1}, it has a
subgroup K of index 2, so

R—2 C=pgH_ %2 EK_ R

Thus, [EX : C] = 2 which contradicts Theorem 5.6.9. Hence, |G| =2, H = {1} and C = E! = E.
Therefore, C is a splitting field for g(x)(z? + 1) = f(z)f(z)(2z? + 1) over R, so g(z)(z? + 1) (and
hence f(z)) splits into linear factors in C[x]. O

The fundamental theorem of algebra was first rigorously proved by Gauss in 1816 (his doctoral
dissertation in 1798 provides a proof using geometric considerations requiring some topological
justification). There was a proof due to Laplace in 1795. However, Laplace’s proof was deemed
unacceptable because he assumed the existence of a splitting field for polynomials (i.e., that the
roots existed somewhere in some field), which had not been established at that time. The elegant
above proof was given by Artin.

5.7 Finite Fields

Let k be a field of ¢ elements. Then (k,+) is an abelian group, so ¢ - 1 = 0. Thus, F' is of
characteristic prime p > 0 and p | ¢, so it contains Z/pZ as a subfield and it is a finite extension
of Z/pZ. ts cardinality |k| = ¢ = p? is a power of p, with d = [k : Z/pZ]. This also indicates that
the additive group of k is a direct sum of d copies of cyclic group of order p. We shall restate the
following fact (Theorem 5.4.13).

5.7.1. Theorem. £* is cyclic of order ¢ — 1.
Some immediate consequences of the above theorem are as follows.

5.7.2. Corollary. The field k consists of the solutions to 27 — x = 0 in an algebraic closure
of Z/pZ containing k.

5.7.3. Corollary. There is an element « € k such that k = (Z/pZ)|a], that is, k is a simple
extension of the prime field Z/pZ.

5.7.4. Corollary. For each positive divisor r of ¢ — 1(= |k*|) there are exactly ¢(r) elements
in £* of order r.

5.7.5. Corollary. Let p be a prime and d a positive integer. Then, up to isomorphism, there is

exactly one field of order ¢ = p.

Proof. Let E be a splitting field of f(t) = " — t over Z /pZ in an algebraic closure of Z/pZ. By
Theorem 5.2.9, E is unique up to isomorphism. It consists of the roots of " =t in the algebraic
closure of Z/pZ. Thus, |E| is the number of roots of t»" — t. Since f'(t) = —1, f(t) is separable, so
|E| = p?. Thus, we have constructed a field of order ¢ = p¢, namely E, the splitting field of f(t)
over Z/pZ. O

For ¢ = p?, we may write F, for the (unique up to isomorphism) field of q elements. Also, we
may write ), for Z/pZ.
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5.7.6. Corollary. Given any positive integer d, there exists an irreducible polynomial of degree
n over F,,.

Proof. By Corollary 5.7.3, F,« = F,,[a] for some a € Fq«. Let f(t) be the minimal polynomial of «

over [F,. Then Fa = F)[a] = Fp[t]/(f(t)) shows deg f(t) = [F,a : Fp] = d. O

Next, we shall study finite extensions of a finite field. For simplicity, & stands for the finite
field F,. Let k, be a degree n field extension of k. If k,, is an intermediate field of degree m
over k, then k,, is a vector space over k,,, so m divides n. Conversely, any degree m extension of
k within an algebraic closure of k& with m | n is a subfield of k,, by Corollary 5.7.2 since m | n
implies (¢ — 1) | (¢" — 1).

Consider the map o on k,, which sends x to x%. From

olxty)=(r+y)=2"+y"=0(z) +0o(y) and o(zy) = (vy)? = 29Y? = o(x)o(y),

we see that o is an endomorphism. Furthermore, o(z) = 29 = 0 implies z = 0. So ¢ is one-to-one.
As ky, is finite, we have shown that ¢ is an automorphism of k,,. Finally, o(z) = 27 = z for = € k,
this shows that o € Gal(k,/k), called the Frobenius’ automorphism. Let r be the order of o.
Then

o' () =27 =xforallz €k,

implies r = n since k¢ is cyclic of order ¢" — 1. Hence, Gal(k,/k) contains the cyclic group (o) of
order n. Since |Gal(k,/k)| < [k, : k] = n, Gal(k,/k) = (o) and so the field k,, is Galois over k.
We record this in

5.7.7. Theorem. The field k,, is Galois over k£ with the Galois group Gal(k, /k) cyclic of order
n, generated by the Frobenius’ automorphism o.

Note that an element = € k,, lies in k if and only if it satisfies ¢ = z, in other words, if and
only if it is fixed by the Frobenius’ automorphism, or equivalently, by the group Gal(k,,/k). Using
G = Gal(k,/k), we define two important maps, called trace and norm, denoted by Tr;, ,, and
Ny, /x> respectively, from k;, to k as follows:

n

Try, i 0 Z T(z) = Zai(m),

Tel i=1
n .
P H T(z) = Haz(x).
TeG i=1

One check easily that the images of trace and norm maps are in k. It is clear that Try, /. is a
homomorphism from the additive group &, to the additive group k and N, /;, is a homomorphism
from k¢ to k. Next we investigate their images. We shall first need

5.7.8. Lemma. If E is an extension field of a field F, then the automorphisms in Gal(E/F')
are FE-linearly independent F'-linear transformations.

Proof. Suppose otherwise. Let a171 + -+ - + a,7. = 0 be a shortest nontrivial linear relation with

ai,...,ar € EXand m,...,7 € Gal(E/F). Thenr > 2 and 7; are distinct. Let y € E be such that
T1(y) # 12(y). From Y7, a;7; = 0 we get

Y aimi(yr) =Y aim(y)mi() = 0
=1 =1
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forallz € E,s0 )", , a;7i(y)7; = 0. This yields another nontrivial relation

T T '
Y amy)r—n(y) Y am =Y ai(zy) —mi(y)7m =0,
i=1 i=1 i=2
which is shorter than the relation we started with, a contradiction. O

5.7.9. Theorem. [Hilbert Theorem 90]
1. The norm map N; /. from k. to k™ is surjective with the kernel consisting of z /o (),
xz € ky.
2. The trace map Try, ,, from &, to k is surjective with the kernel consisting of » — o(z),
T € ky.

Proof. (1) Since Ny, /,(0(2)) = [[in, o' (z) = IIiL, 0'(x) = Ny, /x(2), so z/o(x) lies in the
kernel of the norm map for all z € k. Further, x/o(x) = y/o(y) if and only if xy~! € k>, hence
the elements z/o(z) with z € k¢ form a subgroup of k¢ of order (¢" —1)/(¢—1). Thus, it is equal
to the whole kernel if and only if the norm map is surjective. To see N,/ is onto, observe that

n
- 2 n—1 24 ... n—1 n__ —
Ny, k(@) = HU’(:C) /R 207 = gttt (q" 1)/ (1)
i=1

for all z € k;;. Hence, any generator x of k; has N /() of order ¢ — 1.

(2) Since elements in Gal(k,/k) are k-linear maps, the image of Try, /;(k,) is a vector space
over k, hence Try .(k,) = 0 or k. If Try , = 0, then 31", 0; = 0, which is a nontrivial
linear relation among elements of Gal(k,/k), so impossible by Lemma 5.7.8. Therefore, Try,
is surjective. Then its kernel has order ¢"~!. Clearly, Tr;, /k(o(w)) = Try, i(x) so that kernel
contains x — o(x) for all x € k,,. Further, v — o(z) = y — o(y) if and only if x — y € k, so the group

{z —o(z): x € k,} has order ¢"/q, thus is equal to the kernel. O

5.7.10. Remark. The Hilbert Theorem 90 for norm and trace maps is usually proved using first
cohomology group of the Galois group (a la Noether). When the base field is finite, we may use
counting argument, as shown above.

5.7.11. Definition. Given 2z € k,, it defines a k-linear transformation L, on k, by x — zz,
that is, multiplication by z. The trace and determinant of L, are defined as the trace and
determinant of any n x n matrix representing L..

They are in fact given by Try, /. and N, /. of 2. More precisely, we have

5.7.12. Theorem. Let z € k,, and define L, as above. Then
1. Tr L, = Try, /x(2) and det L, = Ny, /5(2).
2. Suppose k(z) = k. Let f(t) =" +ayt"" ' +--- + a,_1t + a, be the minimal polynomial
of z over k. Then
ar = —Try, i(2) and a, = (=1)"Ny, /x(2).

Proof. We shall prove (1) and (2) under the assumption (2) and leave (1) for the case k(z) being
a proper subfield k, as an exercise. For each 7 € Gal(k,/k), 0 = 7(f(z)) = f(7(z)), hence
7(z) is also a root of f(z). Further, if 7 and 7’ are two different elements in Gal(k,/k), then
7(z) # 7'(2) (otherwise they would agree on k(z) = k). This shows that z has n distinct images
under Gal(k,/k) and they are the roots of f(t). Therefore,

—ay = the sum of roots of f(t) = Try, /x(2)
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and
(=1)"a,, = the product of roots of f(t) = Ny, /i(2).

This proves (2). For (1), we know that L, satisfies f(t) = 0. As f(t) is irreducible over k& and
[kn : k] = n, f(t) is the characteristic polynomial of L,. The companion matrix attached to L, is

o T
1 0 —Aanp—1
1 0 —Up—92
0
L 1 —ai i
which has trace = —a; and determinant = (—1)"a,,. This proves (1). O

5.7. Exercises. 1. Let kg = 56 be the field with 15625 elements and let k& = F5 be its prime subfield.
(a) Determine the cardinality of the set of elements of kg which generate kg as a field over k.
(b) Draw a lattice diagram for the subgroup-intermediate subfield correspondence for the funda-
mental theorem of Galois theory of kg /k.
2. Let k be a finite field with finite extensions k,, and k,,, of degrees m and mn, respectively. Show
that
Trkmn/k = Trkm/k o Trkmn/km and Nkmn/k = Nkm/k o Nkmn/km .

3. Let z € ky,. Suppose k(z) = k,, is a proper subfield of &,,. Prove that
TrL, =Try, /x(2) = (n/m) Ty, s(2) and  det L. =Ny /,(2)"/™.

4. (a) (Normal Basis Theorem) There exists an element z € k,, such that the set {7(z) : 7 € Gal(k, /k)}
is a basis of k,, over k. [Hint: Consider the minimal polynomial of the Frobenius’ automorphism o.]
(b) For z in (a), we have Try, /. (z) # 0. [Hint: Express an element in k,, as a k-linear combination
of {7(z)}. Then show Try, /. (kn) = kTry, /1(2).]

20. Project. (Primitive elements in a finite field) The polynomial p(x) = 2? — 2 is irreducible in Zs[z]. Then
Z[z]/(z* — 2) is a field with 25 elements and we denote it by Fa5. We shall investigate a way to find a
primitive element for Fo5 in this project. Let o = x + (p(z)).

(a) Prove that the order of « is 8 and the order of o + 1 is 12.

(b) Use (a) to obtain a primitive element (the element of order 24) in Fo5. (Hint. Theorem 1.5.18 is

useful.)
(c) Find a primitive element for the fields Zo[z]/(2* + = + 1), Zs[z]/(2® + 22 + 1) and Z[z]/(z* — 2).
(d) Write an algorithm to obtain a primitive element for finite fields.

5.8 Cyclotomic Extensions

In this section, we shall study other important examples of Galois extension, called cyclotomic
fields, and compute their Galois groups. Note that “Cyclotomy” is Greek for the art of dividing a
circle into equal parts.

5.8.1. Theorem. Let K be a field of characteristic 0 and let E be a splitting field of z" — 1
over K. Then Gal(E/K) is isomorphic to a subgroup of AutZ/(n) = (Z/(n))*. In particular,
Gal(E/K) is abelian.
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Proof. Since (2™ — 1) = nz" ! # 0, the roots of 2™ — 1 (in E) are distinct, say
2" —1=(z—-1)(z—a2)...(x —ay).

Then A = {z € F : 2" = 1} = {1,a2,...,a,} is a finite subgroup of E*, so it is cyclic of
order n by Theorem 5.4.13. Any automorphism of F, § : E — F induces an automorphism
6 : A — A, sothere is a group homomorphism from Gal(E/K) to Aut A defined by 6 — 6| 4. This
homomorphism is 1-1 since any automorphism of £/ K is completely determined by its action on
the roots of ™ — 1. Hence, Gal(E/K) is isomorphic to a subgroup of Aut A = AutZ/(n). O

5.8.2. Definition. We call a Galois extension field F/F abelian [cyclic] over F' if Gal(E/F)
is abelian [cyclic].

Hence, the above theorem provides an example of abelian extension.

Our next objective is to show that if E is a splitting field of ™ — 1 over Q, then Gal(E/Q) =
AutZ/(n) = (Z/(n))*. We first recall some properties of the cyclic group of order n. Let Z/(n) =
(a). Then

1. For each divisor d of n, Z/(n) has a unique subgroup of order d, generated by a

2. All subgroups of Z/(n) are as in (1). Thus, the number of subgroups of Z/(n) is equal to
the number of divisors of n.

3. Ifz,y € Z/(n), then

n/d.

() = (y) <= o(x) = o(y)
<= 0(z) = y for some 0 € AutZ/(n)
<= z and y lie in the same orbit under the action of AutZ/(n).

5.8.3. Definition. An element w in a field K is an nth root of unity if w™ = 1, it is a primitive
nth root of unity if o(w) = nin K*, thatis, w"” = land w™ # 1 if 1 < m < n.

In the complex numbers C, the nth roots of unity are the powers of
w = e>™/" = cos(2m/n) + isin(2r/n) and w! = e2™/™ = cos(2nt/n) + i sin(2nt/n).

Thus, Q[w] is the splitting field of z™ — 1 over Q, so [Q[w] : Q] is the degree of the minimal
polynomial of w over Q. We know that the set U of the nth roots of unity is a cyclic group of
order n under multiplication. Hence, the number of primitive nth roots of 1, that is, the number
of generators of U, is ¢(n).

5.8.4. Definition. For a positive integer d and x an indeterminate, the dth cyclotomic poly-
nomial, ®,(z) is the product

Q4(x) = H{(az —¢): e is a primitive dth root of unity}.
If n € Gal(Q[w]/Q) and z is primitive nth root of unity, then 7(z) is primitive. Hence,

n(Pn(z)) = ®,(z) and so ¢, (x) € Q[z]. It is clear that ®,(z) | (" — 1) and, in fact, since
any nth root of unity has an order d | n we see that

2t —1= H Dy(x). (5.8.1)

dn
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5.8.5. Remark. The formula (5.8.1) provides us with an algorithm for calculating the polynomial
®,,(z). To begin with we have
(1)1(1') =x—1

and assuming we already know the ®,(x) for proper divisors d of n then (5.8.1) gives us ®,(x).
For example, for a prime p, ®(z)®,(x) = 2P — 1, so we get

Op(x)=aP P a2 4 F L
Then ®3(z) =z + 1 and ®3(z) = 22 + 2 + 1, so

)= —S L2y
BT 9 (0) o)
26— 1
Pg(z) = =2 —z+1
o) = e T
12
—1

(13’12(16) x = .1‘4 — .7}2 + 1.

T By () Do (1) @5 (2) Ba () Do ()

Next, we observe that ®,,(z) has integer coefficients. This holds for n = 1 and assuming it
holds for every ®4(x), d < n, we have 2" —1 = &, (x)g(z) where g(z) = [[4,.4<,, Pa(z) is a monic
polynomial with integer coefficients. The division algorithm gives integral polynomials ¢(x) and
r(z) with degr(z) < deg g(x) such that 2™ — 1 = ¢(x)g(x) + r(x). Since ¢(x) and r(x) are unique
in Z[z] and 2" — 1 = ®,,(x)g(z) in Q[z|, we see that &, (z) = ¢(z) € Z|x].

We shall now prove

5.8.6. Theorem. The nth cyclotomic polynomial ®,(x) has integer coefficients and is an irre-
ducible polynomial in Q[x].

Proof. Suppose that ®,,(z) = h(x)k(x), where h(x), k(z) € Z[z] and h(z) is irreducible in Z[z],
hence, in Q[z] (Gauss’ lemma). We may also assume that h(x) and k(x) are monic and so
deg h(x) > 1. Let p be a prime integer not dividing n and let § be a root of h(x). Since (p,n) = 1, 67
is a primitive nth root of unity. Assume that 67 is not a root of h(z). Then §? is a root of k(x); con-
sequently ¢ is a root of k(zP). Since h(x) is irreducible and has ¢ as a root also, (h(x), k(aP)) # 1
and thus h(x) | k(2P). It follows (as mentioned earlier) that k(2P) = h(x)l(z), where [(z) is monic
with integral coefficients. Since 2" — 1 = ®,(x)g(x), we have 2" — 1 = h(x)k(z)g(z). We now
pass to congruences modulo p or, which is the same thing, to equations in (Z/(p))[z]. This gives

2" — 1 = h(x)k(z)g(x) (5.8.2)

where, in general, if f(z) = apz™ +a1x™ '+ +apn, € Z[x], then f(x) = apz™ +arx™ -+

m,@; = a; + (p) in Z/(p). Similarly, we have k(x?) = h(z){(x). Now, using a” = a for any a € 7Z,
we see that

f(z)P = (Goz™ 4 @™ ' + - + Gp)P

= g™ + @ a?™ Y + - 4 ay,

= fla”)
for any f(x) € Z[z]. Thus, k(z)? = k(«P) = h(z)l(x) which implies that (h(x), k(z)) # 1. Then
(5.8.2) shows that 2™ — 1 has multiple roots in its splitting field over Z/(p). Since the derivative
(2" —1) = nz" ! and n # 0, we have (2" —1, (z"—1)") = 1, contrary to the derivative criterion for
multiple roots. This contradiction shows that ¢ is a root of h(x) for every prime p n. A repetition
of this shows that 4" is a root of h(z) for every integer r prime to n. Since every primitive nth root
of 1 has the form 6", (r,n) = 1, we see that h(x) is divisible by every = — ¢’, §’ primitive. Hence,
h(z) = ®,(x) and ®,,(z) is irreducible in Q|x]. O
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As an immediate consequence of Theorem 5.8.6, we get

5.8.7. Theorem. Let w be a primitive nth root of unity. Then
1. ®,(x) is the minimal polynomial of w over Q.
2. [Q[w] : Q] = deg ®,,(x) = ¢(n), the Euler’s ¢-function.
3. QJw] is the splitting field of ®,,(z) over Q.
4. Gal(Qw]/Q) = (Z/(n))*.

Proof. (1), (2) and (3) are obvious. To prove (4), recall that by Theorem 5.8.1, Gal(Q[w]/Q)
is isomorphic to a subgroup of (Z/(n))*. Since [Qw] : Q] = ¢(n) = [(Z/(n))*|, it must be
isomorphic to all of (Z/(n))*. O

Theorem 5.8.7 implies that Gal(Q[w]/Q) is isomorphic to the multiplicative group U,, of units
of thering Z/(n). If n is a prime then we know that this is a cyclic group of order p—1. Moreover, if
n = pi'ps? ... pS, p; distinct primes, then U, is isomorphic to the direct product of the groups Uye; .
In addition, we know the structures of U,. from the knowledge of primitive roots in number theory
as follows.

5.8.8. Theorem. [Structure of Upe]
1. Us and Uy are cyclic and if e > 3, then Use is a direct product of a cyclic group of order 2
and one of order 2¢72,
2. If p is an odd prime, the multiplicative group U, of units of Z/(p°®) is cyclic.

5.8.9. Example. If w = 2™/ is a primitive 72"¢ root of unity, then
Gal(Qw]/Q) = Ura = Z/(2) X Z/(2) x Z/(6).

5.8.10. Definition. A finite-dimensional field extension of Q is called a cyclotomic field if it is
a subfield of Q[w] for some root of unity w.

5.8.11. Theorem. Let K be a cyclotomic field. Then K is Galois over Q and Gal(K/Q) is
abelian.

Proof. Consider Q ¢ K C Q[w] for some nth root of unity w. By the fundamental theorem of
Galois theory K = Q[w] for some subgroup H of G = Gal(Q[w]/Q) = (Z/(n))*. Since G is
abelian, H is normal in G, so the fundamental theorem says that K is Galois over Q with Galois
group G/H, an abelian group. O

5.8.12. Remark. A deep theorem of Kronecker and Weber says that the converse of Theorem
5.8.11 is true, namely, “if K is Galois over Q and Gal(K/Q) is abelian, then K is a cyclotomic field,
that is, K C Qw] for some root of unity w.”

5.8.13. Example. Let w = €2™/7! be a primitive 715 root of unity. Then
G = Gal(QLu)/Q) = Uni = 2/(70) = 2/(2) x Z,(5) x Z/(7).

Let H = Z/(2) x Z/(5) be the subgroup of G of order 10. Then H is normal in G and conse-
quently we have Q[w] is a Galois extension over Q of degree [Q[w]” : Q] = [G : H] = 7 and

Gal(Qw)"/Q) = G/H = Z/(T).

We now have enough tools to find the Galois groups of splitting fields of irreducible separable
polynomials 2™ — a. Note that (2" — a)’ = nz"~!, so 2" — a is separable over a field F' if and only
if char F' fn. In particulay, if ' contains a primitive nth root of unity, then char F' fn.
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5.8.14. Theorem. Let F be a field which contains a primitive nth root of unity w, i.e., char F’
not divide n. Let a € F, f(x) = 2™ — a, E the splitting field for £ over F' and r a root of f(x)
in E. Then

(1) The factorization of f(z) in E[x]| is

" —a=(z-r)(@—wr)... (@—w"r)

and E = F[r].
(2) Let d be the least positive integer such that r? = b € F. Then d divides n and

b= (@ —r)@—er)... (x—Tr)

is the minimal polynomial of  over F where ¢ = w"/?, a primitive dth root of unity. In addition,
[E : F] = d and Gal(E/F) = Z/(d). The automorphism « : E — E defined by a(r) = er
generates Gal(E/F).

Proof. (1) Since r,wr,...,w" 7 are all roots of 2" — a, (z — r)(z — wr)...(z — W™ 'r) must
divide 2™ — a. Since both polynomials are monic of degree n, they must be equal. Also, w € F
by hypothesis, so F'[r] contains all the roots of 2™ — a and is generated over F' by them. Hence,
E = F[r] by the definition of splitting field.

(2) Since d is the generator of the group {m € Z : ™ € F'} and n is in this group, d divides n.
Certainly, r is a root of % — b € F[z]. If 27 — b had a proper factor of degree ¢, 0 < ¢ < d, looking
at its constant term would show that ¢ € F, contradicting the minimality of d. Thus, 2% — b is
irreducible. Hence, [E : F| = [F[r] : F] =d, so |Gal(E/F)| = d. On the other hand, one sees that
a'(r) = e'r, so « is an element of Gal(E/F) of order d. Therefore, Gal(E/F) = (o) = Z/(d). O

For the sake of clarity, we reformulate Theorem 5.8.14 slightly to emphasize the case where
f(x) is irreducible, which is the important one.

5.8.15. Theorem. Let F' be a field which contains a primitive nth root of unity w and let a € F.
Then 2™ — a is irreducible if and only if no divisor d of n, d # 1, such that « = b® for some b € F.
If 2™ — a is irreducible and E/F is its splitting field, then [F : F| = n and Gal(E/F) =2 Z/(n).

5.8.16. Example. Let f(z) = 2" — p € Q[z] where p is prime. (The essential point is not that p
is prime, but that it is not a proper power.) By Eisenstein’s criterion f(z) is irreducible over Q. If
we let r = {/p denote the positive real nth root of p and w = e/ a primitive nth root of unity,
then the factorization of f(x) in Clz] is

" —p=(z—r)(z—wr)... (z—w"r).

Now let E = Q[r,wr,...,w" 7] be a splitting field for f(z), and let ¢ € Gal(E/Q). Then ¢
permutes {r,wr, ..., w" 1r} and ¢ is completely defined by its action on the set {r,wr, ...,w" 1r}.
This gives rise to an embedding

Gal(E/Q) < S, = Sym{r,wr,...,w" 'r}.
Note that w = (wr)r~—!, so w € E. This makes it clear that
E =Qlr,wr,...,w" 1] = Qlw, 7] = Quw][r].

Thus, E is generated over Q by two elements w and r. We also know that F can be generated over
Q by a primitive element. However, using such an element would not simplify the description of

Gal(E/Q).
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Now consider ¢ € Gal(F/Q). Then

ow)=w' and @(r) =wir

for some 1 < i < n—1such that ged(i,n) = 1 and 0 < j < n— 1. The choice of 7 and j completely
determines ¢ and it turns out that all of the above choices do determine automorphisms of FE.
Thus,

Gal(E/Q)| = n- ¢(n).

To describe Gal(E/Q) more precisely, let Qw] = E*, and for 0 < j < n — 1, let Q[uw’r] =
EXi, Since Q[w] is Galois over Q, H is normal in Gal(E/Q). Moreover, by Theorem 5.8.15,
H = Gal(E/Q[w]) = (1) =2 Z/(n) is cyclic of order n with generator 7 defined by

T(w)=w and 7(r)=wr.

The group K; are more difficult to describe explicitly, but they are all conjugate in Gal(E/Q)
and isomorphic as abstract groups to Gal(Q[w]/Q) = (Z/(n))*. We have the following diagram
of subgroups of Gal(E/Q) which does not include all subgroups.

Gal(E/Q)

N

The corresponding invariant fields are

N
N/

As a group, Gal(E/Q) is a semi-direct product H x K; for any 1.

We conclude this section with the statement of the following theorem on the Galois group of
splitting fields of irreducible separable polynomials x™ — a without proof.

5.8.17. Theorem. Let F'[w| be a splitting field for 2™ — 1 over F where w is a primitive nth root
of unity. Suppose thata € F and f(z) = 2™ —a is irreducible over F and let F be a splitting field
for f(x) over F. Let d be the largest divisor of n such that 4% = a for some b € F|w] (possibly
d=1). Let G = Gal(E/F) and H = Gal(E/F|w]). Then H is cyclic of order d and normal
in G, Gal(F[w]/F) = G/H is isomorphic to a subgroup of (Z/(n))* and G is isomorphic to a
semi-direct product of H by G/H.

Using the cyclotomic polynomials, we now present the proof of Wedderburn’s theorem as
follows.

5.8.18. Theorem. [Wedderburn, 1909] A finite division ring is a field.
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Proof. Let D be a finite division ring. Then the center of D, denoted by F, is a finite field (see
Exercises 2.1). Assume that |F'| = ¢. Since D is a vector space over F, |D| = ¢" for some n € N.
Also, for an element d € D, the set C(d) = {r € D : rd = dr} is a division ring containing ¥’
and |C(d)| = ¢™ for some m < n, which is strictly less than if d ¢ F. Thus, the class equation
(Corollary 1.4.14) for the multiplicative group D ~ {0} is

s s -1
= [F {0 S D {0} Od) ~ {0V =g — 1+ :
q [F'~ {0} ;[ ~ {0} : C(di) ~{0}] = ¢ ;qmi—l

where dy,ds, ...,ds represent the conjugacy classes of D ~ {0} which contains more than one

element and |C'(d;)| = ¢ for some m; < n for all i. Because each (¢" —1)/(¢"™ —1) = [D~ {0} :
C(d;) ~ {0}] is an integer, m; is a proper divisor of n. Thus, the quotient
" -1
Oy (2) (2™ — 1)
is a polynomial in Z[x]. Substitute ¢ for x, we see that ®,,(¢) divides (¢" —1)/(¢"™ — 1). It follows
from the class equation that ®,,(¢) divides ¢ — 1 because it divides all the other terms. Then

|®,,(¢)| < ¢—1. On the other hand, since 1 is the closest point, on the unit circle {z € C : |z| = 1},
to the positive integer ¢, we have that for every primitive nth root of unity w?,

lg—wi|>q—1>1,

and the first inequality is strict unless w’ = 1, that is, unless 1 is a primitive nth root of unity which
means n = 1. So the product |®,,(q)| of the |¢—w’|’s is greater than or equal to ¢ — 1, with equality
only if n = 1. Because |®,(¢)| is both at most ¢ — 1 and at least ¢ — 1, we get |®,(q)| = ¢ — 1
and hence n = 1. Therefore, |D| = ¢ = |C(D)|, so D = C(D) which implies D is commutative as
desired. O

5.8.19. Definition. Given a field F' and a polynomial p(x) € F[x], we say that p(x) is solvable
by radicals over F' if we can find a finite sequence of fields F} = F(wy), F» = Fi(w9), ...,
F}, = Fj_1(wg) such that wi' € F, wy? € Fy, ..., w,* € F;_; and all roots of p(z) lie in F.

If K is the splitting field of p(x) over F', then p(x) is solvable by radicals over F' if we can find
a finite sequence of fields as above such that K C Fj. An important remark, and one we shall use
later, in the proof of Theorem 5.8.20, is that if such an F}, can be found, we can, without loss of
generality, assume it to be a normal extension of F'. We leave its proof as an exercise.

5.8.20. Theorem. [Galois] Let F' be a field which contains a primitive nth root of unity for
every positive integer n. If a polynomial p(x) € F|[z] is solvable by radical over F, then the
Galois group over F' of p(x) is solvable.

Proof. Let K be the splitting field of p(x) over F. Since p(x) is solvable by radicals, there exists a
finite sequence of fields

F=FICk= F(wl) C Fr, = Fl(wg) C...CF,= kal(wk),

where wi' € F,wy? € Fy,...,w,* € Fj,_y and K C Fj, such that F}, is normal over F. As a normal
extension of F', I}, is also a normal of any intermediate fields, hence F}, is a normal extension of
each F;. Theorem 5.8.14 implies that F; is a normal extension of F;_; and Gal(F;/F;_1) is abelian
for all 7. Thus, by the Galois correspondence, Gal(F}/F;) is a normal subgroup in Gal(Fy/F;_1).
Consider the normal series

Gal(Fk/F()) D) Gal(Fk/Fl) D) Gal(Fk/F2> D...D Gal(Fk/kal) D) {1}

Since Gal(Fy/F;_1)/Gal(Fy/F;) = Gal(F;/F;_1) is abelian for all i, Gal(Fy/F') is solvable. It
follows that Gal(K/F') = Gal(F}/F')/Gal(F}/K) is solvable by Theorem 3.2.10 (2). O
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We make two remarks without proof.

1.

2.

The converse of Theorem 5.8.20 is also true; that is, if the Galois group of p(x) over F' is
solvable, then p(x) is solvable by radicals over F.
Theorem 5.8.20 and its converse are true even if F' does not contain roots of unity.

Recall that for n > 5, S,, is not solvable. Thus we have

5.8.21. Corollary. The general polynomial of degree n > 5 over Q is not solvable by radical.

5.8. Exercises. 1. Prove the following statements. (a) If p is a prime number, then ®,x () = ®, (2

(b) If n > 1 is odd, then ®5,(z) = ®,,(—2x).
D, (zP) if
(o) If p is a prime number, then @, (z) = { b, (x)’ itp fn,
D, (xP), if pn.

. Let w = ¢>™/18 be a primitive 18th root of unity.

(a) Find the minimal polynomial of w over Q.

(b) Draw a lattice diagram for the subgroup-intermediate subfield correspondence for the funda-
mental theorem of Galois theory of Qw]/Q.

Give an example of field E containing the field of rational numbers Q such that E is Galois over Q
and Gal(E/Q) is a cyclic group of order five.

Let K be a finite separable extension over F' and FE its normal closure (smallest normal extension
over F' containing K).

(a) Prove that [F : F] is finite. (b) If Gal(E/F) is abelian, show that K is normal over F'.

If p(z) is solvable by radicals over F', prove that we can find a finite sequence of fields

FCF = F(wl) C Iy, = Fl(wg) C...CF. = Fk_l(wk),

where wi' € F, wy* € F, ..., w" € Fy_; containing all the roots of p(x) such that Fj, is normal
over F.

Assume that 2P — a, a € Q, is irreducible in Q[z]. Show that the Galois group of ¥ — a over Q is
isomorphic to the group of transformations of Z/(p) of the form y — ky + [ where k,l € Z/(p) and
k # 0.

21. Project. (Insolvability of a quintic) Consider g(x) = 3z°> — 152 + 5. By Eisenstein’s criterion, g(x) is
irreducible over Q.

(a)
b
(0

@
(e)

Use the intermediate value theorem to show that g(z) has a real root between —2 and —1 and also
has a real root between 0 and 1 and between 1 and 2.

Use Rolle’s theorem to assure that there is no other real roots. Hence, the other two roots of g(x) are
non real complex numbers, say a + bi and a — bi.

Let K be the splitting field of g(x) in C. Show that Gal(K/Q) is isomorphic to Ss.

Since S5 is not solvable, deduce that g(z) is not solvable by radical by Galois (Theorem 5.8.20).
Give another example of irreducible polynomial in Z[z] of degree five that is solvable by radical,
compute the Galois group of its splitting field over Q and show that this group is solvable.

5.9

Normal Bases

Let F be an extension field of a field . We have known from Lemma 5.7.8 that the automorphism
in Gal(E/F) are E-linearly independent F-linear transformations.
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5.9.1. Theorem. If E/F is a finite Galois extension with Galois group G = {1,09,...,0,}.
Then {uy,us,...,u,} is a basis for E/F if and only if

U1 u9 000 Unp,
ot ag(zul) oo(uz) ... o2(up) L0,
on(ur) op(uz) ... opuy)

Proof. Call the above matrix M and suppose that det M = 0. Since M € M, (F), there are
a1, a,...,q, € E, not all zero, such that

[al as ... an}M:(_f.
This translates to 0(u;) = 6(u2) = - - - = 6(uy,) = 0 where
0 =011+ o909+ +a,o,: E— E.

But § : £ — F is a F-linear map, so 6 is the zero map, since it vanishes on wuqy, us, ..., uy,.
Since 1,09, ..., 0, are linearly independent over K, Lemma 5.7.8 says that 6 ## 0, so we have a
contradiction.
Conversely, if u1,ug, ..., u, are not a basis for E/F, then there are i, 52, ..., 5, € F, not all
zero, such that
w11+ ugfo + - +up B, = 0.

Then for any o; € G,
oi(u1)Br + oi(uz) o + -+ + 0i(un) Bn = oi(u1B1 +uzfe + - - + upfy) =0,
soM[B B2 ... 5n]T = 0. Hence, det M = 0. O

Note that if |[K| = ¢, then a? —a =0 for all @ € K, so f(z) = 2¢ — x is a nonzero polynomial
but it is a zero function. The next theorem says that such a polynomial cannot exist if K is infinite.

5.9.2. Theorem. Let F' be an infinite field and /' C E. If f(z1,...,z,) is a nonzero polynomial
in E[x1,...,zy], then there exist a1, ..., a, € F such that f(aq,...,ay) # 0.

Proof. We shall use induction on n. For n = 1, since f(z1) has only finitely many roots and F is
infinite, there is o; € F such that f(a;) # 0. Assume that the statement holds for n, and let

flx1, oy xng1) = fo(z1, - yxn) + fi(xe, .o xn)Tpsr + - + fe(n, .. ,xn)xZH.
Since f # 0, at least one of fy(z1,...,2y),..., fi(x1,...,x,) is nonzero, so there are ay,...,a, €
F such that f(aq,...,an, Tnt1) # 0 in E[z,41]. By the one variable case, there is a,,+1 € F such
that f(aq,...,an,ant1) # 0. O

5.9.3. Theorem. Let F be an infinite field and E/F Galois with Galois group G = Gal(E/F) =
{1,09,...,0,}. Suppose that 0 # f(x1,...,2,) € F[x1,...,x,] where z1, ..., x, are indetermi-
nates over F'. Then there exists u € E such that f(u,o2(u),...,on(u)) # 0.

Proof. Let {uq,...,uy} be a basis for £/F. By Theorem 5.9.1, the matrix
U1 u9 e Un
oo(uy) o9(uz) ... oa(u

p |7 o2l O] -

on(ur) op(uz) ... on(uy)
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is invertible. This means that the map on E[z1,...,x,| defined by

g(x1, ... xp) = glurzy + -+ UnZpy -« op(ur)ey + - - + op(up)Ty)
is an isomorphism. Thus,

h(z1, ... xn) = flurzr + -+ Up@py ..y op(ug) ey + -+ -+ op(up)zy)

is a nonzero polynomial in E[zy,...,x,|. By Theorem 5.9.2, there are a4, ...,a, in F such that
h(ai,...,a,) # 0. Let u = uyay + - - - + unay, this translates to

0+# h(al,...,an) = f(urar + -+ upan,...,opn(ur)ar + -+ + on(un)ay)
= f(u,o2(u),...,on(u)),

since o;(u1)ar + -+ + oi(up)an = oi(ura + - - - + upay) = oi(u). O

Consider E = Q[i] is a Galois extension over Q. Its Galois group is of order two and consists
of the identity map and the complex conjugation. A basis over Q for it is {1,7}. This basis is
not invariant under the Galois action, namely after acting by the complex conjugation, we obtain
{1, —i}. We are showing the existence of a basis for a finite Galois extension which forms a single
orbit under the action of the Galois group. For example, for Q[i], we may use {1 +4,1 —i}. In the
case of finite fields, this means that each of the basis elements is related to any one of them by
applying the Frobenius’ automorphism repeatedly.

5.9.4. Definition. Let E/F be Galois with Galois group G = Gal(E/F) = {o1,...,0n}.
A normal basis for E/F is a basis of the form {0} (u),...,0,(u)} for some u € E.

Eisenstein conjectured the existence of a normal basis in 1850 for finite extensions of finite
fields and Hensel gave a proof for finite fields in 1888. Dedekind used such bases in number
fields in his work on the discriminant in 1880, but he had no general proof. (See the quote
by Dedekind on the bottom of page 51 of Curtis’s “Pioneers of Representation Theory: Frobenius,
Burnside, Schur, and Brauer”.) In 1932 Noether gave a proof for some infinite fields while Deuring
gave a uniform proof for all fields (also in 1932). This basis is frequently used in cryptographic
applications that are based on the discrete logarithm problem such as elliptic curve cryptography.

5.9.5. Theorem. [Normal Basis Theorem] Let E/F be a Galois extension with Galois group
G = Gal(E/F) ={o1,...,0,}. Then E//F has a normal basis.

Proof. We shall assume that F is infinite and leave the finite case as an exercise (see Exercise 5.7).
Let u € E. By Theorem 5.9.1, {o1(u), 02(u),...,0n(u)} is a basis for E/F if and only if

o?(u)  opoa(u) ... o10,(uw)
ot oyo1(u)  o3(u) ... oon(u) L
ana'l (u) opoa(u) ...  o2(u)

Note that the entries in each row or column of the above matrix, call M, are a permutation of
the elements oy (u),...,o0,(u). In other words, each o;(u) occurs exactly once in each row and
column of M. Thus,

M =o01(u)Ar1 + -+ on(u)A,

where each A; is a permutation matrix (a matrix with a single entry 1 in each row and column
and the remaining entries zero). Since det A; = +1, we see by inspection that if z1,...,z, are
indeterminates over F

flxy,...,xp) =det(z141 + -+ - + 2, A4,) = 2 £ -+ £ 2, + other terms
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In particular, f(xy,...,z,) is a nonzero polynomial in E[z]|. By Theorem 5.9.3, thereisa u € F
such that f(oi(@),...,on(u)) # 0. This translates to

0# f(o1(a),...,on(a)) =det(oy(a)Ar + - - - + on(u)Ay) = det M.

Hence, o1 (u),...,o0,(u) is a desired normal basis for E/F. O

5.9. Exercises. 1. Determine a normal basis for the field Q(v/2, v/3) over Q by using the Galois group
in Example 5.5.12.
2. Determine a normal basis for the cyclotomic field Q(e>™*/?) over Q where p is a prime number.

5.10 Transcendental Extensions

Most of extension fields seen in the previous section are algebraic. In this section, we shall present
some results on transcendental extension. The final theorem, namely Liiroth’s theorem, has many
applications in algebraic geometry and function field theory.

5.10.1. Definition. Let F' be a subfield of a field F and let x1, z9, ... be independent indeter-
minates over E. An element z € F is transcendental over F' if the homomorphism F[z,] — E
defined by f(z1) — f(z) is one-to-one. We call z € F algebraic over F' if it is not transcendental
over F. A finite set {z1,...,2,} C E is algebraically independent over F' if the homomor-
phism F[zy,...,z,] — E defined by f(x1,...,z,) — f(z1,...,2,) is one-to-one. (Note that the
empty set is algebraically independent since F' — F is one-to-one.) An arbitrary subset Z of £/
is algebraically independent over F if all of its finite subsets are algebraically independent. A
subset Z of F is algebraically dependent if it is not algebraically independent.

5.10.2. Remarks. 1. If z is transcendental over F, then F[z] = Fx;], so F'[z] is not a field
and F[z] is infinite dimensional over F.
2. If z is algebraic over F, then F[z] & F[z1]/(f(x1)) where f(x;) is the minimal polynomial
of z over F. Thus, F|z] = F(z) is a field and F[z] is finite dimensional over F.

5.10.3. Example. Let FF C F(y,z) C E where y and z are independent indeterminates over
F. Then {y?, 2} is an algebraically independent set but {y?, yz, 2%} is not (for, if f(z1, 72, 23) =
r173 — o3, then f(y? yz, 2?) = 0).

5.10.4. Definition. A field extension E is algebraic over a field F' if each element of E is
algebraic over F. E is purely transcendental over F if it is isomorphic (by an isomorphism
which is the identity on F') to F'({z,}) where {z,} is a (possibly infinite) set of independent
indeterminates.



184 5. Field Theory

5.10.5. Theorem. Let F be a subfield of a field E.
1. There exists a subset X of E (possibly X is empty) such that
(a) X is algebraically independent over F'.
(b) X is maximal among algebraically independent sets, in the sense: If X C Y C F and
X #Y, then Y is not algebraically independent.
2. F(X) is purely transcendental over F' and F is algebraic over F'(X).
E

algebraic

F(X)

purely transcendental

F

Proof. (1) Let ¥ = {X C E : X is algebraically independent}. Since the empty set is alge-
braically independent, .7 is nonempty. Let { X }aca be achainin.”. Let {z1,...,2,} € Uyep Xa-
Then Vi, 3a; € A, z; € X,,. Since {X, }aen is a chain, we may rearrange «; so that there exists
J € Asuch that 2; € X, for all i. Since X, is algebraically independent, so is {z1, ..., 2, }. Thus,
Uaeca Xa is an upper bound of this chain in .. By Zorn’s Lemma, .#” has a maximal element, say
X. Hence, F'(X) is purely transcendental over F. The maximality of X implies that £ must be
algebraic over F'.

(2) The definition of algebraically independent means that /(X ) is purely transcendental over F'.
Consider z € E. If z € X C F(X), then z is algebraic over F'(X). If z ¢ X, the set X U{z} is alge-

braically dependent, so for some n there is a nonzero polynomial f(z1,...,Zn, Zpt1) (@1, ..., Tpt1
are indeterminates over F') and ay,...,a, € X such that f(ay,...,a,,z) = 0. The polynomial
f(z1,...,2pn, Tpy1) cannot be a polynomial in only x4, . .., x,, since {ai, ..., a,} is an algebraically

independent set. Write

f@i, . xn, pg1) = fo(x1, o xn) + f(@1, . 2n)Tppr + -+ fr(T1, o 2024
Thus, f(ai,...,an,xny1) € F(X)[xn41] is @ nonzero polynomial having z as a root, so z is alge-
braic over F'(X). Hence, E is algebraic over F'(X). O

5.10.6. Remark. There is no uniqueness for the field F(X). For example, if E = F(t) where
t is an indeterminate, then we can take X = {p(t)/q(t)} where p(t)/q(t) is any element of
which is not in F'. In this case [E : F(p(t)/q(t))] = n where n = max{deg p(t),deg ¢(t)} (Theorem
5.10.11). However, we shall see shortly that the number of elements in the set X is independent
of particular set X.

5.10.7. Definition. Let F' be a subfield of £. A maximal algebraically independent (over F’)
subset of F is called a transcendence basis for £/ F.

5.10.8. Remark. By Theorem 5.10.5, a transcendence basis for E/F exists. It may be empty,
which happens precisely when F is algebraic over F'. Also, F is purely transcendental over F if it
has a transcendence base B such that £ = F(B).

5.10.9. Theorem. Let F' be a subfield of E. Then any two transcendence bases for £/F have
the same cardinality.

5.10.10. Definition. We call the number of elements of transcendence bases of E the tran-
scendence degree of E/F.
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For example, an algebraic extension has transcendence degree zero; F'(x) has transcendence
degree one over F’; in general, F'((z4)aea) has transcendence degree |A| over K.

The purely transcendental extension fields £/ F, especially those having a finite transcendence
degree, appear to be the simplest type of extension fields. It is clear that such a field is isomor-
phic to the field of fractions F'(x1,...,z,) of the polynomial ring F[z1,...,z,] in indeterminates
x1,...,x,. Even though these fields look quite innocent, there are difficult and unsolved problems
particularly on the nature of the subfields of F(z1,...,x,)/F. The one case where the situation
is quite simple is that in which E has transcendence degree one. We shall consider this case and
close this chapter.

Let E = F(t), t transcendental, and let v € E,¢ F. We can write u = f(¢)/g(t) where
f(t),g(t) € F[t] and (f(t),g(t)) = 1. If n is the larger of the degrees of f(¢) and ¢(¢), then we can
write

ft) =ag+at+---+ant™ and g(t) = by + byt + - - - + byt™,

a;,b; € F, and either a,, or b, # 0. We have f(t) — ug(t) = 0, so
(an — ubp)t" + (ap—1 — ubn_l)t"_1 + -4 (ag —ubp) =0 (5.10.1)

and a,, — ub,, # 0 since either a,, # 0 or b,, # 0 and u ¢ F. Thus, (5.10.1) shows that ¢ is algebraic
over F'(u) and [F(t) : F(u)] < n. We prove the following more precise result.

5.10.11. Theorem. Let £ = F(t), t transcendental over F, and let u € F(t),¢ F. Write u =
f(t)/g(t) where (f(t),g(t)) = 1, and let n = max{deg f(¢),degg(¢)}. Then w is transcendental
over F, t is algebraic over F'(u), and [F(t) : F'(u)] = n. Moreover, the minimal polynomial of ¢
over F'(u) is a multiple in F'(u) of f(z,u) = f(x) — ug(x).

Proof. Put f(z,y) = f(z) — yg(z) € Flz,y|, z,y indeterminates. This polynomial in = and y
is of first degree in y and it has no factor i(z) of positive degree since (f(x),g(x)) = 1. Thus,
it is irreducible in F[x,y]. Now ¢ is algebraic over F'(u) so if u were algebraic over F, then
t would be algebraic over F, contrary to the hypothesis. Hence, u is transcendental over F.
Then Fz,u] = F[z,y] under the isomorphism over F' fixing x and mapping v into y and hence
f(z,u) is irreducible in F[z,u]. It turns out that f(z,w) is irreducible in F(u)[x]. Since f(t,u) =
f(t) —ug(t) = 0, it follows that f(z,w) is a multiple in F(u)[z] of the minimal polynomial of ¢
over F(u). Therefore, [F'(t) : F(u)] is the degree in = of f(x,u). This degree is n, so the proof is
complete. O

We can determine all of the subfields E/F for E = F\(t), ¢t transcendental: These have the
form F'(u) for some u. This important result is called the Liiroth’s Theorem. Liiroth proved it in
case K = C in 1876. It was first proved for general fields K by Steinitz in 1910, by the following
argument.

5.10.12. Theorem. [Liiroth] If £ = F'(¢), t transcendental over F, then any subfield K of
E/F, K # F, has the form F(u), u transcendental over F.

Proof. Let v € K,¢ F. Then we have seen that ¢ is algebraic over F(v). Thus, ¢ is algebraic
over K. Let f(z) = 2" + ky2" ! + --- + k,, be the minimal polynomial of ¢ over K, so the
ki € K and n = [F(t) : K]. Since ¢ is not algebraic over F, some k; ¢ F. We shall show
that K = F(u),u = k;. We can write u = g(t)/h(t) where g(t), h(t) € F[t],(g(t),h(t)) = 1 and
m = max{degg(t),degh(t)} > 0. Then, by Theorem 5.10.11, [E : F(u)] = m. Since K D F(u)
and [E : K] = n, we evidently have m > n and equality holds if and only if K = F'(u). Now ¢ is a
root of the polynomial g(z) — uh(x) € K|z|. Hence, we have a ¢(z) € K[z| such that

g(x) — uh(x) = q(x) f(z). (5.10.2)
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The coefficient k; of f(x) is in F'(¢), so there exists a nonzero polynomial ¢y(t) of least degree such
that co(t)k; = ci(t) € F[t] for 1 < i < n. Then ¢o(t)f(x) = f(z,t) = co(t)a™ + c1(t)x™ L+ -+ +
cn(t) € Flz,t], and f(x,t) is primitive as a polynomial in z, that is, the ¢;(¢) are relatively prime.
The z-degree of f(x,t) is n. Since k; = g(t)/h(t) with (g(t), h(t)) = 1, the ¢-degree of f(z,t) is
> m. Now replace u in (5.10.2) by ¢(¢)/h(t) and the coefficients of ¢(z) by their expressions in t.
There exist, therefore, ¢(¢) and ¢(z,t) € F[z,t] such that

e(®)]g(@)h(t) — g(t)h(z)] = f(x,t)q(z,t).

Since the coefficients cy(t), c1(t), ..., c,(t) of f(x,t) have no common factor, we know that o (t)
divides ¢(x,t). Hence, we may assume ¢(t) = 1. It turns out that there exists a polynomial
¢ (x,t) € Flx,t] such that

g(@)h(t) — g(t)h(x) = f(x,t)¢ (x,1).

Since the t-degree of the left-hand side is < m and that of f(z,t) is > m, it follows that this
degree is m and ¢/(z,t) = ¢/(z) € F[z]. Then the right-hand side is primitive as a polynomial in x
and so is the left-hand side. By symmetry the left-hand side is primitive as a polynomial in ¢ also.
Hence, ¢/(z) = ¢’ € F. Thus, f(x,t) has the same z-degree and ¢-degree so m = n, which implies
that K = F(u). O

5.10. Exercises. 1. Prove that there is no intermediate field K" with Q € K & C with C purely
transcendental over K.
2. Prove that a purely transcendental proper extension of a field is never algebraically closed.
3. Let E = F(t,v), where ¢ is transcendental over F' and v? + t?> = 1. Show that E is purely transcen-
dental over F.

22. Project. (More on Liroth’s theorem) Prove more general fact that if ¥ C L C E and F is finitely
generated over F' (finite transcendence degree), then L is also finitely generated over F'. We can ask more
generally about minimal numbers of generators of finitely-generated extensions. For instance, suppose
K C L C K(x1,...,x,) where the z; are algebraically independent over K. If L/K has transcendence
degree 1, then L = K(«), This was proved for K = C by Gordan in 1887, and for arbitrary K by Igusa
in 1951. If C C L C C(#y,...,x,) where L/C has transcendence degree 2, then L = C(a, ). This was
proved by Castelnuovo in 1894. All known proofs are difficult. The result is not true in general for other
types of fields K, such as Q or R. Finally, there are fields L with C C L C C(xy, x2, z3) such that L/C has
transcendence degree 3 but cannot be generated by three elements.




