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Foreword

This book is written based on two graduate abstract algebra courses offered at Department of
Mathematics and Computer Science, Faculty of Science, Chulalongkorn University. It grows out
of my lecture notes that I used while I was teaching those courses many times. My intention is
to develop essential topics in algebra that can be used in research as illustrated some in the final
chapter. Also, it can be served as a standard reference for preparing for a qualifying examination
in Algebra. I have tried to make it self-contained as much as possible. However, it may not be
suitable for reading it for the first course in abstract algebra. It hits and goes through many basic
points quickly. A typically mathematical book style that begins with some motivation, definitions,
examples and theorems, is used throughout. I try to pause with remarks to make readers have
some thoughts before moving on.

The book also requires some background in undergraduate level linear algebra and elementary
number theory. For example, I assume the readers to have known matrix theory over a field in
which treatment can be found in most linear algebra books. My number theory lecture note
is available on the web-page as well. However, some essential results are recalled in the first
section. I give many examples to demonstrate new definitions and theorems. In addition, when
the converse of a theorem may not hold, counter examples are provided. The major points are
divided into five chapters as follows.

B [1Groups A group is a basic algebraic structure but it is a core in this course. I choose the
approach via group actions. Although it is not quite elementary, it is an important aspect in
dealing with groups. I also cover Sylow theorems with some applications on finite groups.
The structure theorem of finite abelian groups is also presented.

B 2IRings and Fields The abstract treatments of rings and fields using groups are presented
in the first section. Rings discussed throughout this book always contain the identity. Ideals
and factorizations are discussed in detail. In addition, I talk about polynomials over a ring
and which will be used in a construction of field extensions.

B [3 Advanced Group Theory In this chapter, I give deeper theory of groups. Various kinds
of series of a group are studied in the first three sections. I also have results on a linear
group. Finally, I show how to construct a group from a set of objects and presentations and
talk about a graphical representation called a Cayley graph.

B [4dModules and Noetherian Rings  Modules can be considered as a generalization of vector
spaces. I cover basic concepts of modules and work on free modules. Projective and injective
modules are introduced. Moreover, I present the proof of the structure theorems for modules
over a PID. Noetherian and Artinion rings are also explored. In the end, I demonstrate some
aspects in doing research in algebra. The readers will see some applications of module
theory, especially a free R-module over commutative rings, to obtain a structure theorem
for finite dimensional symplectic spaces over a local ring. The symplectic graphs over a
commutative ring is defined and studied.

B B Field Theory I give more details on a construction of extension fields. Also, I prepare the
readers to Galois theory. Applications of Galois theory are provided in proving fundamental
theorem of algebra, finite fields, and cyclotomic fields. For the sake of completeness, I
discuss some results on a transcendental extension in the final section.



The whole book is designed for a year course. Chapters 1 and 2 are appropriate for a first
course and Chapters 3, 4 and 5 can be served as a more advanced course.

There are many topics that, in my opinion, they are worth mentioned. I try to break each
topic in step-by-step and scatter it as a “Project” throughout this book. The projects consist
of lengthy/generalization exercises, computations of numerical examples, programming sugges-
tions, and research/open problems. This allows us to see that abstract algebra has many applica-
tions and is still an active subject. They are independent and can be skipped without any effects
on the continuity of the reading.

The book would not have been possible without great lectures from my abstract algebra
teachers—Ajchara Harnchoowong and Yupaporn Kemprasit at Chulalongkorn University, and Ed-
ward Formanek at the Pennsylvania State University. They initiate wonderful resources to com-
pose each section in this book. I express my gratitude to them all.

I take full responsibility for typos/mistakes that may be found in the manuscript. If you catch
ones or have any other suggestions, please write to me. I shall include and correct them in the
more up-to-date version once a year on the website. Finally, I hope that the textbook will benefit
many students, teachers and researchers in Algebra and Number Theory.

Yotsanan Meemark
Bangkok, Thailand
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1 Groups

We write N for the set of positive integers, Z for the set of integers, Q for the set of rational
numbers, R for the set of real numbers and C for the set of complex numbers.

In this first chapter, we talk about a group which is a basic algebraic structure. However, it
is a core in this course. Our approach here relies on group actions. Although it is not quite
elementary, it is an important aspect in dealing with groups. We also discuss Sylow theorems
with some applications and the structure of finite abelian groups.

1.1 Integers

As a number theorist, before I jump into the abstract part, let’s lay down some foundations. My
first undergraduate abstract algebra course started with elementary number theory—the study
of integers. It contains many examples to bear in mind while we are studying the more general
results in other abstract domains.

Theorem 1.1.1. [Division Algorithm] Given integers a and b, with b # 0, there exist unique
integers q and r satisfying

a=qgb+r, where 0 <r <|b.
The integers q and r are called, respectively, the quotient and remainder in the division of a by b.

Proof. To prove this theorem, we must use the well-ordering principle, namely, “every nonempty
set S of nonnegative integers contains a least element; that is, there is some integer a in S such that
a<bforallbe S”.

Existence: First we shall assume thatb > 0. Let S = {a—xzb: 2z € Zand a—xb > 0} C NU{0}.
We shall show that S # (). Since b > 1, we have |a|b > |al, so

a—(~la)b=a+lalp > a+a >0,

Then a — (—|a|)b € S, so S # (). By the well-ordering principle, S contains a least element, call
it . Then a — gb = r for some g € Z. Since r € S, r > 0 and a = ¢b + r. It remains to show that
r < b. Suppose that r > b. Thus,

0<r—b=a—gb—b=a—(qg+1)b,

sor —b <randr—be S. This contradicts the minimality of ». Hence, r < b.
Next, we consider the case in which b < 0. Then |b| > 0 and Theorem 2.5.2] gives ¢/, € Z
such that
a=¢|b|+r, where 0<r<]|b|.

Since |b| = —b, we may take ¢ = —¢’ to arrive at

a=gqb+r, where 0<r <|b
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as desired.
Uniqueness: Let q,¢',r,r" € Z be such that

a=qb+r and a=¢b+7r,

where 0 < 7,7’ < |b|. Then
(@g=qhb=r"—r

Since 0 < 7,7’ < |b|, we have |r' — r| < |b], so |b|l¢ — ¢'| = |" —r| < |b|. This implies that
0 < |g—¢'| <1, hence ¢ = ¢’ which also forces r = 7. O

Theorem[I.T.T]provides an important example in Section 2.4l where we discuss a more general
domain called a Euclidean domain.

An integer b is said to be divisible by an integer a # 0, in symbols a | b, if there exists some
integer ¢ such that b = ac. We write a t b to indicate that b is not divisible by a. Note that
a|b< —a| b, so we may consider only positive divisors. The next theorem contains elementary
properties of divisibility.

Theorem 1.1.2. For integers a, b and c, the following statements hold:
al0,1]a ala.

a|lifand only if a = £1.

Ifa|b, thena | (—=b), (—a) | band (—a) | (—b).

Ifa|band c|d, then ac | bd.

Ifa|bandb|c thena|c.

(a|bandb | a) if and only if a = +b.

Ifa|band b # 0, then |a| < |b|.

Ifa|band a|c then a | (bx + cy) for arbitrary integers x and y.

© N h LN~

An integer p > 1 is called a prime number, or simply a prime, if its only positive divisors are
1 and p. An integer greater than 1 which is not a prime is termed composite.

Example 1.1.1. 2,3,5,11,2011 are primes. 6,8, 12, 2558 are composite numbers.

Let a and b be given integers, with at least one of them different from zero. The greatest
common divisor (ged) of a and b, denoted by ged(a, b), is the positive integer d satisfying:
l.d|aandd|b, 2.forallceZ,ifc|aandc]|b, thenc<d.
Basic properties of ged are collected in the next theorem.

Theorem 1.1.3. Let a and n be integers not both zero.
1. If d = min{az + ny > 0: z,y € Z}, then d = ged(a,n).
2. Ifged(a,n) = d, then Jz,y € Z,ax + ny = d.
3. ged(a,n) =1« 3z,y € Z,ax +ny = 1.

Proof. (1) The given set contains a® + n?, so it is not empty and d exists by the well-ordering
principle. Then d = ax 4+ ny > 0 for some z,y € Z. We shall prove that d = gcd(a,n). By the
division algorithm, 3¢, r € Z,a = dq + r with 0 < r < d. If » > 0, then

O<r=a—dg=a—(ax+ny)g=a(l —xzq) —nyqg <d
which contradicts the minimality of d. Hence, » = 0 and d | n. Similarly, d | n. Since d = ax + ny,

ged(a,n) | d, so ged(a,n) < d. Butd | a and d | n, so d < ged(a,n). Hence, d = ged(a,n). (2)
follows from (1) and (3) follows from (2). The converse of (3) is immediate. O
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Corollary 1.1.4. Let a,b and c be integers and p a prime.
1. Ifa | bcand (a,b) = 1, then a | c.
2.Ifp| bcand p 1 b, then p | c. More generally, if aj,aq,...,a, are integers such that
p | aias...ag, then p | a; for some i.
3. Ifqi,q2,...,q, are all primes and p | q1q2 . . . qx, then p = ¢; for some i.

Proof. Since gcd(a,b) = 1, we have 1 = ax + by for some z,y € Z. Then ¢ = acx + bcy. Since
a | be, a | c. This proves (1). (3) follows from (2) and (2) follows from (1) and the fact that
p1b< ged(p,b) = 1. O

In my opinion, the next theorem is the most important and everyday use result in number
theory. It also provides a core example when we study factorizations in Section 2.4l Its proof
applies the results discussed above.

Theorem 1.1.5. [Fundamental Theorem of Arithmetic] Every positive integer m > 1 can be
expressed as a product of primes; this representation is unique, apart from the order in which the
factors occur.

Proof. Expressible: Assume on the contrary that there exists an integer m > 1 which is not a

product of primes. By the well-ordering principle, there is a smallest ny such that ny is not a

product of primes. Then n( is composite, so there exist integers 1 < dy,ds < ng such that

ng = dyds. Since dy,dy < ng, di and do are products of primes, and so is ng. This gives a

contradiction. Hence, every positive integer m > 1 can be expressed as a product of primes.
Uniqueness: Assume that

m=pip2...Ps = q192 .- -qt,

where 1 < s <t and p; and ¢; are prime such that
prp2<---<ps and ¢ << < g

Corollary [T.1.4] (3) tells us that p; = g for some k € {1,...,t}. It makes p; > ¢;. Similarly,
g1 = p forsome ! € {1,...,s}. Then ¢; > p1, so p1 = ¢;. Thus,

P2 Ds = Q2. Gt
Now, repeat the process to get po, = ¢2, and we obtain
P3.-Ds =q3.-- G-

Continue in this manner. If s < ¢, we would get

1= gs+19s+2 - - - qt,

which is impossible. Hence, s = ¢ and

b1 =4q1,P2 =G2,...,Ps = (s

as desired. OJ
Corollary 1.1.6. Any positive integer m > 1 can be written uniquely in a canonical form
ki k Ky
m =pi'ps> ... D",

where, fori =1,2,...,r, each k; is a positive integer and each p; is a prime, with p; < py < -+ <
Dr-
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To formulate an important example in group theory, we shall discuss about the set of integers
modulo a positive integer.
Let n be a fixed positive integer. Two integers a and b are said to be congruent modulo 7,
symbolized by
a=b (modn) or a=b (modn)

if n divides the difference a — b; that is, provided that a — b = kn for some integer k. The number
m is called the modulus of the congruence. When n { (a — b), then we say that a is incongruent
to b modulo n and in this case we write a Z b (mod n).

Remark. If n | a, we may write a = 0 (mod n).

The first theorem is immediate.

Theorem 1.1.7. Ifa =b (mod n) and ¢ = d (mod n), then we have:
1. ax + cy = bx + dy (mod n) for all integers x and v,
2. ac = bd (mod n),
3. a"™ =b™ (mod n) for every positive integer m.

For a € Z, it follows from the division algorithm that there exist unique ¢, € 7Z such that
a = nq + r, where 0 < r < n. This implies a = r (mod n). Thus, we have shown:

Theorem 1.1.8. For each integer a, there exists a unique integer r, with 0 < r < n, such that
a =7 (mod n).

In terms of congruence, Theorem [1.1.3] (3) may be restated as follows.

Corollary 1.1.9. [Inverse Modulo n] Let a and n be integers with n positive. Then ged(a,n) = 1
if and only if there exists an integer x such that ax = 1 (mod n). We call = the inverse of a
modulo n.

We directly obtain the following corollary from Corollary [T.1.4] It gives a condition for can-
celing integers modulo n.

Corollary 1.1.10. [Cancellative of Integers Modulo n] Let a, b, c and n be integers with n positive
and let p be a prime.

1. If ac = bc (mod n) and ged(n,c) =1, then a = b (mod n).

2. Ifac = bc (mod p) and p 1 ¢, then a = b (mod p).

Finally, we shall define the set of integers modulo a positive integer n. It is not difficult to see
that the congruence modulo n is an equivalence relation on Z. That is, for a, b, ¢ € Z, we have:

1. [reflexivity] a = a (mod n),

2. [symmetry] a = b (mod n) implies b = a (mod n),

3. [transitivity] a = b (mod n) and b = ¢ (mod n) imply b = ¢ (mod n).
For a € 7Z, the equivalence class of a is given by

a={beZ:b=a (modn)}={kn+a:kecZ}
It also follows from Theorem [I.1.8| that the set of all equivalence classes is
{0,1,...,n —1}.

This set is called the set of integers modulo n. In the next section, this set will be an important
example of “groups” and will be denoted by Z,,.
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As we have discussed, integers have many interesting properties in a way that we can picture
them. Next, we shall travel to the abstract parts of the course. In the first two chapters, especially
in Chapter 2] we shall see many similarities and generalizations of the integers under operations
+ and -. The readers should keep this section in mind to avoid getting lost in this subject.

Exercises 1.1. 1. Let d = ged(a, b). Prove that:
(@) ged(a/d,b/d) =1 (b) ged(a — bg,b) = d for all ¢ € Z.
2. [Euclidean Algorithm] Let a and b be positive integers, with b < a. Repeatedly applications of the
division algorithm to « and b give

a=bq +r1, where 0<r; <b

b=riqg + 73, where 0<ry<rm

1= q3re + 13, where 0 <73 <r
Tn_2 = QnTn_1+ Tn, where 0<r7r, <7, 1

Tn—1 = Qqn+1Tn-

Prove that r,, = ged(a,b). (Hint. Use 1. (b))

3. Leta,b € Zand n € N. If gcd(a,n) = 1, show that there exists an « € Z such that az = b (mod n).
4. The least common multiple (lcm) of two nonzero integers a and b, denoted by lem(a,b), is the
positive integer m satisfying: (1) a |[mand b |m, (2)ifa]|candbd|c, withc> 0, thenm <ec.
Prove that lcm(a, b) ged(a, b) = ab for all a,b € N.

5. Let a and b be two integers greater than 1 factored as

by b
a=p{*ps?...ptr  and b:pllp;...p?r,

where for i = 1,2,...,r, each p; is a prime with p; < ps < --- < p,, each a; and b; are nonnegative
integers, and each «a; or b; are positive. Prove that

ged(a,b) = p‘lilpg2 ...p%, where d; = min{a;,b;} foralli=1,2,...,r

and
lem(a,b) = pi'ps? ... py, where ¢; = max{a;,b;} foralli=1,2,... 7.

1.2 Groups

In order to study abstract senses of algebra, we shall begin with the definition of a group which
occupies a very important seat in this course.

1.2.1 Definitions and Examples

For a nonempty set S, a function - : S x S — S is called a binary operation and image of (a, b) in
S x S is denoted by « - b and it is said to be the product of ¢ and b. A groupoid is a system (.5, -)
consisting of a nonempty set S with binary operation - on S. We may write S for (5, -) and ab for
a - bwhere a,b € S if there is no ambiguity.

Let S be a groupoid. For nonempty subsets A and B of S and z € S, let

AB={ab:ac Aandbe B}, zA={z}A and Az = A{x}.

If S satisfies the associative law, i.e., Va,b,c € S, (a-b)-c = a-(b-c), we say that S is a semigroup.
Notice that if S is a semigroup, then any bracketing of z1,...,z, gives the same product, so we
can write z1 - - - x,, for this product. In addition, for « € S and m € N, we may let " = a---a (m
copies). A groupoid S is said to be commutative if Va,b € S, ab = ba.
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An element e of a groupoid S is a two-sided identity or identity if Va € S,ae = a = ea.
Clearly, S contains at most one identity (if e and ¢’ are identity, then e = e¢’ = €). A monoid is a
semigroup with (unique) identity. Let S be a monoid with identity e. If a and b in S are such that
ab = e = ba, then b is called a two-sided inverse or inverse of a. We have that every element of
S has at most one inverse. For, if b and b’ are inverses of a, then ab = e = ba and ab’ = e = b'a, so
b=be="0b(ab') = (ba)t/ =eb =1V'.

A group is a monoid G such that every element of G has an inverse, and for a € G, let a~!
denote the (unique) inverse of a. A commutative group is also called an abelian group. The
order of a group G is the cardinal number |G|.

Remark. For a nonempty set GG with binary operation on G is a group if the following axioms are
all satisfied:

(G1) [associativity] Va,b,c € G,(a-b)-c=a- (b-¢)

(G2) [identity] Jde € G,Va € G,ae = a = ea

(G3) [inverse] Va € G,3b € G,ab = e = ba.

Let G be a group with identity e. Fora € G and m € N, leta’ = eand a™™ = (a=1})™.

Remarks. 1. For a group GG, we have:

2.

3.

@e'l=candVac G, (a ) =q,

(b) Va € G,Ym,n € Z,a™a"™ = o™ and (a™)" = a™", and

(c) Ya,b € G, (ab)~t = b~ta~! because (ab)(b~ta"!) =e.

In case ( is abelian, we may choose to write GG additively. This means:

(a) The binary operation is denoted by +.

(b) 0 denotes the identity element and —a denotes the inverse of a.

() Va € G,Ym € N;ma = a+ ---+ a (m copies).

A group G satisfies the cancellation law: Va,b,c € G, ab = ac (or ba = ca) = b = c.

Examples 1.2.1 (Examples of groups). 1. (Z,—) is a groupoid which is not a semigroup;

2.

(N, +) is a semigroup which is not a monoid; (N, ) is a monoid which is not a group.
(Z,+), (Q,+), (R,+), (C,+), (Q*,-), (R*,-) and (C*, -) are infinite abelian groups. Here, A*
denotes the set of nonzero elements of A.

Let X be a set and P(X) the power set of X. For subsets A and B of X, we define AAB =
(ANB)U (B~ A). Then (P(X), A) is an abelian group having the empty set as its identity
and A=! = Afor all A € P(X). Also, (P(X),N) is a commutative monoid with identity X.
For n € N, let Z, = {0,1,...,n — 1} called the set of integers modulo n, where @ =
{kn+a: k € Z} for all a € Z. Define + and - on Z,, by

G+b=a+b and @-b=a-b foralla,beZ.

These binary operations are well defined by Theorem [I.T.71 It follows that (Z,,+) is an
abelian group of order n. Moreover, (Z,, -) is a commutative monoid with identity 1.

. Forn e Nandn > 2,let Z) = {a : gcd(a,n) = 1}. By Theorem[1.1.3] (3), we have (Z,;,-) is

an abelian group. We write ¢(n) for the order of Z. It is the Euler ¢-function. Note that
L) =7y ~ {0} < nis a prime.

Proof. If nis a prime, then Z; = {1,2,...,n — 1} = Z, ~ {0}. Conversely, assume that n is compos-
ite. Then n = bc for some 1 < b,c < n, so ged(b,n) and ged(c,n) are > 1. Thus, b,¢ ¢ Z;. Since
b,c < n, we have b,¢ # 0. Hence, Z) G Z, ~ {0}. O]

Remark. We recall some properties of the Euler’s ¢-function as follows.
(a) If pis a prime, then ¢(p) = p — 1 and ¢(p*) = p* — p*~! for all k € N.
(b) ¢ is multiplicative, namely, if gcd(m, n) = 1, then ¢(mn) = ¢(m)p(n).

Write F for any of Q, R, C or other fields. Let M, (F') be the set of n x n matrices over F
and GL,, (F) the set of matrices over F' with nonzero determinants. Then (M, (F),+) is an
abelian group and GL,(F) is a group under multiplication which is not abelian if n > 1.
The later group is called the general linear group.
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7. For a nonempty set X, a function on X which is 1-1 and onto (a bijection on X) is said to be
a permutation of X. Let S(X) be the set of all permutations of X. Then under composition,
(S(X),o0) is a group called the symmetric group on X; in case X = {1,2,...,n}, we write
S, and call S,, the symmetric group on n letters. It is a group of order n!.

Some equivalent definitions of groups are collected in the next theorem.

Theorem 1.2.1. [Criteria for Being a Group] Let G be a semigroup. Then the following statements
are equivalent.
(1) G is a group.
(i) (a) de € GVa € G,ea = a and (b) Ya € G3Ib € G,ba = e.
(iii) (a) de € GVa € G,ae = aand (b) Va € GIb € G,ab = e.
(iv) Va,b € G3x,y € G,ax = b and ya = b.
v) Va € G,aG =G = Ga.

Proof. If (i) holds, (ii)—(v) are clearly true. (iv) < (v) is obvious.
(i) = (). Assume (ii). Let a € G. Then 3b € GG, ba = ¢, and so Jc € G, cb = e. Thus,

ab = e(ab) = (¢b)(ab) = c(ba)b = c(eb) = cb = e.
Moreover, ae = a(ba) = (ab)a = ea = a.
“(iii) = (i)” is similar to “(ii) = (i)”.
(iv) = (iii). Assume (iv). Let a € G. Then Je € G,ae = a. Let b € G. Then dc € G, bc = e and
Jy € G,ya = b. Thus, be = (ya)e = y(ae) = ya = b. O

Theorem 1.2.2. If G is a finite cancellative semigroup, then G is a group.

Proof. We shall show that Va € G, aG = G = Ga. Let a € G. Since G is cancellative, |aG| = |G| =
|Gal. Clearly, aG C G and Ga C G. Since G is finite, aG = G = Ga. O

Remark. (N, +) is an infinite cancellative semigroup, but it is not a group.

1.2.2 Subgroups

Sometimes a group contains a nonempty subset that is closed under its operation. In this subsec-
tion, we discuss a small group in a bigger one with the same operation.

A nonempty subset H of a group G is said to be a subgroup of G if H is a group under the
same operation of G and we write H < G. Observe that for ) # H C G,

H<G & VabeHaecHANa'cH < VabeH,ab 'eH.

Moreover, {e} and G are always subgroups of G. Theorem [1.2.2] gives the following important
fact.

Corollary 1.2.3. If H is a finite nonempty subset of a group G which is closed under the operation
of G, then H is a subgroup of G.

Proof. Since G is a cancellative semigroup and () # H C G, H is a finite cancellative semigroup.
Hence, H is a group by Theorem [1.2.2] O

Next, we investigate the group of symmetries. We begin with the following groups.
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Examples 1.2.2 (Group of symmetries). 1. The set of rotations about a point 0 in the plane;
composition as usual. If 0 is taken to be the origin, the rotation through an angle 6 can be
represented analytically as the map

(z,y) — (xcosh — ysinh, xsinh + ycos ) = (:E y) < cos 5111(9).

—sinf@ cos6

For 6 = 0, we get the identity map and the inverse of the rotation through the angle 6 is the
rotation through —6. It is called the rotation group.

2. The set of rotations together with the set of reflections in the lines which passes through 0 with
slope tan .. The latter are given analytically by

. . cos2a  sin2a«

(z,y) — (zcos2a + ysin 2o, zsin 2a — y cos 2a) = (z ) <sin 90 — cos 2a>
The product of two reflections is a rotation and the product in either order of a reflection
and a rotation is a reflection.

3. Consider the regular n-gon (that is, the n-sided polygon in which the sides are all the same
length and are symmetrically placed about a common center) inscribed in the unit circle
in the plane, so that one of the vertices is (1,0). The vertices subtend angles of 0,27 /n,
4m/n,...,2(n — 1)7/n radians with the positive z-axis. The subset of rotation maps which
maps our figure into itself consists of the n rotations through angles of 0, 27 /n, 47 /n, ..., 2(n—
1) /n radians, respectively. These elements form a subgroup R,, of the rotation group de-
fined in (1).

4. We now consider the set D,, of rotations and reflections which map the regular n-gon, as in
(3), into itself. These form a subgroup of the group defined in (2). We shall call the elements
of this group the symmetries of the regular n-gon. The reflection in the z-axis is one of our
symmetries. Multiplying this on the right by the n rotational symmetries we obtain n distinct
reflectional symmetries. These give them all, for if we let o denote the reflection in the z-
axis and 7 denote any reflectional symmetry then o7 is one of the n-rotational symmetries
Ply- -+ Pn, SAY p;. Since 0% = 1,07 = p; gives 7 = op; which is one of those we counted.
Thus, D,, consists of n rotations and n reflections and its order is 2n. The group D,, is called
the dihedral group. Note that D,, = {¢%p; : i € {0,1} and j € {0,1,2,...,n — 1}}.

Remark. Itis easy to see that the intersection of a family of subgroups of a group G is a subgroup
of G. If H and K are subgroups of a group G, then, in general, H U K is not a subgroup of G.
However, if H and K are subgroups of a group G with G = H U K, then H = G or K = G.

Proof. Assume that thereisanx € G~ Handay € G~ K. Since G=HUK,wehavez € K andy € H.
Thus, zy ¢ H and zy ¢ K, a contradiction. O

Let G be a group and A a subset of GG. Define (A) to be the intersection of all subgroups of G
containing A. It is the smallest subgroup of G containing A and is called the subgroup of G
generated by A. The elements of A are called generators. Moreover, we have (()) = {e} and

(A) ={a"...a}* :a; € Aand n; € Z} if A#0.

For ay,...,an, € G, we write (a1, ..., an) for ({ai,...,a,}). ThenVa € G, (a) = {a" : n € Z} =
{(a~1) is called the cyclic subgroup of G generated by a and the order of a is |(a)| (finite or
infinite) and denoted by |a| or o(a). If G = (a) for some a € G, then G is said to be the cyclic
group generated by a.

A subgroup N of G is normal, denoted by N < G, if Vg € GVx € N, grg~' € N.

Examples 1.2.3 (Examples of subgroups and normal subgroups). 1. {e} and G are normal
subgroups of G. They are called the trivial normal subgroups.
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2. Every subgroup of an abelian group is normal.

3. Let SL,(F) be the set of matrices over F' with determinant one. Then SL,,(F') is a normal
subgroup of GL,,(F) because det(PQP~!) = det Q for all P,Q € GL,(F).

4. Ry = (p2r/n) and R, < D, because ap;o = p; ' for all j.

Remarks. 1. N < Gifandonlyif (N < Gand Vg € G,gNg~! = N).
2. If N is a subgroup of a group G, then (Vg € G,gNg~! = N) < (Vg € G,gN = Ny).
Let G be a group and X a nonempty subset of G. The centralizer of X is the set
Ca(X)={g9geG:Vre X, gz =uxg}
and the normalizer of X is the set
Ne(X)={g€G:9X = Xg}.
We call Z(G) = C(G) = {z € G : Vx € G, zx = xz}, the center of G.

Remarks. 1. The centralizer and normalizer of X are subgroups of G.
Proof. Since Vx € G, ex = xe, we have e € Cg(X). Let g,h € C(X). Let 2 € X. Then gx = xg and
hx = xh, so zh™' = h~ 'z and
(gh™ N = g(h™'z) = g(xh™") = (gx)h ™" = (zg)h ™" = x(gh™").
Thus, gh=! € Ce(X). We leave N¢(X) as an exercise. O
2. Z(G) 2 Gand Z(G) = e Ca({z}).
Proof. By (1), Z(G) is a subgroup of G. To see it is normal, let g € G and 2z € Z(G). Let x € G. Then
z2g = gz and zx = 1z, SO
(9297 ")z = (2997 "o = zx = vz = 2(2g997") = x(g29™").
Hence, gzg~! € Z(G). Finally, for z € G,
z€Z(G)evVeeGurz=zz Ve eG,ze Cqa({zr}) &z € ﬂ Ca({z}).
zeG
This proves the second statement. O

G is abelian < Z(G) = G. (This is clear.)
If K <G, then K 4 Ng(K) and N¢(K) is the largest subgroup of G containing K in which
K is normal (this means VH < G, K < H = H C Ng(K)).

Proof. If g € K, then gK = K = Kg, so K < Ng(K). To see K is normal in Ng(K), let z € Ng(K)
and g € K. Since Kz = xK, we have 2g € Kz, so g = kx for some k € K. Thus zgz~' =k € K.
Next, let H be a subgroup of G such that K is normal in H. Then Vh € H, Kh = hK which implies
H C Na(K). O

Hw

1.2.3 Homomorphisms

We now study a function between two groups that is required to preserve group operations.
Let G and H be two groups. A homomorphism from G to H is a map ¢ : G — H which
satisfies

p(zy) = p(x)p(y) forallz,yeG.

An injective homomorphism is called a monomorphism and a surjective homomorphism is called
an epimorphism. An isomorphism is a homomorphism which is both injective and surjective. We
write G = H if 3p : G — H, ¢ is an isomorphism. An endomorphism of ¢ is a homomorphism
on G and an automorphism of G is an isomorphism of G onto itself.
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Examples 1.2.4 (Examples of group homomorphisms). 1. ¢y : Z — 7Z, given by ¢(a) = a is
a homomorphism.
2. pa2: (R,+) — (R*,.) given by ¢(x) = 2* is a homomorphism.
3. ¢3: GL,(R) — R given by ¢(A) = det A is a homomorphism.

The kernel of a homomorphism ¢ : G — H is given by the set

kero ={g€ G:9(g9) =en}.
Example 1.2.5. ker 1 = nZ, ker po = {0} and ker p3 = SL,,(R).

Remarks. Let ¢ : G — H be a homomorphism of groups.
1. o(eg) = ey and p(a™ 1) = (¢(a))~ ! forall a € G.

Proof. Note that egp(eq) = p(eq) = ¢legea) = ¢lea)p(eq). By cancellation in H, we have ey =
¢(eq). Next, let a € G. Then p(a)p(a™!) = p(aa™!) = p(eg) = ey. Hence, p(a™!) = ¢(a)~ L. O

2. pis1-1 & kerp = {eg}.

Proof. Assume that ¢ is 1-1. By (1), e¢ € ker . Let € ker . Then ¢(x) = ey = p(eq). Since ¢ is
1-1, we have = = eq. Conversely, suppose that ker ¢ = {eg}. Let 2,y € G be such that p(x) = ¢(y).
Then ey = o) Lp(y) = (@ e(y) = ¢z~ ty). Thus, 271y € keryp, so x~ 'y = eg. Hence,
T =1y. ]

Theorem 1.2.4. Let ¢ be a homomorphism of a group G into a group H.
1. ker ¢ is a normal subgroup of G.
2. imp ={p(g) : g € G} = ¢(G) is a subgroup of H.

Proof. Since p(eq) = eq, e € kerp and ey € im . Let z,y € ker . Then p(x) = ey = ¢(y), so

oay™") = e(@)e(y™) = p(x)p(y) ™" = eney' = en.

Thus, zy~' € kery. Hence, ker ¢ is a subgroup of G. Next, let ¢ € G and = € ker . Then
o(z) = ey and

plgrg™") = e(9)e@)e(g™") = e(9)e(x)p(9) " = v(g)enp(9) ™! = en.

Thus, grg~! € ker ¢, and so ker ¢ is normal. Finally, let 3, z € im . Then 31,20 € G, p(x1) =y
and ¢(z2) = z. Thus,

yz ! = p(z)p(r2) " = p(a1)p(ay ') = plarzy ).
Since 212, ' € G, yz~! € im . Hence, im ¢ is a subgroup of H. O
Remark. If ¢ : G — H is a homomorphism and H; < H, then ker o C ¢ '(H;) < G.
The next result is clear. It gives another way to construct a group for the Cartesian product of

groups.

Theorem 1.2.5. [Cartesian Product of Groups] If G; and G are groups, then the Cartesian
product
G1 x Gy ={(z,y) 1 € G1,y € G2}

is a group under coordinatewise multiplication (z1,y1)(z2,y2) = (122, y192) for all x1,x2 € G4
and y1, 12 € Ga.
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Exercises 1.2. 1. Let G be the set of pairs of real numbers (a, b) with a # 0 and define:
(a,b)(¢c,d) = (ac,ad +b) and 1=(1,0).

Verify that this defines a group.
2. Let H={o0€S;:{0(1),0(2)} ={1,2} or {o(1),0(2)} = {3,4}}. Prove that H is a subgroup of S,
and find |H|. Is H normal in S,? Justify your answer.
Let G be a semigroup such that Va € G,3b € G,a = aba and Jle € G, e? = e. Prove that G is a group.
Let G be a semigroup such that Va,b € G, a?b = b = ba®. Prove that G is an abelian group.
A certain multiplicative operation on a nonempty set G is associative and allows cancellations on
the left, and there exists a € G such that z° = aza for all x € G. Prove that G endowed with this
operation is an abelian group.
6. Let G be a group with the following properties:
(i) G has no element of order 2 and (i) (zy)? = (yx)?, forall 2,y € G.
Prove that G is abelian. If (i) fails, give an example to support that “G may not be abelian”.
If H and K are subgroups of a group G, prove that HK < G ifand only if HK = KH.
8. Let ¢ : G — G be a group homomorphism, and let N and N be a normal subgroup of G and G,
respectively. Show that [ N] is a normal subgroup of im ¢ and ¢ ~![N] is a normal subgroup of G.
9. Let GG be a group with identity e and ¢ : G — G a function such that

vk w

N

P(91)¢(92)p(93) = (h1)p(h2)p(hs)

whenever ¢1g2g3 = e = hihahs. Prove that there exists an element a € G such that ¢ (z) = ap(x)
for all x € GG is a homomorphism.

10. Let D,, be the dihedral group of order 2n where n > 2. Show that the center of D,, has one or two
elements according as n is odd or even.

Project 1 (Quaternions). Consider the eight objects +1, +i, +j and +k with multiplication rules:

ij=k jk=i ki=j
ji=—-k kj=—i ik=—j

2=2=k=_1

where the minus signs behave as expected and 1 and —1 multiply as expected. (For example, (—1)j = —j
and (—¢)(—j) = ij = k.) Show that these objects form a group containing only one element of order 2.
This group is called the quaternion group and is denoted by Q5. [Hint. The difficulty is to show that the
operation is associative. One may transform the elements and operation into 2 x 2 matrices and matrix
products, respectively.]

Project 2 (Associativity). One of the required properties for (G, ) to be a group is associativity. However,
this is the hardest one to check as one can see from the previous item. Consider the set {a, b, c} of three
distinct elements and the operation * given by

To check associativity, we must check every possible instance of the equation (z * y) * 2 = x * (y * z). That
means we must think of every possible combination of what z, y, and ~ could be. After a while, we find that
(bxc)*c=abutbx(cxc)=0b. Hence, the set {a, b, c} under the operation x* is not associative. Be careful!
Many students make the mistake of concluding that a set is associative by checking just a few examples. We
cannot do this! To determine whether or not a set is associative, you must check every single combination
of 3 elements, unless you have a good general argument for why all combinations will be associative or
you have a good reason (such as the existence of an identity element) for limiting the number of cases you
must check. (Notice that even when you have the existence of an identity element, you still have to check
ALL the cases which do not include the identity element.)
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Now, for the set of two elements {a,b} the number of different binary operations on this set is 16.
However, the number of associative binary operation on that set is only 8. This can be checked by writing
all out and counting. Unfortunately, for the set of three elements {a, b, ¢}, there are 3(3) = 19683 binary
operations. How to know how many associative binary operations there are on a set of three elements?
(There are 113 operations.) Create an efficient algorithm to solve this task. How about the set of n
elements?

1.3 Group Actions
Let G be a group. For each g € G, define the left multiplication function ¢, : G — G by
ly(x) =gz forallz e G.

By the left cancellation on G, ¢, is a bijection and so ¢, € S(G), the symmetric group on G. It
is easy to see that the map g — ¢, is an injective group homomorphism from G into S(G). This
proves an important result in group theory.

Theorem 1.3.1. [Cayley] Every group G is isomorphic to a subgroups of S(X) for some set X.

Allowing an abstract group to behave like a group of permutations, as happened in the proof
of Cayley’s theorem, is a useful tool. In this section, we talk about how a group acting on a set,
called a group action. There are many nice results and applications as we shall see in the following
sections and chapters.

Let G be a group with identity element e and X a nonempty set. We say that G acts on X or
X is a G-set if there is a mapping G x X — X (denoted by g - = or gx) which satisfies:

1. Vze X,e-xz=x and
2. Vg,h e GVx € X,g-(h-x) = (gh) - x.
Assume that a group G act on a set X. Then each g € G determines a set map ¢, : X — X by

bq(z) = gx.

Moreover, Vg € G, ¢, is a bijection (1-1 and onto). Hence, ¢, € S(X), the symmetric group on X.

The map ¢ A ¢q4 defines a group homomorphism from G to S(X) (i.e., ¢g, = ¢4 o ¢, for all
g, h € G). Its kernel is the set

{geG:gx=uaforallz e X}.

1. If g = e is the only element of G such that gz = z for all x € X, then G is said to act
faithfully on X. In this case, G — S(X).
2. If z € X, the set Gz = {gx : g € G} is called the orbit of z.

3. If Gz = X for some (and hence all) z € X, then G is said to act transitively on X.
4. If Y C X, theset {g € G : gY = Y} is called the stabilizer of Y, denoted by Stabg Y. The
stabilizer of Y is a subgroup of G.

Proof. Clearly, e € Stabg Y. Let g,h € StabgY. Then gY = Y and Y = Y. Thus, (¢gh)Y =
ghY)=gY =Y and g 'Y =g (gY) =eY =Y. O

Examples 1.3.1 (Examples of group actions). 1. If X is a set, S(X) acts naturally on X by
f-xz = f(x)forall f e S(X)andz € X. This action is faithfully if | X| > 1. In particular,
S, acts on {1,2,...,n}. The orbit of each i € {1,2,...,n} is all of {1,2,...,n}, thus S,
acts transitively on {1,2,...,n}. If Y C {1,2,...,n}, the stabilizer of Y is isomorphic to
S(Y) x S8(Z) = Si x Sp—r where Z = {1,2,...,n} \ Y. Hence, the stabilizer of {n} is
isomorphic to S,,_1.
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2. Let G be any group and let X = G, considered as a set. Let G act on X by left multiplication

g-T=gz.

This action is called the left regular representation. It is faithful and transitive.

3. GL,(F) acts faithfully on F", the set of n x 1 column vectors by left multiplication. The
orbit of 0 is itself and GL, (F) acts transitively on the nonzero vectors.

4. Let G be any group and let X be any set. Let G acton X by g-x =z forallg € Gand z € X.
This is called the trivial G action. Assuming g # e and X has more than one element, this
action is not faithful and not transitive. All orbits are singleton and G is the stabilizer of
every subset of X.

5. Let G be a group and let X = G, considered as a set. Let G act on X by conjugation

g-x=grg .
This action may not be faithful. The center of G acts trivially. The orbit of z € G is the set
of conjugates of z, that is

g-X ={gzg ' : g€ G},

called the conjugacy class of x. If |G| > 1, then this action is not transitive. The number
of orbits of the number of conjugacy classes. If Y is a subset of G, the stabilizer of Y under
the action is its normalizer, i.e., Stabg Y = Ng(Y).

6. Let GG be a group and let H be a subgroup of GG. Let H act on G by left multiplication. This
action is faithful and the orbit of z € G is

H-z={hr:he H} = Hzx.

The action is not transitive unless H = (. Moreover, we can let H acton G by h - g = gh™!
forall h € H and g € G. This action is also faithful and the orbit of z € G is

H-x={zh':hecH}y={zh:hc H =zH.

7. Let X = CU {0}, a set that becomes the Riemann sphere in complex analysis. The group
GL2(C) acts on X by the linear fractional transformation

a b Z_az—i—b
c d ez d

the understanding being the image of oo is a/c and the image of —d/c is oo, just as if we
were to pass to a limit in each case.

8. Let SLy(R) be the subgroup of real matrices in GLy(R) of determinant one, and let # be the
subset of C U {oco} in which Im z > 0, called the Poincaré upper half plane. Then SLy(R)
acts on H by linear fractional transformations.

Now, we present another way to view the orbits.

Theorem 1.3.2. Let G be a group and suppose G acts on a nonempty set X. Define a relation ~
on X by
r~y < dgeGy=g- .

Then
1. ~ is an equivalence relation on X.
2. The equivalence class of © € X under ~ is Gz = {gzr : g € G}, the orbit of x. Thus, X is a
disjoint union of orbits under the action of G.
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Proof. It is routine to show that ~ is an equivalence relation on X. The equivalence class of x is
o ={yeX:z~yt={yeX:3geGy=gz}={gr:2€ X} =Gz
and hence X = |,y Gz. O
If H is a subgroup of G and = € G, the set
Hx={hz:he H} and zH ={zh:hec H}

are called a left coset of H in G and a right coset of H in G, respectively.

From Example [I.3.7] (6), we can let H act on G in two ways. Then Hx [xH] is an orbit of z,
and so G is a disjoint union of left [right] cosets of H in G. If we choose a subset {z,} of G
such that G is the disjoint union of the left cosets Hzx,, then {z,} is called a right transversal or
system of left coset representatives of H in G and if we choose a subset {z,} of G such that G
is the disjoint union of the right cosets y, H, then {y,} is called a left transversal or system of
right coset representatives of H in G.

Remarks. 1. By Theorem[1.3.2]
@ G=U,eqHz [G=UyeqrH],
(b) Yo,y e G,Hx = Hyor HtNHy =0 [Vx,y € G,xH = yH or xH NyH = (],
(©) Ve,y €« G,Hr =Hy < a2y ' € H [Vz,y € G,2H =yH <y 'z € H].
2. Ya € G, |H| = |Ha| = |aH| by cancellation on H.
3. The map aH — Ha ! for all € G is a 1-1 correspondence between the sets {xH : z € G}
and {Hz : z € G}.

Proof. For a,b € G,aH =bH < b 'ac H<< a 'be H< Ha ' = Hb~!. Then this map is 1-1,
well defined and clearly onto. O

The index of H in G, denoted by [G : H], is the cardinal number of distinct right (or left)
cosets of H in G, that is,

(G:H|=|{Hz:2 € G} =|{zH : x € G}|.

Next, we show that a subgroup of index two is always a normal subgroup.
Theorem 1.3.3. If H is a subgroup of G of index two, then H is normal in G.

Proof. Since [G : H| = 2, G has exactly two right (or left) cosets. Then Hg = G ~ H and
gH = G~ H forall g € G notin H. Hence, Vg € G,Hg = gH, so H is normal in G. O

Let I and A be sets. Define A; = {(i,a) : @ € A} forall i € I. Then |4;| = |A| forall i € I,
A,ﬂAJZQIf’L#,}, and

UAi| =D 14 =D 1A= 1]|A].
iel icl icl
Lagrange observed an important property of subgroups of G, namely, its order must be a divisor

of the order of G.

Theorem 1.3.4. [Lagrange] If H is a subgroup of G, then |G| = [G : H||H|. In particular; if G is
finite and H < G, then |H| divides |G|, and so |a| = |{a)| divides |G| for all a € G.
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Proof. Since G is a disjoint union of distinct left cosets Hz,, a € A, and |A| = [G : H],

Gl = Hea| =) [Hzal = ) |H| = |A||H| =[G : H]|H|.

aceA aEN ac

If G is finite, then |H| divides |G/|. In addition, Va € G, (a) < G, so |a| = |{a)| divides |G| for all
a€ (. O

Corollary 1.3.5. If G is a group of prime order, then {e} and G are the only two subgroups of G
and G must be cyclic.

Proof. Let H < G. Then |H| divides |G| = p, so |H| =1 or |H| = p. Thus, H = {e} and H = G.
Also, if a # e, then (a) # {e}. Hence, (a) = G and so G is cyclic. O

A relationship between the stabilizer of x in a group G and the number of elements in the
orbit GG - z is recorded in the next theorem.

Theorem 1.3.6. [Orbit-Stabilizer Theorem] Let a group G act on a set X and suppose x € X.
Then [G : Stabg x| = |G - x|, that is, the index of the stabilizer of = in G is the number of elements
in the orbit of x.

Proof. Let x € X. Note that for all g1, 92 € G,
J1T = gox & (g;lgl)x =r&s g;lgl € Stabg{z} < g1 Stabg{x} = g2 Stabg{z}.
Then [{gz : g € G}| = |[{gStabg z : g € G}|. Hence, |G - z| = [G : Stabg z]. O

This theorem is most useful when this index is finite but it is true in general. We see some
applications of this theorem in the following results.

Theorem 1.3.7. Let G be a group and = € G. Then the following statements hold.
1. {gzg™': g € G} =[G : Cg(w)], i.e., the number of conjugates of x is [G : Ca(x)].
2. If G is finite, then the number of conjugates of x is a divisor of |G].

Proof. It follows directly from the Orbit-Stabilizer Theorem if we consider the action of G on G
by conjugation. O

Observe that for each = € G,

1 1

Hozg g€ Gl =1e{grg :ge G} ={z} & Vge G grx =29z Z(G).
Corollary 1.3.8. [Class Equation] Let G be a finite group and let x, ..., x5 represent the conju-

gacy classes of G which contains more than one element. Then

Gl =12(G)| + ) |G : Calx:)].

i=1

Now, let G act on the set of all subsets of G by conjugation, i.e., if Y C G, theng-Y = gY g '.
Under this action the stabilizer of Y is {g € G : gYg~! = Y} = Ng(Y), the normalizer of Y, and
the orbit of Y is {gYg~! : g € G}, the set of conjugates of Y. Thus, the number of conjugates
of Y is the index of the normalizer of Y. Hence, we have shown:
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Theorem 1.3.9. Let G be a finite group and Y a subset of G. Then the number of conjugates of Y’
is [G : Ng(Y)] where N¢(Y) is the normalizer of Y. In particular, the number of conjugates of Y
divides the group order.

Remark. If H is a subgroup of G, then H <« Ng(H) < G. Hence, if G is finite, then the number of

conjugates of H is
G : H|

(G : Ng(H)] = [No(H) : H]

<|G: H].
Burnside’s theorem gives the number of orbits in X under the action of a finite group G.

Theorem 1.3.10. [Burnside] Let a finite group G act on a finite set X. For each g € G, let
X, ={x € X : gv = x}, the set of points in X fixed by g. Then the number of orbits in X is

1
N:?ZLXQ‘-
Gl =2

Proof. Let U be the subset of G x X defined by
U={(9,z) e G x X : gr = x}.
For h € G, let
Uh)=Un{h} xX)={(h,z): 2z € X and hz = z}.
For y € X, let

Uyl =UN(G x {y}) ={(g,vy) : g € G and gy = y} = (Stabe{y}) x {y}.

Now, U = U, U(9) = U,ex Ulz] and these unions are “disjoint”. Note that for each g € G,
|U(g)| = |X,| and for each = € X, |U[z]| = | Stabg{z}| = [G : G - z] = |G| /|G - z|. Thus,

S X = S 0@ = U= 3 (U] = 3 |C',G’x| ~161 Y gy = IGIN
zeX

geG geG reX zeX

as desired. 0

Corollary 1.3.11. Let a finite group G act transitively on a finite set X. Then |G| = >_ ;| Xg|-
Moreover, if | X| > 1, then there exists a g € G fixing no point of X.

Proof. Since G acts transitively on X, N = 1, and so |G| = }_ . |Xg|. Assume that | X[ > 1 and
no g € G fixing no point of X. Then Vg € G,3x € X, gr = = which implies that | X,| > 1 for all
g € G. Thus,
Gl <> 1Xgl = G-
geG
This forces that | X,| = 1 for all g € G. But | X.| = |X| > 1, a contradiction. Hence, there exists a
g € G fixing no point of X. O

We have known from Lagrange’s theorem that the order of any subgroups of a group G is a
divisor of |G|. The next theorem implies that if |G| has a prime divisor p, then G has a subgroup
of order p. Its proof is another application of group actions.

Theorem 1.3.12. [Cauchy] Suppose G is a finite group and a prime p divides |G|. Then the
number of solutions of g = e in G is a multiple of p. Hence, G contains an element of order p. In
particular, if G is a finite group and a prime p divides |G|, then G has a subgroup of order p.
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Proof. Consider the set Y = G x G x --- x G (p copies) and let X = {(g1,92,...,9p) € Y :
9192+ gp = €}. Then | X| = |G|P~! since g, = (g192-..gp—1) ' Let R, = (pa,/,) act on X by

1027r/p(913927 cee agp) = (927937 o 7gp7gl)~

Note that the orbit of (g1, g2, ..., gp) € X under this action has either
(a) length p, in case g1, g2, . . ., gp are not all equal, or
(b) length 1,incase g1 = g2 =--- =gy, =g, 1.e,, g’ =e.

Thus, # of orbits of length 1 = # of solutions of ¢” = e in G. By Theorem [1.3.2] (2),
|G[P~ = | X | = p(# of orbits of length p) + 1(# of orbits of length 1).

Since p divides |G/, it follows that |[{g € G : g? = e}| > 1 is a multiple of p. O

Exercises 1.3. 1. Let G act on S, H act on T and assume SNT = (. Let U = S U T and define
(g9.h)s = gsand (g,h)t = ht forall g € G,h € H,s € S,t € T. Show that this gives an action of the
group G x HonU.

2. Let H and K be subgroups of a group G.

H||K
(a) If H and K are finite, then H K is a finite set and |H K| = | HK]

HNK|
(b) For x and y in G, prove that H N yK is empty or is a Cose|t of H r|w K.
(c) Deduce from (b) that if H and K have finite index in G, then so does H N K.
(d) If [G : H] and |G : K] are finite and relatively prime, prove that G = HK.
3. Let a be an automorphism of a finite group G which leaves only the identity fixed. Prove that
G = {z7ta(z)|r € G}.
4. Let a group G act on a set X transitively. Prove that
(@) Yo,y € X,3g € G, gz =y, and
(b) Vz,y € X,3g € G, 9G,g~ ' = G,, i.e., all stabilizers are conjugate.
5. Let H be a subgroup of a group G and N = (|, ., 2Hz~'. Prove that
(a) N is a normal subgroup of G, and (b) if [G : H] is finite, then [G : N] is finite.
6. Determine the number of conjugacy classes in a non-abelian group G of order p3 where p is a prime.
7. Let S and T be sets and let M (S, T') denote the set of all functions of S into 7'. Let G be a finite group
acting on S. For each map f : S — T and z € G define the map 7. f : S — T by (7.f)(s) = f(z~1s).
(a) Prove that « — 7, is an action of G on M (S,T).
(b) Assume that S and T are finite. Let n(x) denote the number of orbits of the cyclic group (z)
on S. Prove that the number of orbits of G in M(S,T) is equal to

1 n
e 2 1

zeG

8. Two actions of a group G on sets X and Y are called equivalent if there is a bijection f : X — YV
such that f(gx) = gf(x) forall g € G and « € X. Let H and K be subgroups of a group G. Let
G act by left multiplication on the sets of left cosets G/H and G/K. Prove that these actions are
equivalent if and only if H and K are conjugate (i.e., K = aHa~! for some a € G).

Project 3 (Semi-direct product). A group H is said to act on a group K by automorphisms if we have an
action of H on K and for every h € H the map k — hk of K is an automorphism. Suppose this is the case
and let GG be the product set K x H. Define a binary operation in K x H by

(k1,h1)(k2, ho) = (k1(hik2), hihso)

and define 1 = (1,1) - the units of K and H, respectively. Verify that this defines a group such that
h + (1,h) is a monomorphism of H into K x H and k ~ (k, 1) is a monomorphism of K into K x H
whose image is a normal subgroup. This group is called a semi-direct product of K by H and is denoted
by K x H.
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1.4 Quotient Groups and Cyclic Groups

This section contains a construction of a new group using a normal subgroup, called a quotient
group. We also work on an important kind of subgroups of G which are generated by a single
element. We conclude this section by studying the group of automorphisms of G.

1.4.1 Quotient Groups
Suppose G is any group and N is a normal subgroup of GG. Then for any g € G,

N =gNg! or Ng=gN.

In other words, every left coset of N in G is also a right coset of N in G. If we have two left cosets
of N in G
Nrx={ar:ae N} and Ny={by:be N},

then NeNy = {azby : a,b € N} = N(zN)y = N(Nz)y = Nzy is again a left coset of N in G.
Thus
NzNy = Nzxy

defines a binary operation on the set G/N = {Nx : x € G} of left cosets of N in G.
Theorem 1.4.1. [Quotient Groups] Suppose G is a group and N is a normal subgroup of G. Let
G = |J Nz, be a decomposition of G as a disjoint union of left (or right) cosets. Then the binary

operation
NzoNzg = Nzoxs

makes the set of left cosets of N into a group, called the quotient or factor group of G by the
normal subgroup N. This group is denoted by G/N. The map 7 : G — G /N defined by

m(x) = Nz
is a group homomorphism whose kernel is N, called the canonical projection.

We have the following observations on the above construction:
1. If H is a subgroup of G which is not normal, then the set of left cosets of H in G does not
form a group in any natural way. For example, if G = Ss and H = ((12)) = {(1), (12)}, then
H is not normal in G and {H, H(13), H(23)} is not a group because

H(13)H(23) = {(13), (132)}{(23), (123)} = {(132), (12), (13), (1)}

which is not one of the cosets.
2. |G/N| =[G : N], the index of N in G.
3. If G is abelian written additively, then

G/N={N+z:2¢cG}
and the binary operation on G/N is given by
(N+2)+(N+y)=N+(z+y)

forall z,y € G.
We now present three group isomorphism theorems.

Theorem 1.4.2. [First Isomorphism Theorem] Suppose ¢ : G — H is a group homomorphism.
Then G/(ker ) = im ¢.
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Proof. By Theorem [1.2.4] im ¢ is a subgroup of H and ker ¢ is a normal subgroup of G, and so
G/(ker ) is a group. Let ¢ : G/ ker ¢ — im ¢ by @ : z(ker ¢) — ¢(z). Then for all z,y € G,

P(a(ker ) = B(y(ker 9)) & ¢(x) = p(y) & 2y~ € kerp & z(kerp) = y(ker p),
so  is well defined and 1-1. In addition, for all z,y € G,

Pz (ker p)y(ker o)) = p(xy(ker ) = p(zy) = @(x)e(y) = P(x(ker )@ (y(ker @)).
Moreover, ¢ is clearly onto. Hence, ¢ is an isomorphism. O
Examples 1.4.1. Z/nZ = Zy, Dn/Rn = 7o, R/Z = S and GL,,(F)/SL,(F) = F ~ {0}.

Let G—2~H-?~K bea sequence of group homomorphisms. We say that it is exact at H
if im 6 = ker . A short exact sequence of groups is a sequence of groups and homomorphisms

1 Gl-ug-—*.K 1

which is exact at G, H and K. That is, 6 is injective, ¢ is surjective and im 6§ = ker ¢. Here, 1
stands for the smallest group of order one.

Remark. If N is a normal subgroup of G, then

1 N —-G—"+G/N 1

is exact. Here ¢ denotes the inclusion map. On the other hand, if N < G and

1 N ‘@G H 1

is exact, then N is normal in G and H = G/N. Thus short exact sequences are just another notation
for normal subgroups and factor groups.

Theorem 1.4.3. [Second Isomorphism Theorem] Suppose G is a group and H and N are sub-
groups of G, with N normal in G. Then HN = NH is a subgroup of G in which N is normal,
HnN N isnormalin H and H/(HNN) = HN/N.

Proof. Since N is normal in G, hN = Nhforallh € H,so HN C NH and NH C HN. Thus,
NH = HN. It is routine to show that NH is a subgroup of G. Since N < G, N < NH. The
theorem follows from exactness of the sequence

1—=HANN—‘>H - ~HN/N —=1,

where the homomorphism ¢ : h — hN forallh € H andkero ={h€ H: hN =N} ={h € H:
heN}=HNN. O

Remark. If H and N are not normal in G, then HN may not be a subgroup of G. E.g.,
in S3, the subgroups H = {(1),(12)} and N = {(1),(13)} are not normal in S3 and HN =
{(1),(12), (13), (132)} is not a subgroup of Ss.

Theorem 1.4.4. [Third Isomorphism Theorem] Suppose G is a group and N is a normal sub-
group of G. Then the map
0:Hws H/N

gives a 1-1 correspondence
{ subgroups of G containing N } <— { subgroups of G/N }.

This correspondence carries normal subgroups to normal subgroups. Moreover; if H is normal in G
containing a subgroup N, then
G/H = (G/N)/(H/N).
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Proof. Let H; and H, be subgroups of G containing N and assume that H;/N = Hy/N. Let
x € Hy. Then Nx € H{/N = Hy/N, so Nz = Ny for some y € Hs. Thus, zy~' € N C H,. Since
y € Hy, x € Hy. Hence, Hy C H,. By symmetry, Ho C H;. Therefore, H; = Hs and 6 is 1-1.
Next, let X < G/N. Then {N} C H. Choose H = |J#H, the union of cosets in H. Thus, N C H.
Let z,y € H. Then Nz, Ny € H, so Nxy~' € H which implies zy~' € H. Thus, H is a subgroup
of G containing N and H = H/N. Hence, 6 is onto.

Assume that H is a normal subgroup of G containing N. Let g € G and x € H. Then
grg~t € H,s0 gNtNg~'N = gxg ' N € H/N. Hence, H/N is normal subgroup of G/N.

The final isomorphism follows from exactness of the sequence

1 H/N —~G/N —*~G/H 1,

where the homomorphism ¢ : gN +— gH for all g € G which is well defined because N C H, and
kerop={gN:9geGandgH =H} ={gN:9€ H} = H/N. O

Remark. The above theorem is useful for obtaining subgroups and normal subgroups of a quo-
tient group. It plays an important role in the study of normal series of groups and nilpotent groups
as we shall see in Chapter 3]

1.4.2 Cyclic Groups

Recall that a cylic subgroup of G is a subgroup of G generated by a singleton. It has a simple
structure and is easy to construct. Its properties depend mostly on the group of integer modulo n.
We shall go deep inside the groups Z,, and Z.¢ in this section. We recall from Examples[T.2.T]that:

Theorem 1.4.5. Let n > 2 and Z) = {a : gcd(a,n) = 1}. Then (Z),-) is an abelian group of
order ¢(n), the Euler ¢-function.

Example 1.4.2. Zj, = {1,3,7,9} and Z) = {1,2,...,p — 1} where p is a prime.

Now we study cyclic subgroups of a group G. Recall that if G is a group and a € G, then
(a) = {a™ :m € Z} and the order of a is |a| = |{a)].

Theorem 1.4.6. Let G be a group and a € G. Then

Vn € N,a" =e = (a) = {e,a,ad?,...,a" 1}

|a| is finite < Ji,j € Z(i # j AN a' = a’) & In € N,a" = e.

|a| is infinite < Vi,j € Z(i # j — a' # a’) < {(a) = Z.

If G = (a) is infinite, then a and a~" are only two generators of G.

If G is finite, then |a| = min{n € N : a" = ¢} and (a) = {e,a,d?,..., a1} = Zyq)-
Vn € Z, a" = e = |a| divides n.

If G is finite, then a!®l = e.

NSk LN~

Proof. (1)-(3) are clear.

(4) Assume that G = (a) is infinite and a"" is a generator of G for some m € Z. Then (a™) = (a),
so a = (a™)¥ for some k € Z. Since |a| is infinite, mk = 1. Thus, m | 1, so m = +1.

(5) Assume that G is finite. Then a" = e for some n € N. Choose ng to be the smallest such n.
Thus, a™ = e. We shall show that (a) = {e,a,a?,...,a"~'}. Clearly, {e,a,a?,...,a™ '} C (a).
Let j € Z. Then j = ngq + r for some ¢,7 € Zand 0 < r < ng, so @’ = a™¥"" = " €
{e,a,a?,...,a"'}. Hence, |a| = ng = min{n € N : " = ¢} and al*/ = e. Finally, an isomorphism
is given by o/ — j for all j € Z.

(6) Letn € Z and o™ = e. By the division algorithm, n = |a|¢+r for some ¢, € Zand 0 < r < |a].
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If » > 0, then e = a™ = al*l9*" = ¢ which contradicts the minimality of |a|. Hence, 7 = 0 and so
|a| divides n.
(7) By Lagrange, |a| divides |G|, so |G| = |a|q for some ¢ € Z. Then al®l = al®l? = ¢. O

The above results for the group Z yield famous results below.

Corollary 1.4.7. 1. [Euler] If a € Z and ged(a,n) = 1, then a®™ =1 (mod n).
2. [Fermat] If p is a prime, then a? = a (mod p) for all a € Z.

Proof. (1) Apply the above theorem to G = Z).
(2) If ged(a,p) = 1, then by (1), a?~! = 1 (mod p), so @’ = a (mod p). If ged(a,p) > 1, then
pla,sop| (a’ —a). Hence, a? = a (mod p) for all a € Z. O

Theorem 1.4.8. Any two cyclic groups of the same orders (finite or infinite) are isomorphic.

Proof. Assume that G is cyclic. Then G = (a) for some a € G. By Theorem[1.4.6] if G is infinite,
then G = Z, and if G is finite, then |G| = |a| and G = {e, q, ..., al*"1} = Zyq)- O

Next, we study subgroups of a cyclic group.

Theorem 1.4.9. [Subgroups of a Cyclic Group] Let G be a cyclic group generated by a, and let H
be a subgroup of G. Then H is also a cyclic group generated by a* where k = min{m € N : a™ €
H} or H = {e}. Consequently, every subgroup of a cyclic group is cyclic.

Proof. Since a* € H, (a*) C H. Letz € H. Then z € G, so x = a' for some t € Z. By the division
algorithm, ¢t = kq + r for some ¢,r € Z and 0 < r < k. Thus,

a" =a"M =qgla7h = 2(a¥) "7 € H.

But r < k, so 7 = 0. Hence, x = a*? = (a*)7 € (a"). O

Corollary 1.4.10. All distinct subgroups of Z are kZ = {kq : q € Z} where k € NU {0}.

Theorem 1.4.11. [Generators of a Subgroup of a Finite Cyclic Group] Let G be a finite cyclic
group of order n. Then G has exactly one subgroup H of order d for each divisor d of n, and no
other subgroups. Moreover, if G is generated by a, then H is generated by a™/?.

Proof. Let d | n. Since (a™9)? = e, |[a™?| < d. If |6/ = r < d, then a""/* = ¢ and nr/d < n
which contradicts |a| = n. Thus, |a"/?| = d. Let H be a subgroup of G of order d. If d = 1, then
H = {e}. Assume that d > 1. By Theorem [[.4.9] H = (a*), where k = min{m € N : a™ € H}.
Since |H| = d, (a*)? = ¢, so n | kd which implies % | k. Thus, k = Z¢ for some ¢ € Z. Hence,
a® = (a™4)? € (a™9). It follows that H C (a™/?). However, |H| = d = |(a™%)|, s0 H = (a™%). O

Example 1.4.3. All subgroups of the cyclic group G = (a) of order 12 are shown in the following
diagram.

)

(@)
AN
()
(a®) /

NN

(a?
/
(a)
AN
(a2

)
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The order of an element in a cyclic group and its generators are studied in the next theorem.

Theorem 1.4.12. [Order of an Element] Let G be a finite cyclic group of order n generated by a
and m € Z. Then
1. (a™) = (a%), where d = ged(m,n).
n

2. |a" = ———.
ged(m, n)
3. a™ is a generator of G < ged(m,n) = 1, and so G contains precisely ¢(n) elements of
order n.

Proof. (1) Since d | m, (a™) C (a%). Since d = ged(m,n), d = ma + ny for some z,y € 7Z, so

ad _ amx+ny = gMEgW = M ¢ <am>

(2) |a™| = [(@™)| = [{a?)| = |(a™/"/D)| = 2 from Theorem [[4.1T]
(3)<am>:G<:>|am|:n<:>%:n<:>d:1. O

Remark. Since Z,, = (1) and m - 1 = m, we have (m) = Z,, < ged(m,n) =1 < m e Z%.
Theorem 1.4.13. Let G be a group and a € G. Then |a| =n < (Vk € N,a* = e < n | k).

Proof. Assume that Vk € N,a* = ¢ < n | k. Since n | n, a® = e. Let k € N be such that a* = e.
Then n | k, so n < k. Hence, |a| = n. Another direction follows from Theorem [1.4.6] (6). O

Recall that an automorphism of a group G is an isomorphism on G. The set of all automor-
phisms of a group G is denoted by Aut G and is called the automorphism group of . We shall
close this section by studying the group of automorphisms of G and determining the automor-
phism group of cyclic groups.

Theorem 1.4.14. [Inner Automorphisms]
1. With group operation composition of functions, Aut G is a group.
2. Each g € G determines an automorphism ¢4 : G — G defined by

dg(x) = grg ! forall z € G,

and ¢, is called an inner automorphism. The subgroup of Aut G consisting of the {¢4 : g €
G} is called the inner automorphism group of G and is denoted by Inn G.

3. Themap 6 : g — ¢4 is a group homomorphism from G into Aut G.

4. The kernel of 0 is Z(G), the center of G, and the image of 0 is Inn G. Consequently,

G/Z(G) = InnG < AutG.

Example 1.4.4. AutZ = Z and AutZ,, = Z.

Proof. Let AutZ. Note that f hk eN, pk)=pk-1)=pl+---+1) =Fk-p(1
roof. Let ¢ € Au ote that for each k € N, (k) = ¢(k - 1) <p(+k+) ©(1)
and p(—k) = —p(k) = —(k - ¢(1)), so ¢ is completely determined by ¢(1). Since ¢ is onto,
imy = p(1)Z = Z. Thus, (1) | 1, so ¢(1) = £1. Hence, Aut Z = {£id} = Zs.

Let ¢ € AutZ,. Similarly, ¢ is completely determined by ¢(1). Since ¢ is onto, imp =
(p(1)) = Z,. By Remark after Theorem [[.4.12 ¢(1) € Z}. Therefore, AutZ, = Z) with

isomorphism ¢ — (1). O
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Exercises 1.4. 1. Prove that if G is a group for which G/Z(G) is cyclic, then G is abelian.
2. Let G be a group of order 2k where k is odd. Show that G contains a subgroup of index 2.
3. Let H be a proper subgroup of a finite group G. Show that G # ¢ gHg™t.
4. Let G beagroup and a € G. If (a) «G and H < (a), prove that H is normal in G.
5. Let G be a group and N a subgroup contained in the center of G. Suppose that G/N is cyclic. Prove
that G is necessarily abelian.
Let G be a group. If a,b € G are of finite order such that ab = ba and Vm € N,a™b™ = ¢ = a™ =
b™ = e, prove that |ab| = lem(|al, |b]).
7. Let m and n be integers. Prove the following statements.
(@) mZ + nZ = dZ and mZ N nZ = IZ where d = gcd(m,n) and | = lem(m, n).
(b) If ged(m,n) = 1, then Z,,, = Zy, X Zy,. This is called the “Chinese remainder theorem”. Is the
converse true?
8. Let GG be a group, K a normal subgroup of GG of index r, and let ¢ € G be an element of order n.
Prove that if » and n are relatively prime, then g € K.
9. Prove the following statements.
(@) If ged(m,n) = 1, then Aut(Z,, X Z,,) 2 L), X L.
(b) Aut(Z, x Z,) = GLy(Z,).
10. Prove Theorem
11. Let H < G. Prove that Cs(H) < Ng(H) and Ng(H)/Cq(H) is isomorphic to a subgroup of Aut H.
12. If G is a group for which Aut(G) = {1}, prove that |G| < 2.

o

Project 4 (Generalization of Fermat'’s little theorem). The project is based on I. M. Isaacs and M. R. Pour-
naki [26]. It gives a generalization of Fermat’s little theorem using group actions.
(a) Let G be a finite group. For each positive integer a, let [a] be the set of functions from G to
{1,2,...,a}. Prove that

(g-f)(h) = f(g~'h) forall g,h € G and f € [a]°

defines an action of G on the set [a]“.
(b) Show that
Z a1l =0 (mod |G|).

geG

[Hint. Use Burnside’s Theorem with the action in (a) to conclude that @ Zg e alGl/lal is a positive
integer.]
(c) Taking G = Z,,, deduce that Z a?dFm) = 0 (mod m).
k=1

1.5 The Symmetric Group

In this section, we study the symmetric group on n letters, S,. Recall that S, is the group of
permutations (1-1 and onto maps) on {1, 2,...,n} under composition. Its order is n!.

A permutation v of {1,2,...,n} which permutes a sequence of distinct elements i1, i, . .., i,
r > 1, cyclically in the sense that

y(i1) = d2,7(i2) = 43,...,7(ir—1) = 4r, and y(i,) = i1

and fixed (that is, leaves unchanged) the other numbers in {1,2,...,n} is called a cycle or an
r-cycle. We denote this as

v = (iyia...ir).

It is clear that we can equally well write

v = (igig ... iril) = (i3i4 ... irilig), etc.
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Two cycles v and + are said to be disjoint if their symbols contain no common letters. In
this case, it is clear that any number moved by one of these transformations is fixed by the other,
i.e., Vi,v(i) # i = +/'(i) = i. Hence, if i is any number such that (i) # 4, then v7/(i) = ~(4),
and since also v2(i) # +'(i), v/v(i). Similarly, if 7/(i) # i, then /(i) = 7/'(i) = 7'(). Also if
(i) =i =~(i), then vy (i) = v'v(i). Thus vy = ~', that is, we have proved (1) of the following
theorem.

Theorem 1.5.1. [Order of a Cycle]
1. Any two disjoint cycles commute.
2. If v = (iria .. .1,) is an r-cycle, then the order of 7 is r.
3. If o= (i3 ..0p, ) (J1J2 -+ - Jry) - - - (K1ka . . . ky,) is a product of disjoint cycles, then the order
of a is the least common multiple of r1, 7, ..., Ts.

Proof. For (2), clearly, 7" = (1). Let 1 < s < r. Then v°(iy) = isy1 # i1, S0 v* # (1). (3)
follows from (2) and the fact that |ab| = lem(|al,|b|) for all a,b € G such that ab = ba and
Vm € N,a™b™ = e = a™ = b"™ = e (see Exercises [1.4). O

It is convenient to extend the definition of cycles and the cycle notation to 1-cycles where we
adopt the convention that for any i, (4) is the identity mapping. With this convention, we can see
that:

Theorem 1.5.2. [Decomposition of a Permutation] Every permutation is a product of disjoint
cycles. Moreover, the product is unique up to rearranging its cycles and cyclically permuting the
numbers within each cycle.

Proof. Leto € S,. If o = (1), we are done. Assume that o # 1. Let G = (o) acton {1,2,...,n
naturally as in Examples[1.3.1] (1). Let By, Bo, ..., B, be distinct orbits of {1,2,...,n} under this
action. For each j € {1,2,...,r}, we define the cycle u; by

o(x), ifx € By;
pi(z) = :
x, ifxe{l,2,...,n} \ B;.

Since B;, i =1,2,...,r, are disjoint, u, are disjoint cycles, and clearly, o = p1ps . . . - O
Remark. The above two theorems tell us how to find the order of an element in .S,,.

Next, we shall discuss the cycle structure and the conjugacy class of a permutation.

Lemma 1.5.3. If a € S, is a permutation, then
alivia ... ip)at = (a(ip)alia) . .. afi)).

Proof. For x € {1,2,...,n},

: if 2 =i :
(X(’iliz...’ir)(iﬁ) {Oé Im+1 modr)a €T tm  mod r;

- O(((I,’)7 1f$¢ {il,ig,...,ir}
_ a(im-l—l mod 7")7 if 04($) = O‘(’m mod r);
a(z), if a(z) ¢ {a(i), aliz),...,a(iy)}

= (a(ip)a(iz) ... a(iy))(a(z)).

Hence, a(iyiz ... i) = (a(ip)a(iz) ... a(iy))a. O
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If o € S, is the product of disjoint cycles of lengths rq,79,...,7s with r; < ro < ... < 74
(including its 1-cycles) then the integers 1,79, ..., rs are called the cycle structure of o.

A partition of a positive integer n is any nondecreasing sequence of positive integers whose
sum is n. For example, 5 has seven partitions, namely, 1 + 1+ 1+ 1+ 1,1+ 1+1+2,14+2+2,
14+1+3,1+4,2+ 3 and 5. The following result shows that the number of conjugacy classes of
S, and the number of partitions of n are coincide.

Theorem 1.5.4. Two elements of S,, are conjugate if and only if they have the same cycle structure.
The number of conjugacy classes of S,, equals the number of partitions of n.

Proof. Assume that ¢ and 7 are conjugate. Then 7 = aoca ™! for some 7 € S,,. Write

g = (ilig e irl)(jljg .. -jrz) e (ki]kg . krs)
as a product of disjoint cycles. Thus,

-1

T=aca ' =aliyia...i ) a(fie ... jr)o talkiks .. k)

= (a(in)a(iz) ... alir))(a(i)a(l) . .- a(jr))(@(k)a(ks) . .. alk,)).

Hence, o and 7 have the same cycle structure.
Conversely, suppose that ¢ and 7 have the same cycle structure written as a product of s
disjoint cycles (including 1-cycles) as

0= (a102 .. @y )(Ary 4105 42 - - Qrypry) o (Qrybrgtotrg 141 - - An—1Gp)

and
T = (b1b2 e br1)(br1+lb7‘1+2 e le'H”Q) e (br1+r2+...+7«3_1+1 . bn—lbn)'

Define o € S, by a(a;) = b; for alli € {1,2,...,n}. Then aca™! = 7. O

Example 1.5.1. The number of conjugacy classes of S5 is 7 and
{a(12)(345)a"! s a € S5} = (5)(3 — 1)! = 20.

Example 1.5.2. The Klein group V; = {(1),(12)(34), (13)(24), (14)(23)} is normal in S, because
V4 contains of all products of disjoint 2-cycles and so Vo € Sy, aVia~! = V, by Theorem [I.5.4
Moreover, since the group {(1),(12)(34)} is of index two in Vj, it is normal in V; by Theorem
.33l However, {(1),(12)(34)} is not normal in S4. Thus, normality of subgroups is not transitive.

Corollary 1.5.5. [Center of S, ] If n > 3, then the center of S,, is trivial, i.e., Z(S,) = {(1)}.

Proof. We wish to prove that Va € S,[VB8 € S,,Ba87! = a = a = (1)]. By Theorem [[.5.4}
Va € Spla # (1) = [{BaB™! : B € S,}| > 1]. By Corollary [.3.8Va € S,[|[{BaB~! : B € S} >
1= a¢ Z(S,)]. Hence, let o € Z(S,,). Then [{BaB™ ! :a € S,}| =1,s0 a = (1). O

To define an important subgroup of S,,, namely the alternating group, we shall need some
results on 2-cycles. A cycle of the form (ab), where a # b, is called a transposition. It is easy to
verify that

(iig ... ip) = (i1iy) . . . (i1i3) (i1i2),
a product of » — 1 transpositions. It follows that any « € S, is a product of transpositions. Also, a
transposition (ab) has order two in .S,,.

Theorem 1.5.6. 1. (1) is always a product of even number of transpositions.
2. If a € S, is written as a product of transpositions, then either the number of transpositions
in any product is always odd or always even.
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Proof. (1) Assume that we have two transposition decompositions

(1) = (z1y1)(w2y2) - - - (weyr) = (Lo1)(1yr) (121) (122) (1y2) (L) - . . (Log) (1yx) (1ok)

with z; < y; for all i € {1,2,...,k}. Consider any (1lu),u > 1, in the right hand side. Since
the opposite side is (1), (1u) must occur twice (or even number of times) in the right hand side.
Note that (1 — u and v — 1) will give v — wu. Thus each transposition in the right hand side
occurs even numbers of times, which implies that the right hand side should have even number
of transpositions. Hence, k is even.

(2) Assume

a = (T1y1)(72y2) - - - (Tkyx) = (w121)(w2z2) . .. (wi21)

for some z; # y;, w; # z; and k, 1 € N. Since |(w;z;)| = 2 for all 4,

(z1y1)(2y2) - - (zeye) (wiz) " (wimizim1) ™ (wrzn) ™ = (1)
(z1y1)(w2y2) - - - (Tpyr) (wizg)(wi—121-1) - . (wi21) = (1),

so k + [ is even. Hence, k and [ have the same parity. O]

The previous theorem leads to the definition of parity of a permutation. We call the per-
mutation « even or odd according as « factors as a product of an even or an odd number of
transpositions.

Remarks. Let o, 5 € S,,.
1. af is even < « and [ have the same parity.

2. Since aa~! = (1) which is even, a and o~ ! have the same parity.

Theorem 1.5.7. Let n > 1. The set A,, of all even permutations forms a normal subgroup of .S,, of
index two. It is called the alternating group of degree n and |A,,| = n!/2.

Proof. By Theorem (1) is even. It is clear that the product of even permutations is even.
Since a transposition has order two, the inverse of an even permutation is even. Hence, A, is a
subgroup of S,,. Since n > 1, let (ab) be a transposition in S,,. Clearly, (ab) is an odd permutation.
We will show that S,, = A4,, U (ab)A,. Let a € S,,. If a is even, then a € A,,. On the other hand,
assume that « is odd. Then (ab)« is even, so (ab)a € A, i.e., a € (ab)A,. Thus, [S, : A,] = 2. In
addition, since o and o~! have the same parity, aA,a~! C A,,. Hence, A, is normal in S,,. O

The above proof also shows that if n > 1, then S,, = A,, U (ab)A,, and the number of even
permutations and odd permutations are the same.

Corollary 1.5.8. Let a group G act on a finite set X, and assume that some element h € G induces
an odd permutation on X. Then there exists a normal subgroup N of G with [G : N| = 2 and
h ¢ N.

Proof. Consider the diagram

G- S(X) "~ S(X)/A(X)

where A(X) is the alternating group of even permutations on X, ¢ : ¢ — ¢, and  is the canonical
map. Since ¢, is an odd permutation, 7 o 6 is onto. Choose N = kerw o §. Then N < G and
G/N = S(X)/A(X). Thus, [G : N] = [S(X) : A(X)] = 2. Since (r00)(h) = ¢ A(X) # A(X), we
have h ¢ N. O
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Finally, we talk about the simplicity of A,,. A group is simple if it has no nontrivial normal
subgroup. That is, all normal subgroups of G are {e} and (. For example, Z, is simple for all
primes p.

Corollary 1.5.9. Let |G| = 2m, where m is odd. Then G has a normal subgroup of order m. In
particular, if m > 1, then G is not simple.

Proof. Since |G| is even, let g be an element of order two in G. Let G act on G by left multiplication

and consider G % S(G). Since the action is faithful, 0 is 1-1, so |6(g)| = 2. Thus, 6(g) = ¢, is
an odd permutation. By the previous corollary, there exists a normal subgroup N of G such that
[G : N] = 2. Hence, G is not simple. O

Example 1.5.3. Since the Klein group V4 = {(1), (12)(34), (13)(24), (14)(23)} is normal in Ay, it
follows that A, is not simple.

In general, we have the next theorem.
Theorem 1.5.10. A, is simple for all n # 4.
Proof. Clearly, A; and Ajs are simple. For n > 5, we give a step-by-step guideline in Project[5l []

Corollary 1.5.11. If n # 4, then the only normal subgroups of S,, are {(1)}, A,, and S,,.

Exercises 1.5. 1. Prove that A4 is the only subgroup of S, of order 12.
2. Prove that A4 has no subgroup of order six.
3. Determine all normal subgroups of Sy. (Hint. Use conjugacy classes.)
4. (a) Find the largest positive integer n such that Sjo has a permutation of order n.
(b) The exponent of a finite group G is the smallest positive integer n such that ¢" = 1 for all
g € G. Find the exponent of S5, the symmetric group on 30 letters.
5. Show that if H is any subgroup of S,,, n > 2, then either all permutations in H are even or exactly
half are even.
6. Let G be a group of order 360 having a maximal subgroup isomorphic to As. Prove that G = Ag.

Project 5 (Simplicity of A,,). Prove that A,, is simple for n > 5, following the steps and hints given.
(a) Show A, contains every 3-cycle if n > 3.
(b) Show A, is generated by the 3-cycles for n > 3. [Hint. Note that (a,c)(a,b) = (a,b,c) and
(a,b)(e,d) = (a,¢,b)(a, e, d).]
(c) Letr and s be fixed elements of {1,2,...,n} for n > 3. Show that A,, is generated by the n “special”
3-cycles of the form (r,s,i) for 1 < i < n. [Hint. Show every 3-cycle is the product of “special”
3-cycles by computing

(r,s,1)2, (r,s,5)(r,5,9)%, (r,5,§)*(r,s,i) and (r,s,i)*(r,s,k)(r,s,5)(r,s,4).

Observe that these products give all possible types of 3-cycles.]
(d) Let N be a normal subgroup of A,, for n > 3. Show that if V contains a 3-cycle, then N = A,,. [Hint.
Show that (r, s, i) € N implies that (r, s, j) € N for j = 1,2,...,n by computing

((r,8)(i,5))(r,5,0)*((r,)(5,4)) "]

(e) Let N be a nontrivial normal subgroup of A,, for n > 5. Show that one of the following cases must
hold, and conclude in each case that N = A,,.
Case 1. N contains a 3-cycle.
Case 2. N contains a product of disjoint cycles, at least one of which has length greater than 3. [Hint.

Suppose N contains the disjoint product o = ju(ay, as, ... ,a,). Show that 0~ (a1, as, az)o(ai, as,az) ™!
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isin N, and compute it.]

Case 3. N contains a disjoint product of the form o = p(ay4,as, ag)(a1,a2,as). [Hint. Show that

o Yay,as,a4)0(ay,as,aq)"t is in N, and compute it.]

Case 4. N contains a disjoint product of the form o = p(ay, a2, as) where u is a product of disjoint
2-cycles. [Hint. Show ¢ € N and compute it.]

Case 5. N contains a disjoint product o of the form o = u(as, aq)(a1,as), where p is a product of an
even number of disjoint 2—cycles.

[Hint. Show that 0~ (ay, as,a3)o(ay, as,az) "t isin N, and compute it to deduce that o = (a2, a4) (a1, as3)
is in N. Using n > 5 for the first time, find ¢ € {1,2,...,n}, where ¢ # ay,a2,a3,a4. Let

B = (a1,as,i). Show that 3~ 'afBa € N, and compute it.]

Project 6 (Wilson). Let p be a prime. Taking G = S, in the proof of Cauchy’s theorem (Theorem[1.3.12),
we see that the set {o € S, : ¢ = (1)} is of cardinality a multiple of p. Count the number of elements in
this set and deduce that (p — 1)! = —1 (mod p). This provides another proof of Wilson’s theorem.

1.6 Sylow Theorems

We know the order of a subgroup of a finite group G must divide |G|. If |G| is cyclic (even only
abelian), then there exist subgroups of every order dividing |G|. A natural question is: If k divides
|G| is there always a subgroup of G of order £? A little experimenting shows that this is not so. For
example, the alternating group A4, whose order is 12, contain no subgroup of order six. Moreover,
A, for n > 5 is simple, that is, contains no normal subgroup # 1, A4,,. Since any subgroup of index
two is normal, it follows that A,,, n > 5, contains no subgroup of order n!/4.

1.6.1 Sylow p-subgroups

The main positive result of the type we are discussing was discovered by Sylow / see | ov/ . Its
proof provides us another application of action of a group on a set. Unless specified otherwise, p
denotes a prime.

A group G is said to be a p-group if |a| is a power of p for all a € G.

Example 1.6.1. The group Z, is a p-group. If X is a set, then (P(X), A) is a 2-group.

Since we mainly study finite groups, the following corollary will be useful. Lagrange theorem
and Cauchy theorem imply each direction, respectively.

Corollary 1.6.1. Let G be a finite group. Then G is a p-group < |G| is a power of p.

Remark. Let P and () be subgroups of G. If P is a p-group and (@ is a ¢g-group, where p and q are
distinct primes, then P N Q = {e}.

Theorem 1.6.2. Let G be a finite p-group and |G| > 1. Then the following statements hold.
1. 1Z(G)| > 1.
2. If |G| = p?, then G is abelian.

Proof. By Corollary[1.6.1} |G| = p' for some I € N. Recall from Corollary [[.3.8 that

Gl =12(G)|+)_ Hgrig ' -9 € G} = |2(G)| + Y _[G : Ca(wi)],
i=1

i=1
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where z1,...,x, represent the conjugacy classes of G which contains more than one element.
Since [G : Co(x;)] = |G|/|Cq(z;)| > 1 for all i and |G| = p', p divides |{gzig~! : g € G}| for all
i€{1,2,...,s}. Hence, p | |Z(G)|, so |Z(G)| > 1. This proves (1). For the second part, assume
that |G| = p?. We know that Z(G) is a normal subgroup of G and |Z(G)| > 1. By Lagrange
Theorem, |Z(G)| = p or |Z(GQ)| = p*. If |Z(G)| = p?, we have Z(G) = G and so G is abelian.
Suppose that |Z(G)| = p. Then G/Z(G) is of order p and so a cyclic group. This implies that G is
abelian. O

Because all subgroups of a p-group have p-power index, the length of an orbit under an action
by a p-group is a multiple of p unless the point is a fixed point, when its orbit has length one. This
leads to an important congruence modulo p when a p-group is acting.

Lemma 1.6.3. [Fixed Point Congruence] Let G be a finite p-group.
If G acts on a finite set X and Xo = {x € X : gz = x forall g € G}, then |Xy| = |X| mod p.
Here, X is called the set of fixed points.

Proof. We observe first that Xo = {z € X : |G - z| = 1}. Let xy, ...,z represent the orbits of X
which contains more than one element. Then

|1X| = |Xo| + ) _IG - al.
i=1
By Orbit-Stabilizer Theorem, for each i € {1,2,...,s}, 1 < |G - z;| = [G : Stabg x;] which is
divisible by p. Hence, | Xy| = |X| mod p as desired. O

Lemma 1.6.4. Let G be a finite group and H, P < G. If H is a p-group, then
1. {zP:x € Gand H C xPz7'}| =[G : P] mod p,
2. [N¢(H): H| =[G : H] mod p, and
3. ifp|[G: H| thenp | [Ng(H): Hl and N¢(H) # H.

Proof. Let X = {zP : z € G} and let H acton X by h- 2P = haP forallz € G and h € H.
Clearly, | X| =[G : P] and
Xo={«zP:x € Gand haP =zPforallhe€ H}
={zP:zecGandz ‘hx c Pforallh c H}
={zP:zecGandx 'Hx C P} = {zP:z € Gand H C 2Pz '},
so|[{zP:x € Gand H C xPz~'}| =[G : P] mod p by Lemmal[l.6.3] Furthermore, if P = H, we

have
Xo={rH:z€Gand H C xHx '}

Since Vz € G,|xrHz~!| = |H| and H is finite, we have
| Xo| =|{zH:x€Gand x'Hx = H}| = |{xH : 2 € Ng(H)}| = [Ng(H) : H],
so [Ng(H) : H] =[G : H] mod p . The final result clearly follows from (2). O

We now discuss three theorems due to Sylow. The first theorem shows the existance of a
maximal p-subgroup of a finite group G.

Theorem 1.6.5. [First Sylow Theorem] Let G be a group of order p"m where n > 1 and p does
not divide m. Then the following statements hold.
1. G contains a subgroup of order p' forall 1 < i < n.
2. For each i, where 1 < i < n, every subgroup H of G of order p' is a normal subgroup of a
subgroup of order p*+l.
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Proof. Since p divides |G|, by Cauchy theorem, G has a subgroup H; of order p. Assume that
k€ {1,2,...,n—1} and G has a subgroup Hj, of order p*. Then the index [G : Hy] = p" *m and
n—k > 1. By Lemmal[l.6.4] p divides [Ng(Hy) : Hy] = |Ng(Hy)/Hy|. Again, by Cauchy theorem,
N¢(Hy)/Hy has a subgroup H of order p. By the Third Isomorphism Theorem, H = Hy1/Hj, for

some subgroup Hj1 of Ng(Hj) containing Hy. Moreover, Hy, < Hy1 and |Hy11| = |H||Hi| =
pp* = p**+1. Hence, there are subgroups Hy, Ho, ..., H, of G such that |H;| = p’ fori =1,2,...,n
and Hy < Hy <« ---< Hy,. ]

A maximal p-subgroup of a group G is called a Sylow p-subgroup of GG. By Zorn’s lemma, we
have the following statements.

1. A Sylow p-subgroup of a group G always exists and it may be trivial.

2. Every p-subgroup of a group G is contained in a Sylow p-subgroup of G.
By Corollary [1.6.1] and Theorem [I.6.5] if G is a finite group and p is a prime such that p divides
|G|, then G has a Sylow p-subgroup of order p"|||G|. (Here, p"|||G| means n is the highest power
of p dividing |G|.) That is, [G : P] is not divisible by p. Moreover, we have:

Corollary 1.6.6. Let G be a group of order p"m where n > 1 and p does not divide m.
1. G has a Sylow p-subgroup of order p™.
2. For H < G, H is a Sylow p-subgroup of G < |H| = p™.
3. Every conjugate of a Sylow p-subgroup of G is a Sylow p-subgroup of G.
4. If P is the only one Sylow p-subgroup of G, then P is normal in G.

Proof. (1) and (2) follow from the definition and the above discussion. Since a conjugate of a
subgroup of G is of the same order as the subgroup, (2) implies (3). Finally, (4) follows from
(3). O

The second and third Sylow theorems determine all Sylow p-subgroups and possible numbers
of Sylow p-subgroups, respectively. Also, they give the converse of the above results.

Theorem 1.6.7. [Second Sylow Theorem] Let G be a finite group.
1. If P is a Sylow p-subgroup of G and H is a p-subgroup of G, then H C xPx~' for some
x € G.
2. Any two Sylow p-subgroups of G are conjugate.

Proof. By Lemma[1.6.4 |[{xP : x € G and H C 2Pz~ '}| = [G : P] mod p. Since P is a Sylow
p-subgroup of G, p 1[G : P],so {xP:x € G and H C xPz~!'} # (). Thus, there exists an x € G
such that H C xPx 1.

Next, we let P, and P, be Sylow p-subgroups of G. Then there exists an 2z € G such that
Py CxPyx~!. But |Py| = |P| = |[zPx~ Y| and G is finite, P, = 2Pz~ !. O

Corollary 1.6.8. Let G be a finite group and let P be a Sylow p-subgroup of G.
1. {zPx~':z € G} is the set of all Sylow p-subgroups of G.
2. The number of Sylow p-subgroups of G is |G : Ng(P)] and it divides |G : P] and |G]|.
3. Pisnormal in G < P is the only one Sylow p-subgroup of G.

For a finite group G and a prime p divides |G|, we write n,(G) for the number of Sylow
p-subgroups of G.

Theorem 1.6.9. [Third Sylow Theorem] If G is a finite group and a prime p divides |G|, then
ny(G) =1 mod p.
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Proof. Let P be a Sylow p-subgroup of G. Then the set X = {zPz~! : z € G} consists of all
Sylow p-subgroups of G. Let P act on X by conjugation, namely, (g, zPz~') — gzPz~'g~! for
allg € Pand x € G. Since gPg~! = Pforallg € P, P € Xy. Let Q € Xo. Then gQg~ ! = Q
forall g € P, so P C Ng(Q). Since P and () are Sylow p-subgroups of N;(@) and @ is normal
in N¢(Q), P = Q by the uniqueness of normal Sylow p-subgroup. This proves Xy, = {P}. By
Lemma[1.6.3] we have n,(G) = |X| = |Xo| =1 mod p as desired. O

1.6.2 Applications of Sylow Theorems

Here, we present some applications of Sylow theorems on a finite group. The proofs use basic
properties of subgroups, quotient groups, cyclic groups and symmetric groups studied previously.
We shall see many techniques in group theory in this subsection.

Theorem 1.6.10. Let G be a finite group. If P is a Sylow p-subgroup of G, then

Ng(Ng(P)) = Na(P).

Proof. Since P < Ng(P), P is the only Sylow p-subgroup of Ng(P). Let x € Ng(Ng(P)). Then
rNg(P)z~! = Ng(P). Since P C Ng(P), xPx~! C Ng(P). Thus, zPz~! = P since zPx ! is a
Sylow p-subgroup of G. Hence, x € Ng(P). O

Theorem 1.6.11. [Group of Order pq] Let G be a group of order pq where p and q are primes and
p < q. Then G is a cyclic group, or G has q Sylow p-subgroups and p | (¢ — 1).

Proof. Since the number of Sylow p-subgroups divides |G| = pq, it is 1, p, ¢ or pq. But this number
is=1 mod p, soitis 1 or ¢q. If G has ¢q Sylow p-subgroups, then we are done. Assume that G
has only one Sylow p-subgroup, say P. Then P is normal in . Consider the number of Sylow
g-subgroups of G. It is again 1, p, ¢ or pg, and = 1 mod g, so the only possibility is 1 since p < q.
Thus, G also has a unique Sylow ¢-subgroup, say @, and so @ is normal in G. Since the orders of
P and () are prime, both P and () are cyclic. Let a and b be generators of P and (), respectively.
Note that aba~'b~! € PN Q = {e}. Thus, ab = ba, so |ab| = pg = |G|. Hence, G = (ab). O

Remark. Theorem[I.6.11]demonstrates the power of the Sylow theorems in classifying the finite
groups whose orders have small numbers of prime factor. Results along this lines of this theorem
exist for groups of order p?q, p?¢?, p® and p*, where p < ¢ are primes.

Example 1.6.2. There can be no simple groups of order 200 and of order 280.

Proof. Let H be a group of order 200. Let P be a Sylow 5-subgroup of H. Then ns(H) divides
[H:P]=8and ns(H) =1 (mod 5), so n;(H) = 1. Hence, P is normal in H.

Next, let G be a group of order 280. By Corollary [1.6.8 and Theorem [1.6.9] we have ny(G) =
1,5,7 or 35, n5(G) = 1 or 56 and n7(G) = 1 or 8. If n5(G) = 1 or n7(G) = 1, we are done. Assume
that n5(G) = 56 and n7(G) = 8. Then we have 56 - 4 = 224 elements of order 5, and 8 - 6 = 48
elements of order 7. Hence, G has a unique Sylow 2-subgroup. O]

Example 1.6.3. Let G be a group of order 30. Then
1. Either a Sylow 3-subgroup or a Sylow 5-subgroup is normal in G.
2. G has a normal subgroup of order 15.
3. Both a Sylow 3-subgroup and a Sylow 5-subgroup are normal in G.
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Proof. Assume that neither a Sylow 3-subgroup nor a Sylow 5-subgroup are normal in G. By
Corollary [1.6.8] n3(G) and n5(G) are more than one and are factors of |G|. By Third Sylow
Theorem, n3(G) > 10 and n5(G) > 6, so G contains at least 20 elements of order three and at
least 24 elements of order five. This exceeds the number of elements of G, a contradiction. Thus,
we have (1). Now, let P3 and P; be a Sylow 3-subgroup and a Sylow 5-subgroup of G, respectively.
By (1), we see that P3 or P5 is normal in G, so P3P is a subgroup of G. Since P; N P; = {e},
| PsPs| = 15, so the index [G : P3Ps] is two. Hence, P3P5 is normal in G. This proves (2).

Finally, we assume that P; is normal while P; is not. Thus, G has two elements of order
three at least 24 elements of order five. By Theorem [.6.11] P3P is cyclic, so G has ¢(15) = 8
elements of order 15. Hence, G contains more than 30 elements, a contradiction. On the other
hand, we assume that P; is normal while P; is not. Thus, G has four elements of order five at
least 20 elements of order three. Again, GG also contains 8 elements of order 15. This leads to a
contradiction, so P3 and P5 are normal in G as desired. O

Example 1.6.4. Every group G of order 12 that is not isomorphic with A, contains an element of
order 6.

Proof. If A is a Sylow 3-subgroup, then A = (a) and |a| = 3. Let G act on {A, x2A, 234, x4 A} by
(g,2zA) — gz A. This action induces a homomorphism 6 : G — S, whose kernel K is a subgroup
of A. Then K = {e} or K = A. If K = {e}, then G is isomorphic to a subgroup of S4 of order
12, so G = A4 which is excluded by hypothesis. Thus, A = K is normal in G which implies that
A is a unique Sylow 3-subgroup of G. Hence, a and a? are only two elements of order 3 in G.
Since [G : C¢(a)] is the number of conjugates of a which is 1 or 2, |C¢(a)| = 12 or 6, so there is a
b € Cg(a) of order two. Since ab = ba, |ab| = 6. O

Example 1.6.5. Recall that V; = {(1),(12)(34), (13)(24), (14)(23)} is a normal subgroup of A,.
Since |A4| = 12 = 22 .3, V, is the unique Sylow 2-subgroup of A,. Moreover V, has three
subgroups of order two, namely ((12)(34)), ((13)(24)) and ((14)(23)). Next, we analyze the Sylow
3-subgroups of A,. They are cyclic subgroups of order three generated by a 3-cycle. Note that
there are eight 3-cycles in A4, so we have four subgroups of order three, which are ((123)), ((124)),
((134)) and ((234)). By Exercises[I.5] A4 has no subgroup of order six. Hence, the diagram below
shows all subgroups of A,.

Ay

/<123>\\ 134

124

{(W}

234))

We shall see more applications of Sylow theorems in Section 3.3 It turns out that any finite
nilpotent group is the direct product of its Sylow p-subgroups.

Exercises 1.6. 1. If G is a finite p-group where p is a prime, N is normal in G and N # {e}, prove that
NN Z(G) # {e}.
2. Prove that if |G| = pn with p > n, p is a prime, and H is a subgroup of G of order p, then H <« G.
3. Let p be the smallest prime dividing the order of a finite group G. Show that any subgroup H of G
of index p is normal.
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4. Let G be a group of order p™ where p is a prime and n € N. Prove that there exist normal subgroups
Ni,...,N, of G such that N; < Ny < --- < N,, with |N;| = p* foralli € {1,2,...,n}.
5. Let G be a group, M <G and N < G. Prove the following statements.
(@ fMNN ={e},thenazy =yx forallz € M and y € N.
(b) If M and N are finite cyclic subgroups of G' and gcd(|M],|N|) = 1, then MN is a cyclic
subgroup of G of order |M||N]|.

6. Let P be a Sylow p-subgroup of a finite group G and N a normal subgroup of GG. Show that:

(@) PN N is a Sylow p-subgroup of N,
(b) PN/N is a Sylow p-subgroup of G/N.

7. Show that there are no simple groups of order 148 or of order 56.

8. How many elements of order 7 are there in a simple group of order 168?

9. Let GG be a group of order 153. Prove that G is abelian.

0. Let G be a group of order 231. Show that n1;(G) = 1 and the Sylow 11-subgroup of G is contained

in Z(G).
11. Show that there is no non-abelian finite simple group of order less than 60. (Hint. We may focus on
groups of the following orders: 24, 30,40, 48, 54 and 56.)
12. Let G be a group of order 385. Show that a Sylow 11-subgroup of G is normal and a Sylow 7-subgroup
of G is contained in Z(G).
13. Let p be a prime and P a Sylow p-subgroup of a finite group G. Suppose that, for all g € G, if
P+ gPg~1, then PN gPg~! = {e}. Show that n,(G) =1 mod |P|.

14. Let G be a group of order 2013. Prove that G has a proper normal subgroup N such that G/N is

cyclic.

15. (a) Let G be a finite group and N a normal subgroup of G. If N contains a Sylow p-subgroup of
G, prove that the number of Sylow p-subgroups of N is the same as that of G (i.e., n,(N) =
np(G)).

(b) Show that if G is a group of order 130, then G has a normal subgroup of order 5.
16. Let G be a finite group acting transitively on a finite set X. Let z € X and G, the stabilizer of z.
Let P be a Sylow p-subgroup of G,.. Show that the subgroup Ng(P) = {z € G : 2P2~! = P} of G
acts transitivelyon Y = {y € X : hy = y for all h € P}.

Project 7 (Simple groups of small order). We have learned from the above exercise that the smallest non-
abelian simple group is of order 60 by using Sylow’s theorems to eliminate the groups of smaller order.
Write a computer program that uses Sylow’s theorems to eliminate all orders between 1 and say 1,000 (or
more) for which group that cannot be simple. For any order that could have a simple group G, list n,(G)
for all primes p dividing the order.

Project 8 (Lucas’ congruence). Let p be a prime and let n > m be non-negative integers. Write n = pn’+ag
and m = pm’ + by where 0 < ag,by < p — 1. Decompose {1,2,...,n} into a union of p blocks on »’
consecutive integers, from 1 to pn’, followed by a final block of length a(. That is, let

Ay ={in +1,in" +2,...,(i+ 1)n'}
for0<i<p-1,so
{1,2,...,n} =AgUA U---UA, 1 U{pn' +1,pn’ +2,....pn' +ao}.
For 1 <t < n/, let o, be the p-cycle
or=(t,n +t,2n +t,....(p—1)n' +1).

This cycle cyclically permutes the numbers in Ag, A1, ..., A,_1 thatare = ¢ (mod n’). The o,’s for different
t are disjoint, so they commute. Set 0 = 0105...0,. Then ¢ has order p as a permutation of {1,2,...,n}
(fixing all numbers above pn'). Let X be the set of m-element subsets of {1,2,...,n}. Then |X| = (). Let
the group (o) act on X.

(a) Show that the number of fixed points of this action is (Zg) (;’;L/,). Deduce, by Lemma [1.6.3] that
(m) = () () (mod p).
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(b) Prove Lucas’ congruence: if n = ag + a1p + aop® + - - + app® and m = by + byp + bop? + - - - + bppF
with 0 < a;,b; < p — 1, then
n ap a1 Qg
= o d p).
(o) = ) () () ot

1.7 Finite Abelian Groups

The study of finite non-abelian groups is complicated as we have learned that the Sylow theorems
give us some important information about them. This section gives us complete information about
all finite abelian groups. We start with formal definitions of the direct product of groups.

Let A and B be groups. The direct product of A and B is defined as:

1. aset A x B={(a,b):a € Aandb € B} is the Cartesian product of A and B,

2. multiplication is coordinatewise, namely, (a, b)(c,d) = (ac, bd).
More generally, if {A; : i € I} is a family of groups, then [[,.; A; is a group with coordinatewise
multiplication. It is called the direct product of the groups A;. The subgroup

Hw A; = {(ai) € H A; : a; = e for all but finitely many z}

i€l iel
of [[;c; A is called the external weak direct product of the groups A;. Note that it is normal
in [[,c; Ai. In case A; are all additive abelian groups, we may write ) . ; A; for [[,.; A; and

Y oier Ai for [Tic; As.
Let G be a group. It is easy to show that:
1. If Ny,..., N, are normal subgroups of GG, then

NiNy-- Ny =(NyUNoU---UNp,).

2. If {N; : i € I} is a family of normal subgroups of G, then

<UN> - U NN

iel i1,eim€l,
meN

Theorem 1.7.1. Let {N; : i € I} be a family of normal subgroups of G such that

1. G= (Ui, Ni) and 2.VkeI,Nyn <Uz‘el\{k} Ni> = {el.
Then G = [[7.; N;.

The group G satisfies conditions of Theorem [I.7.1]is called the internal weak direct product
of {N; : i € I'} and we write G = [[;,; V;. If G is additive abelian, then G is called the internal
direct sum of {N; : i € I} and we write G = @, V.

Corollary 1.7.2. Let Ny, Na, ..., Ny, be normal subgroups of G. If G = N; ... N,, and
NgN(Ny...Ng_1Ngy1...Ny) ={e} forall k € {1,...,m}, then G = N1 X -+ X Np,.

Proof of Theorem[I.7Z1] From (2), for each i, j € I with i # j, we have N; N N; = {e}, this implies
that zy = yx for all z € N; and y € N; because N; and N; are normal in G.
Define ¢ : [[:.; N; — G by
p({ai}) =[] a
el
which is a finite product since a; = e for all but a finite number of i € I and it is a well defined
homomorphism by the previous observation. To show that this map is onto, let x € G. Since
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G is generated by (J;c; Ni, G = Ui, ....imer, Niy - -+ Ny, so there are distinct k1,...,k € I and
meN

a1 € Ni,,...,a; € Ny, such that x = ay, ...ay,. Let {x;} in [[;z; N; be defined by z; = q; if

i € {k1,...,k} and x; = e for other i. Then ¢({z;}) = [[;c;%: = ax, ...ar, = x as required.

Finally, we show that ¢ is injective, let {a;} € [[;c; N; be such that [[,.; a; = e. Then for each
kel at= [Licr g s in N, N (U gy Ni) = {e}. This implies that aj, = e for all k € I, and
hence ¢ is an isomorphism. O

The proof of injectivitity above also implies the following theorems.

Theorem 1.7.3. Let Ny, Ns, ..., N,, be normal subgroups of G. Then the following statements are
equivalent.

() G is the internal weak direct product of N1, ..., Np,.

(i) Ve € G,3lay € Ni,...,am € Npp, T =aq ... am.

Theorem 1.7.4. Let {N; : i € I} be a family of normal subgroups of a group G. Then the following
statements are equivalent.

(D) G is the internal weak direct product of {N; : i € I}.

(i) Ve € G~ {e}, iy, ... im € I,3a;, € N;y ~{e},...,a;, € Ni,, ~{e}, v =a;, ...a;,.
Corollary 1.7.5. [Internal Direct Product] Let G be a group. Suppose that A and B are normal
subgroups of G such that

1.AnB={e} 2. AB=G and 3.Va€ Ab¢c B,ab=ba.

Then G = A x B. In this case, we say that G is the internal direct product of A and B.

An application of the first isomorphism theorem with the natural map gives the next results.

Theorem 1.7.6. Let {G; : i € I} be a family of groups, and for i € I, let N; be normal in G;.
Then [[;c; Ni is normal in [[,.; Gi and [1,c; Gi/ [1ic; Ni = [1ic;(Gi/N;). Similarly, [[;c; Ni is
normal in [[3.; G; and [[ic; Gi/ [Ticr Ni = [Lic;(Gi/Ny).

Corollary 1.7.7. Let Gi,...,Gy, be abelian groups, and for 1 < j < m, let H; be a subgroup
of Gj. Then (G1 & - ® Gy)/(H1®---® Hy,) = (G1/H1) & --- & (Gn/Hy).

Next, we study the structure of a finite abelian group. Results on elements of finite order are
presented in the next theorem and we recall the Chinese Remainder Theorem in a group theoretic
language. Their proof are routine and left as exercises.

Theorem 1.7.8. Let A be an abelian group and n € N. Then the following statements hold.
1. The mapping ¢, : A — A defined by ¢, (a) = a™ is a group homomorphism.
2. A" ={a" :a € A} = im g, is a subgroup of A.
3. A(n) ={a € A:a" =e} =kery, is a subgroup of A.
4. 7(A) ={aeA:IkeNd" =e} = U A(n) is a subgroup of A. It is called the torsion

neN
subgroup of A.

Theorem 1.7.9. [Chinese Remainder Theorem] Suppose myi, ..., m, are pairwise relatively
prime (i.e., if i # j, then gcd(m;,m;) = 1), and let ny,...,n; be any integers. Then there
exists a unique integer v modulo m = my ... my such that

v=mn; mod m;

foralli=1,..., k.
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Remark. The Chinese remainder theorem may be restated as: if mq,...,my are pairwise rela-
tively primes and m = my ...my, then

Doy = Loy ® -+ D Lo,
Corollary 1.7.10. If m = p{* ... p.* whereni,...,n; € Nand pi,...,py are distinct primes, then
e — Zp;u EB---EBZPZk-
We shall use the Chinese remainder theorem to prove our first lemma.

Lemma 1.7.11. Let g € G be an element such that g"* = 1 where m = m;y ... my and m; are

pairwise relatively prime. Then there exist unique elements ¢, . . ., g of G satisfying the following
conditions:

(@) g/ =eforallie{l,...,k}
(b) g1, ..., gr commute pairwise and
©g=g1-- gk

Proof. First we show existence, then uniqueness. The g; are in fact powers of g.
Existence: By the Chinese Remainder Theorem, choose vy, ..., v satisfying

v;=1 modm; and v; =0 mod m/m;.

For each i, let v; = \;(m/m;) for some \; € Z and set g; = ¢g"*. Then we have
(D) g;ni = gUimi = g)\i(m/mi)mi _ g)‘im and

(i) g1, ..., gr are powers of g and hence commute pairwise.
(iii) Note that vy +---+vp —1 =0 mod m, fori =1,2,...,k, thatis, m;|(vy +---+v, —1). Since
mq, ..., my are pairwise relatively prime, v1 +--- + vy =1 mod my ... my, SO

Gl g =g" ... g% = gur Tt = ¢
Uniqueness:  Suppose g = g1 ...gx where g = ¢g1...¢gx and g1, ..., g satisfy (i), (ii) and (iii).
Then for each ¢,

Vi

9" =9" ... 91" = 9,
that is, g; = ¢g" is the only possibility. O

Example 1.7.1. Consider g € G with ¢%° = e. Thenm = 3-4-5, so v; = 45, v, = 40 and v3 = 36.
Thus, g = 9*°9"%¢°° = 919293

In case g has order m = pi*...p* where m; = p}* and py,...,p; are distinct primes, g; is
called the p;-primary part of g. We have the first step of our decomposition.

Theorem 1.7.12. Let A be a finite abelian group of order m = m; ... my where my, ..., my
are pairwise relatively prime. For each i € {1,2,...,k}, let A; = {g € A : g = e}. Then
Ay X - X Ap = A. Moreover, |A;| = m; for all i.

Proof. Define ¢ : A; x --- x Ay — A Dby ¢(g1,...,95) = g1...9x. Clearly, ¢ is a group homo-
morphism. By Lemma [I.7.11] ¢ is 1-1 and onto. Finally, my...my = |A] = [A] X -+ X Ag| =
|A1]...|Ag|- Let

_ Ul Ulry
ma _pll "'plrl
u21 U2rg

m =po1 -- .p2r2

Ukl Ukry
mg = Py "'kak .
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Here, the p;; are distinct primes and u;; > 1. Since every element of A; satisfies g™ = e, |A;]
involves only those primes occuring in m; by Cauchy theorem. This forces |A;| = m; for all i. [

If m = p{*...p}*, then A; in Theorem [I.7.12]is just the Sylow p;-subgroup of A. It now suffices
to studied each factor A; which is a Sylow p;-subgroup of A. To investigate them, we shall need
the following definition.

The positive integer n is an exponent for a group G if for each g € G, ¢" = 1. In this case, G
is said to have finite exponent and the least such n is called the exponent of GG. For example, 12
is an exponent of Zg but 6 is the exponent of Zs. We denote the exponent of a group G (if exists)
by exp G. Note that Z has no exponent and exp G divides |G|. The exponent of a finite abelian
p-group gives information on its structure as follows.

Theorem 1.7.13. Let A be an abelian group with |A| = p* where p is a prime. Suppose A has the
exponent p, (thatis, a? = e for all a € A). Then

AZZp X XLy = (Zp)~.
N—— —
u copies

Proof. Note thatif a € A\ {e}, (a) = Z,. For any subset {a,...,ar} C A~ {e}, we can define a
group homomorphism 6 : (a;) x --- x (ar) — A by

i1 ey _ 01 ik
O(al',...,a)) =ai"...qf.

We shall say that ay, ..., a; are “linearly independent” if § is 1-1. This is equivalent to saying:
If9(a§1,...,a;€’“) :a’f...a;’“ =e¢,theni; =... =4, =0 mod p.

Now there exists subsets of A \ {e} for which 0 is 1-1, e.g., the empty set, a singleton set.
Choose a subset {ay,...,a;} for which 6 is 1-1 and & is as large as possible. We claim that in this
case

(a1) x -+ x (ag) 5 A

is onto, and hence is an isomorphism.
To see that 6 is onto, let b € A. If b = ¢, clearly b € im 6. If b # e, consider

(a1) x - x {ag) x (b) % A.
By the maximal choice of {ay,...,ax}, 6 is not 1-1. Thus,
e= é(a’f,...,ai’“,bj) = ail az,’“b]
and 7 # 0 mod p since 6 is not 1-1. Hence, there is a A such that jA =1 mod p, so
e= ai‘il - agi’“bj)‘ = ai‘il e azi’“b

which implies b = al_A“ .. .a,;)‘““ € im 6. Therefore, 6 is onto as claimed, and we have an isomor-

phism

Thus, p* = [(a1)]...|[{ax)| = [{a1) x---x {ax)| = |A| = p¥, so k = u and the theorem is proved. [

Remark. If we write A in Theorem [I.7.13]additively, we see that it is just a vector space over the
field Z,. Since A is finite, it is a finite dimensional vector space over Z,. All we were doing in
Theorem [[.7.13]is finding a basis for A as a vector space over Z,,.
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Theorem 1.7.14. [Burnside Basis Theorem for Abelian p-groups] Suppose A is an abelian group
of exponent p* where p is a prime. Let AP = {aP : a € A}. If H is a subgroup of A and HAP = A,
then H = A. Equivalently, if the cosets APay, ..., APay of A/AP generate A/AP, then ay,...,a
generate A.

Proof. Observe that H AP = A implies HPAP® = AP, so

A=HA = H(HPAY) = HAY",
Also, HAP = A implies HP AP = AP so

A=HAP = H(HPAP") = HA? .

Continue inductively, we have A = HA?" for all r. But A”" = {e}, so A = HA?" = H. This
completes the proof. O

Theorem 1.7.15. Let A be a finite abelian group of exponent p where p is a prime, and let H be
a subgroup of A. Then there exists a subgroup K of A such that HNK = {e} and HK = A. In
other words, A is the internal direct product of H and K.

Proof. Let K be a subgroup of A satisfying HNK = {e} and among all subgroups K of A satisfying
H N K = {e}, K is as large as possible. We claim that H K’ = A which proves the theorem.

For, suppose conversely that « € A and a« ¢ HK. Then H N (K,a) # {e} by the maximal
choice of K, so there is a nontrivial element

e#h==Fka" € HN(K,a)wherehc H cand k € K.

If pli,a’ = eand h = k € HN K = {e}, a contradiction. If p { i, there is a A\ with a"* = a (i\ =1
mod p) and then a = ¢™ = (hk~!')* € HK, a contradiction. Hence, HK = A as required. O

Remark. As with Theorem [1.7.13] the above theorem can be regarded as a statement about
vector spaces over Z, as follows: If V is a finite dimensional vector space over Z, and U is a
subspace, then there is a subspace W such that V =U & W.

We are now ready to prove the structure theorem for a finite abelian p-group.

Theorem 1.7.16. Let A be a finite abelian p-group. Then A is (isomorphic to) a direct product of
cyclic groups.

Proof. We use induction on |A|. If |A| = 1, the result is clear. Now suppose |A| = p* > 1.
We assume inductively that any p-group where order is less than p* is a direct product of cyclic
groups. Consider the group

AP = {a’ 1 a € A}.

Claim A # AP. For, suppose A = AP. Then
A=AP = AV = ... = AP = {¢}

since |A| = p". As |A| > 1, we must have A # AP.

Thus, A > AP, so |A| > |AP| and by the inductive hypothesis, A? is the (internal) direct
product of cyclic subgroup. But every element of AP has the form a”. Hence, so do the generators
of these cyclic factors, so there exist a1, ...,a, € A such that

AP = (a) x -+ x (a}).
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More precisely, the map (a2, . .. ,af"’) o, a™ . .azi’“ is an isomorphism.
Now let H = (a1, ..., a) be the subgroup of A generated by ay, ..., a;. We claim that it is the
(internal) direct product of the groups (a1), ..., (ax), or that

(1) x -+ x {ag) 5 H

(ai,...,af) —al' ... a}f
is an isomorphism. Since H = (ay,...,ax), 0 is onto. To see that # is 1-1, suppose
ez@(a?,...,a?j):a’il...azk. (1.7.1)

Thene = (ai'...af )P =al™ ... a}'"*, s0

alljll :-'-:azik :6
since the map 6y above is 1-1. Consider the integers i1, ..., i. If p { i; for some of these integers,
then a?"* = e implies a = e. For, (a’ )M = (a}")? = a?, where \ji; = 1 mod |a;|. Thus,
pli1,... ik, SO i1 = pji, ..., ix = pji. But then (I.Z.I) becomes

_ P Piky _ Pt DJk
e=0(ay",...,a") = a4k,

so a}’t = --- = a}’* = e since 6 is 1-1. Hence, ¢ is 1-1.

e
RN

AP = HP HnN

/NS

Ap

>K
{e}

Next, let A, = {a € A: a” = e}. Then A, is a finite group of exponent p and contains H N A4,
as a subgroup. Therefore, H N A, has a component in A, by Theorem [I.7.15 More precisely,
there is a subgroup K of A, such that

@HNA)NK ={e} and (b) (HNA4,)K =A4,.

Note that since K is a group of exponent p, K is a direct product of copies of Z, by Theorem
[1.7.13] Finally, we claim that

MDHNK={e} and [@) HK = A.

They implies that A is a direct product of H and K which are both direct products of cyclic groups.

(I) Suppose H N K # {e}. Thus, there is some z € H N K with = # e and 2P = e. But then
x € Ay, s0(HNA,)NK = (HnNK)NA, # {e}, contradicting (i) above.

(II) Suppose a € A. Then a? € AP = (aF) x --- x (a}), s0 a? = a}"* ...l = (a¥' ...alF)P = bP
where b = ai'...a}f € H = (a1,...,a;). Thus, b"'a € A, = (HN A,)K C HK by (ii)
above. Hence, a = b(b~'a) € HK and A = HK as required.

This completes the proof. O

In addition, the above decomposition is unique. Hence, we are able to count the number of
non-isomorphic abelian p-groups.
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Theorem 1.7.17. Suppose
A=17Z,x co Ly X Dgp X e X Ly X e e X Lgm X e X L
g (:()rpies uo c&)ies U COples
is isomorphic to
B="ZpX...%yXLp2 X -+ X Lz X+ v« X Lim X + -+ X Lipm
V1 copies Vg :t);)ies U cOpies
where u;,v; > 1. Then u; = v; for all i = 1,...,m. In other words, the orders and multiplicities

of the factors in a decomposition of a finite abelian p-group uniquely determine the group up to
isomorphism.

Proof. Since A = B, it follows that for any positive integer n,

# of solutionsof 2" =ein A =  # of solutions of 2™ = e in B.

Consider the following table.

n # of solutions of z" = ein A # of solutions of 2" = e in B
D pu1+u2+u3+~~-+um pv1+v2+v3+~~-+vm

p2 pU1+2u2+2U3+-~-+2um pv1+2vz+2v3+---+2vm

p3 pu1+2u2+3u3+'“+3um pv1+2U2+3U3+~~+3vm

pmfl pm+2U2+3u3+---+(m71)um71+(m71)um pv1+v2+---+(m71)vm71+(m71)vm

pm pm+2u2+3u3+~~-+(m—l)um71+mum pv1+v2+~~-+(m—1)vmf1+mvm
Then we have

Uy +ug Uz + -+ Uy =V V2 F U3+ Uy
w1 + 2us + 2ug + - - + 22Uy, = v + 209 + 203 4+ - - - + 20,
ur + 2uy + 3ug + - 4+ 3upy, = v, + 209 + 3vs + - - + v,

up + 2us + 3uz + -+ (m — Dup—1+(m — Duyy, =

v+ 209 +3v3+ -+ (m—1Dvym_1 + (m— 1oy,
uy + 2us + 3us + -+ (m — Dup—1+mu, =

vy + 23 + 3vug + -+ (m — Dvg—1 + muy,.

It is easy to see that the above equations force u; = vy, us = va,. .., Uy = vy, as required. O

Theorem 1.7.18. Let p be any prime and n a positive integer. Then
{7‘1 <rg < - STk}<—>ZpT1 ><pr2 X eoo XZka
defines a 1-1 correspondence between partitions of n and isomorphism classes of abelian groups

of order p". In particular, the number of isomorphism classes of abelian groups of order p" is the
number of partitions of n.

Examples 1.7.2. 1. Abelian groups of order p>.
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partitions of 3 | corresponding abelian groups

{1,1,1} Ly X Ly X Ly
{1, 2} Zp X Zp2
{3} Lys

2. Abelian groups of order p°.

partitions of 5 | corresponding abelian groups
{1,1,1,1,1} | Zp X Zp X Ly X Ly X Ly,

{1,1,1,2} Ly X Ly X Lp X Ly
{1, 2, 2} Zp X Zp2 X Zp2
{1,1,3} Ly X Lp X L3
(2,3} Ly X Ly
{1,4} Zp X Lot
{5} Ly
Suppose A is a finite abelian group of order p{* ...p;* where pi,...,p; are distinct primes.

Let .
Aj={gec A:ghi =e}.

By Theorem[1.7.12] A = A; x - -- x A}, where |A;| = p}*. Since each A; is a direct product of cyclic
group by Theorem [1.7.17, this yields the following theorem.

Theorem 1.7.19. A finite abelian group is (isomorphic to) a direct product of cyclic groups.

Corollary 1.7.20. If m is a square free integer, then every abelian group of order m is cyclic.

Proof. Assume that an abelian group A is of order m = p;...p, where p; are distinct primes.
Then
A2l X X Ly, = Ly

by Theorem [I.7.12] and the Chinese remainder theorem, respectively. O

Let A = Ay x --- x Ay as above. It is clear that A; is the unique largest p;-subgroup of A.
Moreover, if B is finite abelian, and B = B; X - -- x B, where B; is a p;-group, then

AgB@(AlgBl/\/\AkgBk)

Recall that if m and n are relatively prime then Z,, X Z,, = Zy,,. It follows that if n = p{* - - - p;*
where p1, ..., p; are distinct primes, then

Zpﬂfl X oo X szk = 7. (1.7.2)

This gives rise to a second way of writing a finite abelian group A as a direct product of cyclic
groups. Namely, let py, ..., p; be the primes dividing | A|, and let

A:Alx--~><z4k,

where A; is the p;-primary part of A. Express each A; as a direct product of cyclic factors and
assume that ¢ is the largest number of factors occurring in any A;. Write

A= Zpllfll X Zpll’u X X Zp"l)lt

Ay = Zp;m X Zpgzz X - X Zpgm

— X 0 X e X )
Ay szm szkz Zkat
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where
0<wv1 <wvp< <y (1.7.3)

and we have allowed (for notational convenience) some v;; to be zero. Let

V11 ,,U21 Vi1

__ o V12,V22 V2

Ng =Py P~ Py
_ U1, V2i Uk
N =Py Py D
U1t , U2t Ukt

Ng=py Py P -
Condition (I.7.3) guarantees that ny | n2,ng | ns,...,n.—1 | ny. Then, using (I.Z.2) gives
A=A x---x A
= (ZPYH X e X valqt) X (Zpll»m X e X Zkag) X e X (Zpll»u X e X szm)
Sy X Ly X -+ X L,

The integers n; are completely determined by the decomposition of A into a direct of cyclic
p;-groups. Conversely, given that

A=Zn, X Upy X -+ X Ln,.

where ny | ng,n2 | na,...,ni—1 | ny, the decomposition of A into a direct product of cyclic p;-
groups is completely determined. Thus, we have:

Theorem 1.7.21. [Structure Theorem for Finite Abelian Groups] Let A be a finite abelian group.
Then there exist integers ni,...,n; > 1 such that n; | na,ng | n3,...,ny—1 | ny and

AZZp, X Ly X -+ X Ln,,

where these integers are uniquely defined by A. More precisely, if mq, ..., ms are positive integers
greater than 1 such that my | mg, ma | ms, ..., ms_1 | ms, and

AZZp, X Ly X -+ X Ly = Ly X Ling X -+ X Ly,
thent = s, and n1 = my, ...,y = my.

Example 1.7.3. Find all non-isomorphic abelian groups of order:
1.6 2. 12 3.27 4. 500.

Solution. By Example [1.7.2]and Theorem [I.7.21] We have the following answers.

6=2-3: ZQ XZ3§Z(3,

12 =22 .3: Zy x 7y x L3 = Ty x Zg and Zoz x Z3 = 1o,

27 = 33: Zz x Z3 x 73, 73 X Zs2 and Zss,

500 = 22 -53: Zo X Zo X Ly X Zs x Ls = Ly X Lyg X Lo, Ly X Lo X Ls X Lsz = Zag X ZLso,
ZQXZ2><Z53 gZQXZ250,Z22 ><Z5><Z5XZ5%Z5XZ5XZ20,Z22 XZ5XZ52 %Z5><Z100and
Z22 X Z53 = Z500. ]

By Cauchy’s theorem, if p is a divisor of the order of a group G, then G has a subgroup of
order p. We also see that A, is a group of order 12 but it has no subgroup of order six. Hence, it
may not hold that G will have a subgroup of order m when m is a divisor of |G|. Howevey, if G is
an abelian group, we have our final results.
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Corollary 1.7.22. Let A be a finite abelian group. If m divides the order of A, then A has a
subgroup of order m.

Proof. Write A = Zy,, X Zp, X - -+ X Zy, as in the above theorem. Then |A| = ning...n;. Since m
divides |A|, m = l1la...l; with [; | n; for all ¢ € {1,2,...,t}. Then (n;/l;)Z,, is a subgroup of Z,,
of order [; for all . Thus,

(n1/1)Zn, X (n2/12)Zny X -+ X (nt/1t)Ln,
is a subgroup of A of order [yl ...1; = m as desired. O

Corollary 1.7.23. Let A be a finite abelian group. Then there exists g € A such that the order of g
is the exponent of A.

Proof. By Theorem[I.7.27] there exist positive integers ny, na,...,n; > 1suchthatng | na |-+ | ng
and
A2l X Uy X -+ X L,

Thus, exp A = n; and (0,0,...,0,1) in the rightmost group has order n;. O

Remark. The above corollary is false if A is non-abelian. For example, the exponent of S3 is 6,
however S3 contains no elements of order 6.

Exercises 1.7. 1. Suppose GG; and G, are finite groups of relatively prime orders. Show that every
subgroup of G; x G is of the form H; x H, for some subgroups H; and H, of G; and G, respectively.
Let G; and G be simple groups. Show that every nontrivial normal subgroup of G = G; x Gs is
isomorphic to either G or Gs.
Proof Theorem [1.7.8]
Find the order of torsion subgroup of Z4 x Z x Z and of Zq5 X Z15 X Z.
Find the torsion subgroup of the multiplicative group R*.
Let GG be an abelian group of order 72.
(a) Can you say how many subgroups of order eight G has? Why?
(b) Can you say how many subgroups of order four G has? Why?
7. Show that a finite abelian group is not cyclic if and only if it contains a subgroup isomorphic to
Zy X Z,, for some prime p.
8. Find the exponent of the following groups: (a) Zg x Zg (b) Z5 x S4.
9. Find all non-isomorphic abelian groups of order (a) 35 (b) 48 (c) 360.
10. List (up to isomorphism) all abelian groups of order 108 and express each in the following two ways:
(a) As a direct sum of cyclic groups of prime power order.
(b) As a direct sum of cyclic groups of order dy,ds, ..., d; where d; | ;1 fori=1,2,... k — 1.
11. List all groups of order 99 and of order 1225 up to isomorphism. (Hint. Show that they must be
abelian.)
12. Let G be a finite group. Prove the following statements.
(a) The exponent of G divides its order |G]|.
(b) If H is a subgroup of G, then the exponent of H divides the exponent of G.
(c) If G is cyclic, then exp G = |G|.
13. Let G = Sg X Z4.

M

ok w

(a) Find exp G. (b) Determine all Sylow 2-subgroups and Sylow 3-subgroups of G.
14. Let G be a group of order 2156 = 22 .72 - 11.
(a) If G is abelian, list all G up to isomorphism. (b) Prove that G cannot be simple.

15. List all finite groups G which have the property: Vg, h € G, g is a power of h or h is a power of g.

Project 9 (Characters of a group). Let S! = {z € C : |z| = 1} be the unit circle in the complex plane. It is a
subgroup of C*. A character of a finite group G is a homomorphism from G to S*. The character sending
G to 1 is called the trivial character. Let G be a finite group. Prove the following statements.
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(a) All characters of G form an abelian group under pointwise multiplication, called the dual group of
G and denoted by G. R

(b) Prove that if G is a finite cyclic group, then G and G are isomorphic.

(c) If G is a finite abelian group, then G is isomorphic to its dual group G. (Hint. Use (b) and Theorem

L.Z1%9)

This concludes the basic theory of groups. More advanced group theory will be studied in
Chapter 3]



2 Rings and Fields

Rings and fields are the most common algebraic structures for students. They have learned addi-
tion together with multiplication since elementary schools. The abstract treatments using groups
are presented in the first section. Ideals and factorizations are discussed in details. Finally, we
talk about polynomials over a ring and which will be used in a construction of field extensions.

2.1 Basic Concepts

2.1.1 Rings

Aring is a triple (R, +, -) where

(R1) (R, +) is an abelian group,

(R2) (R,-) is a semigroup, and

(R3) + and - satisfy the distributive laws, namely,

Va,b,c € Rya-(b+¢)=(a-b)+ (a-c)and Va,b,c € R,(b+¢)-a=(b-a)+ (c-a).

The binary operations + and - are called the addition and the multiplication of the ring (R, +, -),
respectively, 0, the identity of (R, +) is called the zero of R, for a,b € R, ab (juxtaposition) may
denote a - b and (R, +, -) may be denoted by R. For a € R, —a is called the additive inverse of a
in R.

A ring R is said to be commutative if Va,b € R, ab = ba. If 1 is the identity of (R, -), then 1 is
called the identity or unity of the ring R. If R contains an identity, i.e., (R, -) is a multiplicative
monoid, then R is called a ring with identity.

Unless the contrary is explicitly stated “ring” will mean “ring with identity”.

A subset S of aring R is a subring if S is a subgroup of the additive group and also a submonoid
of the multiplicative monoid of R. Clearly the intersection of any set of subrings of R is a subring.
Hence, if A is a subset of R, we may define the subring generated by A to be the intersection of
all subrings of R which contain A.

Examples 2.1.1 (Examples of rings). 1. Z,Q,R and C are commutative rings under usual ad-
dition and multiplication.

2. Forn € N, (Zy, +, -) is a commutative ring.

3. Recall that for a nonempty set X and P(X) the power set of X, we define AAB = (A ~
B) U (B~ A) for all subsets A and B of X. Then (P(X),A,N) is a commutative ring with
identity X.

4. If A is an abelian group, then End(A), the set of all homomorphisms on A, is a ring with
the addition and multiplication are given by

(f +9)(a) = f(a) + g(a) and (f-g)(a) = f(g(a))
for all f,g € End(A) and a € A. Its identity is the identity map.

45
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5. If X is a topological space, then C'(X), the set of all continuous functions from X to R, is a
commutative ring with pairwise operations. That is,

(f +9)(x) = f(z) +g(x) and (f-g)(x) = f(z)g()

forall f,g € C(X)andz € X.
6. Let d be a square free integer. The set Z[v/d] = {a + b\/d : a,b € Z} is a subring of C.

A number of elementary properties of rings are consequences of the fact that a ring is an
abelian group relative to addition and a monoid relative to multiplication. For example, we have
—(a+0b) = —a—b:= (—a) + (—b) and if na is defined for n € Z as before, then the rules for
multiples (or powers) in an abelian group,

n(a+0b) =na+nb, (n+m)a=na+ma, and (nm)a=n(ma)

hold. There are also a number of simple consequences of the distributive laws which we now
note. In the first place, induction on m and n give the generalization

(Z ai> ij == ZZalbj
i=1 j=1 i=1 j=1

We note next that
ad=0a=0

for all a € R; for we have a0 = a(0 + 0) = a0 + 0. Addition of —a0 gives a0 = 0. Similarly,
0a = 0. We have the equation

0=0b=(a+ (—a))b=ab+ (—a)b,
which shows that (—a)b = —ab. Similarly, a(—b) = —ab; consequently
(—a)(=b) = —a(—b) = —(—ab) = ab.

If @ and b commute, that is, ab = ba, then ™™ = b™a™. Also, by induction we can prove the
binomial theorem

(a+b)"=a"+ <71L> a" p+ (;‘) a2 4.4 (nﬁ 1) ab™ 4 pn

forall n € N.
Remark. In the case 1 = 0 in a ring R, we have that
ab=(a-1)b=a(l-b) =a(0-b)=a-0=0 foralla,be R.
A ring with this property is called a zero ring.
If R and S are rings, so is R x S, with coordinatewise operations:
(rys)+ (r',s)=(r+7r',s+s) and (r,s)(r',s") = (rr,ss).

Note that (1g, 1g) is the identity of R x S. More generally, if R,, is a family of rings, then [[_, R,
is a ring with coordinatewise operations.

Let R be a ring. An element 2 € R is said to be invertible or a unit if there is a y € R such
that zy = yx = 1. In this case, y is called the inverse of .
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Remark. If z is invertible, its inverse is unique. The invertible elements of R form a group under
multiplication, called the group of units of R and denoted by ¢/(R) or R*.

A ring D is a division ring or skew field if every nonzero element of D is invertible. A
commutative division ring is called a field.

Examples 2.1.2. 1. @, R and C are fields. Z is not a field.
2. By Example[T.2.] (5), we have Vn € N, Z, is a field < n is a prime.

Example 2.1.3. Let n € N, R a ring and M, (R) the set of all n x n matrices over R. Then
(My(R),+,-) is a ring under the usual addition and multiplication of matrices with unity I,,, the
identity matrix. If n > 1, then M, (R) is not commutative. The group of invertible elements of
M, (R) is called the general linear group and denoted by GL,,(R). For the case R is commutative,
we can derive the determinant criterion for a matrix A to be invertible. We have the following
results.

Theorem 2.1.1. Let R be a commutative ring and A € M, (R). Then
A(adj A) = (det A)I,, = (adj A) A.

In particular, A is invertible if and only if its determinant is invertible in R.

A noteworthy special case of the theorem is the next corollary.

Corollary 2.1.2. If Fis a field, A € M,,(F) is invertible if and only if det A # 0.

Some rings do not have the property that the product of two nonzero elements is always
nonzero. If so, it leads to the cancellation property in the rings. Let R be a ring and 0 # a € R.
a is called a left [right] zero divisor if 3b € R ~ {0},ab = 0 [ba = 0], and it is called a zero
divisor if it is both a left and a right zero divisor. R is entire if it possesses no zero divisors. A
commutative entire ring is called an integral domain.

Examples 2.1.4. 1. Z is an integral domain which is not a field.
2. Every field is an integral domain.

3. C([0,1]) is not an integral domain.

Remark. Let R be a ring. Then we have
R is entire < Va,b € R[ab=0= (a=0o0rb=0)] < (R~ {0},-) is a cancellative semigroup.

Theorem [1.2.2] implies an important result on finiteness of an integral domain.

Theorem 2.1.3. Every finite integral domain is a field.

Proof. Let D be a finite integral domain. Then (D ~ {0}, ) is a finite cancellative semigroup. By
Theorem [T.2.2, (D ~ {0}, -) is a group. Hence, if a € D and a # 0, then « has an inverse under -.
Since D is commutative, D is a field. O
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2.1.2 Quaternions

In 1843, W. R. Hamilton constructed the first example of a division ring in which the commutative
law of multiplication does not hold. This was an extension of the field of complex numbers,
whose elements were quadruples of real numbers («a, 3,7, d) for which the usual addition and a
multiplication were defined so that 1 = (1,0,0,0) is the unit and ¢ = (0,1,0,0),j = (0,0,1,0),
and k = (0,0,0, 1) satisfy i> = j2 = k? = —1 = ijk. Hamilton called his quadruples, quaternions.
Previously, he had defined complex numbers as pairs of real numbers («, ) with the product
(o, B)(7,0) = (ay — Bd,ad + By). Hamilton’s discovery of quaternions led to a good deal of
experimentation with other such “hypercomplex” number systems and eventually to a structure
theory whose goal was to classify such systems. A good deal of important algebra thus evolved
from the discovery of quaternions.

We shall not follow Hamilton’s way of introducing quaternions. Instead we shall define this
system as a certain subring of the ring M5(C) of 2 x 2 matrices with complex number entries. This
will have the advantage of reducing the calculations to a single simple verification.

We consider the subset H of the ring M5 (C) of complex 2 x 2 matrices that have the form

_fa bl _Jar+arvV-1 ar+azv/-1 '
v |:—E a:| B [—a2 + a3\/j1 ap — al\/j , Oy real. (2.1.1D)
We claim that H is a subring of M»(C). Since a; — ay = a; — ag for complex numbers, it is

clear that H is closed under subtraction; hence H is a subgroup of the additive group of Ms(C).
We obtain the unit matrix by taking a = 1,b = 0 in (2.1.1). Hence, 1 € H. Since

a b c d| _ ac—bd  ad+ bé
—b a||-d |  |-bc—ad —bd+ ac

and ajaz = aias, the right-hand side has the form

E

where u = ac — bd,v = ad + be. Therefore, H is closed under multiplication and so H is a subring
of M5(C).
We now show that H is a division ring. We note first that

ag+av—1 a+az3v—1| o 2 2 2
—ag +a3v—1 ay—ajv/—1 =ap T ol oyt ag

Since the «o; are real numbers, this is real, and is 0 only if every a; = 0, that is, if the matrix
is 0. Hence, every non-zero element of H has an inverse in M>(C). Moreover, we have, by the
definition of the adjoint, that
al 9 2
—-b a b a

Since a = a, this is obtained from the z in (2.1.1) by replacing a by a and b by —b, and so it is
contained in H. Thus, if the matrix x is # 0 then its inverse is

aA~! —bA~!

bA~L  aA!

A = det [

and this is contained in H. Hence, H is a division ring.
The ring H contains in its center the field R of real numbers identified with the set of diagonal

. (07
matrices |:

0 . .
0 a] , o € R. H also contains the matrices

[ e 5
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We verify that

T =qap+ a1t + agj + ask (2.1.2)
and if g + a1 + aej + ask = Bo + Bri + Ba2j + Bsk, Bi € R, then

ag+oav—1l artazv—11 | fo+Piv—1l Pa+f3v—1

—ay +azv—1 ap—a1v-1 —B2+ B3vV=1 Bo—Biv-1
so oy = f;,0 <[ < 3. Thus, any z in H can be written in one and only one way in the from
(2.1.2). The product of two elements in H

(a0 + ari + agj + ask)(Bo + Bri + B2j + Bsk)
is determined by the product and sum in R, the distributive laws and the multiplication table
P==k=-1

ij = —ji =k, jk = —kj = i, ki = —ik = j.

Incidentally, because these show that H is not commutative we have constructed an infinite divi-
sion ring that is not a field. The ring H is called the division ring of real quaternions. Recall
that Qg = {+1, +i, =74, +k} is called the quaternion group (see Porject[I]).

Algebra is not as rich in division ring as it is in fields. For example, there are no finite division
rings. This is the content of a famous theorem of Wedderburn. Its proof can be found in Section

5.7

Theorem 2.1.4. [Wedderburn, 1909] A finite division ring is a field.

2.1.3 Characteristic

Let R be a ring. If there is a smallest positive integer n such that na = 0 for all a € R, then R
is said to have characteristic n. If no such n exists, R is said to have characteristic zero. We
denote the characteristic of R by char R. The characteristic of a ring gives some information on
its additive group structure.

Remark. It is easy to see that char R = n if and only if n is the smallest positive integer such that
nlr = 0.

Example 2.1.5. The rings Z, Q, R, C and H are of characteristic zero, char Z,, = n and
char(Zy, x Z,) = lem(m,n).

Theorem 2.1.5. [Characteristic of an Integral Domain] If R is an integral domain, then R is of
characteristic zero or a prime p. In particular, every field is of characteristic zero or a prime p.

Proof. Let R be an integral domain of characteristic n > 0. Assume that n = ab for some a,b € N.
It follows that 0 = nlp = (ab)1r = (alg)(blg). Since R has no zero divisor, alp = 0 or blp = 0.
Then a = n or b = n. Hence, n is a prime. O

Theorem 2.1.6. Let R be a ring of characteristic a prime p and a,b € R. If a and b commute, then

(a+b)P =a?+b and (a—i—b)pk:apk—i-bpk forall k € N.



50 2. Rings and Fields

Proof. Note thatif 1 <r < p—1, then the binomial coefficient (?) is a multiple of p, so it is 0 in R.
Hence,

(a+b)P =d"+ (f)ap1b+'--+< p1>abpl+b1’:ap+bp.

A simple induction on k gives the second equation. The inductive step is
(a n b)pk _ ((a n b)pk—l)p _ (apkq B bpkil)p _ apk n bpk

and the proof is complete. O

2.1.4 Ring Homomorphisms and Group Rings

Like in groups, a ring homomorphism is a function between two rings that preserves both addition
and multiplication. Let R and S be rings. A map ¢ : R — S is called a homomorphism if

pla+b)=p(a)+¢b) and @(ab) = p(a)p(b)

for all a,b € R. The definitions of monomorphisms, epimorphisms, endomorphisms, isomor-
phisms and automorphisms of rings are given as in groups.

Remarks. Let ¢ : R — S be a ring homomorphism.
1. ¢: (R,+) — (S,+) is an additive group homomorphism.
2. ¢(1g) may not be the identity of S.
3. If o(1g) =0, then p(z) =0 forall z € R.
4. If R has an identity and ¢ is onto, then ¢(1y) is the identity of S.

Proof. Let s € S. Since ¢ is onto, Jx € R, p(x) = s. Then sp(1r) = p(x)p(1r) = p(zlr) = ¢(x) =

s. Similarly, ¢(1r)s = s. Hence, ¢(1g) is the identity of S. O
Examples 2.1.6. 1. If ¢ : Z — Z is a ring homomorphism, then ¢ is the zero or the identity
map.

2. If ¢ : Q — Q is a ring homomorphism, then ¢ is the zero or the identity map.

3. If p : R — R is a ring homomorphism, then ¢ is the zero or the identity map.

4. If p is a prime and ¢ : Z,, — Z, is a ring homomorphism, then ¢ is the zero or the identity
map.

Proof. (1) Observe that ¢(1) = ¢(1-1) = p(1)p(1), so ¢(1) = 0 or (1) = 1. Moreover, p(n) =
np(1) for all n € Z. Thus, p(n) = 0 for all n € Z or p(n) = n for all n € Z as desired.

(2) Similar to Z, (1) = 0 or (1) = 1 and p(n) = ne(1) for all n € Z. For m € Z and n € N,
we have ¢(m(1/n)) = mp(1/n) and p(1) = p(n(1/n)) = ne(n). If (1) = 0, then ¢(1/n) = 0 for
all n € N, so ¢ is the zero map. On the other hand, if p(1) = 1, then ¢(1/n) = 1/n foralln € N
which implies ¢(m/n) = m/n for allm € Z and n € N.

(3) Assume that ¢(x) is not the zero map. We can show that p(x) = z for all x € Q. Moreover, for
r € RY, o(x) = o((v/x)?) = (p(y/x))? > 0. This implies Va,b € R,a < b = ¢(a) < p(b). Now, let
x € R. Suppose that ¢(z) # z. Then ¢(z) < z or x < ¢(z). By the density theorem, Jq;,¢2 € Q
such that p(z) < ¢1 <z orz < g2 < p(x). Thus, p(z) < @1 < ¢(x) or p(z) < g2 < ¢(x) yields a
contradiction. Hence, ¢(z) = x for all x € R.

(4) is proved in the next section. ]

Let G = {g; : i € I} be any multiplicative group, and let R be any commutative ring. Let RG
be the set of all formal sums
S a

el
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for a; € R and g; € G, where all but finite number of the a; are 0. Define the sum of two elements
of RG by

D aigi | + [ D bigi | =D (ai+bi)gi.

iel iel iel
Observe that (a; + b;) = 0 except for a finite number of indices 7, so the above sum is again in RG.
It is immediate that (RG, +) is an abelian group with additive identity ) . _; Og;.

Multiplication of two elements of RG is defined by the use of the multiplications in G and R
as follows:

S aigi | | D bigi | =D DL abr | g

el el i€l \9j9k=0i

Naively, we formally distribute the sum ), ; a;g; over the sum } . ; b;g; and rename a term
a;g;brgr by a;brgr where g;gr, = ¢; in G. Since a; and b; are 0 for all but a finite number of i,
the sum ) P a;by, contains only a finite number of nonzero summands a;b, € R and may
thus be viewed as an element of R. Again at most a finite number of such sums )
nonzero. Thus, multiplication is closed on RG. We can proceed to show that

g59k=g; %Dk aTe

Theorem 2.1.7. [Group Ring] If G is a multiplicative group and R is a commutative ring, then
(RG,+, ) is a ring with unity 1ge.

If we rename the element ) ,_;a;g; of RG, where a; = 0 for i # j and a; = 1, by g;, we
see that (RG,-) can be considered to contain G naturally. Thus, if G is not abelian, RG is not
commutative. Clearly, char RG = char R, for any group . The ring RG defined above is the
group ring of GG over R. If F'is a field, then F'G is the group algebra of G over F.

Exercises 2.1. 1. Define an addition and a multiplication on Z by
a®b=a+b—1 and a®b=ab—(a+b)+2 foralla,bcZ.

Prove that (Z, @, ®) is an integral domain.

2. Let S be the set of complex numbers of the form m + n+/—3 where either m,n € Z or both m and n
are halves of odd integers. Show that S is a subring of C.

3. Show that if 1 — ab is invertible in a ring, then so is 1 — ba.

4. Let a and b be elements of a ring such that a, b and ab — 1 are units. Show that a — b~! and
(a —b~1)~1 — a~! are units and the following identity holds:

(a—bHt—aH™! = aba —a.

5. Aring R is called a Boolean ring is 2 = x for all z € R. Prove that every Boolean ring is commuta-
tive.

6. (a) Show that ¢ : Z13 — Zso given by ¢([a]i2) = [10a]sp is a ring homomorphism.
(b) Show that ¢ : Z15 — Z3o given by ¢([a]12) = [ba]so is a additive group homomorphism. Is it a
ring homomorphism?

7. Consider (S, +,-), where S is a set and + and - are binary operations on S which satisfy the distribu-
tive laws such that (S, +) and (S ~\ {0}, -) are groups. Show that (S, +, ) is a division ring.

8. Let R be aring. Define C(R) = {z € R :Vy € R,zy = yz}, called the center of R.
(a) Prove that C'(R) is a commutative subring of R.
(b) Determine the centers of H and M,,(F') where F is a field.
(c) If R is a division ring, show that C'(R) is a field.

9. If pis a prime and ¢ : Z, — Z, is a ring homomorphism, show that ¢ is the zero or the identity map.

10. Show that if F' is a field, A € M, (F) is a zero divisor in this ring if and only if A is not invertible.

Does this hold for arbitrary commutative ring R? Explain.
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11. Let m and n be non-zero integers and let R be the subset of M5 (C) consisting of the matrices of the

form
a+bym c+dym
n(c+dym) a—bym

where a,b,¢,d € Q. Show that R is a subring of M5(C) and that R is a division ring if and only if
the only rational numbers x, v, 2, ¢ satisfying the equation 22 — my? — nz?2 + mnt? = 0are x = y =
z =t = 0. Give a choice of m, n that R is a division ring and a choice of m, n that R is not a division
ring.

12. Let R be a ring which may not contain the unity 1. Define two binary operations on R x Z by

(r,k)+(s,m)=(r+s,k+m) and (r,k)-(s,m)=(rs+ ks+mr,km).

Prove that (R x Z, +, -) is a ring with unity (0, 1) and of characteristic zero. Ditto the set R x Z,, and
prove that it is a ring of characteristic n.

13. Aring R is simple if R and {0} are the only ideals in R. Show that the characteristic of a simple ring
is either 0 or a prime p.

14. If R is a finite integral domain, prove that |R| is a prime power.

2.2 ldeals, Quotient Rings and the Field of Fractions

Ideals play an important role in ring theory. They are used to construct quotient rings like normal
subgroups.

Let R be a ring. A subset I of R is called a left [right] ideal of R if

1. I'isa subgroup of (R,+) and 2.Vre€ RVa € I,ra €I [ar € I].
It is called a two-sided ideal or an ideal of R if I is both a left and a right ideal.

E.g., {0} and R are two-sided ideals of R.

Theorem 2.2.1. Let ¢ : R — S be a homomorphism of rings. Then the kernel of ¢ given by
kerp = {z € R: p(x) = O}
is an ideal of R.
Proof. It is immediate that ker ¢ is a subgroup of (R,+). If « € R and = € ker ¢, then p(ax) =
v(a)p(x) = ¢(a)0 = 0 and p(za) = p(z)p(a) = 0p(a) = 0. Hence, ax and za are in ker ¢. O

Remark. Similar to a group homomorphism, for a ring homomorphism, we have ¢ is one-to-one
if and only if ker ¢ = {0}.

For subsets X and Y of R, let XY denote the set of all finite sums in the form

n
inyi, where z; € X, y; € Y and n € N.
i=1

For a € R, we have Ra = {ra : r € R} and aR = {ar : r € R}.

Examples 2.2.1. 1. All distinct ideals of Z,, are dZ,,, where d = 0 or (d € N and d | n).
2. All distinct ideals of Z are mZ, where m € NU {0}.

Remarks. Let R be a ring.
1. If I is an ideal of R, then IR = I = RI.
2. If a left [right, two-sided] ideal I of R contains a unit, then I = R.
3. If R is a division ring, then {0} and R are the only left [right, two-sided] ideals of R.
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4. An arbitrary intersection of left [right, two-sided] ideals of R is a left [right, two-sided]
ideal of R.

5. If S is a subring of R and I is an ideal of R, then S + I is a subring of R, I is an ideal of
S+ Iand SNIisanideal of S.

6. If I and J are left [right, two-sided] ideals of R, then I+ .J and I.J are left [right, two-sided]
ideals of R.

a b

Example 2.2.2. Let R be aring and S = { [O C] ta,b,c € R} a subring of M (R).

Then { [g 8] ta € R} is a left ideal of S and { [8 2] ta € R} is a right ideal of S.
They are not ideals of S.

Let R be a ring. If X C R, then the ideal of R generated by X is the intersection of all
ideals containing X and it is denoted by (X ), so (X) is the smallest ideal of R containing X. For
ai,...,an € R, let (ay,...,ay,) denote ({a1,...,a,}). Anideal I of R is called a principal ideal if
I = (a) for some a € R. Observe that for a € R,

(a) = {Zriasi :ri,8, € Rand m € N} .
i=1
If R is a commutative ring, then Va € R, (a) = aR = Ra.

A ring R is a principal ideal ring if every ideal of R is principal. A principal ideal domain
(PID) is a principal ideal ring which is an integral domain. Hence, an integral domain R is a PID
if {Ra : a € R} is the set of all ideals of R.

Examples 2.2.3. 1. Z, is a principal ideal ring.
2. Zis a PID.
3. Every field has only two ideals, namely (0) and (1) = F, so it is a PID.

Remark. Let F' be a field, R a ring and ¢ : F' — R a ring homomorphism. Then ker ¢ is either
{0} or F' which implies ¢ is 1-1 or is the zero map, respectively. Hence, every nonzero ring
homomorphism of fields must be 1-1. In particular, one can readily verify that the only ring
endomorphisms of Z,, are the zero map and the identity map. This finishes the proof of Example
2.1.6

Theorem 2.2.2. Let R be a commutative ring whose only ideals are {0} and R itself. Then R is a
field.

Proof. Let a € R~ {0}. Then (a) = R,so 1 € (a). Since R is commutative, there is a b € R such
that ab =1 = ba. O

Suppose [ is an ideal of R. Then [ is a subgroup of R, considered as an abelian group, and so
we can form the abelian group R/I. The elements of R/I are cosets

r+I={r+a:acl}.

The addition in R/I is given by (r + 1)+ (s+ 1) =(r+s) + 1.
Now let us define a multiplication on R/I, namely

(r+I)(s+I)=rs+1.
Note thatifr +7 =¢r'+Tands+ 1 =5+ 1I,thenr — 7' and s — s’ are in I, so
rs—r's' =(r—r)s+r'(s—5) el

Thus, the above multiplication is well defined, it is easy to see that R/ is a ring. Hence, we have
the next theorem.
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Theorem 2.2.3. [Quotient Ring] Let R be a ring and I an ideal of R. Then the operators
(r+D+(+D)=@+s)+I and (r+D(s+I)=rs+1

make R/I into a ring with unity 1 + I, called the factor or quotient ring of R by I. The map
¢ : R — R/I defined by ¢(r) = r + I is an onto ring homomorphism which has kernel 1. It is
called the canonical projection of R onto R/I.

There also are three isomorphism theorems for rings. Their proofs are similar to isomorphism
theorems for groups. Hence, we shall just sketch them.

Theorem 2.2.4. [First Isomorphism Theorem] If ¢ : R — S is an onto ring homomorphism, then
R/ker ¢ =im S.

Proof. Define ¢ : R/ ker ¢ — S by ¢(r + ker ¢)p(r) for all r € R. Clearly, ¢ is onto and it is easy
to check that ¢ is a ring homomorphism. Moreover, for r, s € R, we have

or)=p(s) e p(r—s)=0er—sckerp < r+kerp=s+kerp.

Hence, ¢ is an isomorphism. O

Theorem 2.2.5. [Second Isomorphism Theorem] If S is a subring and I is an ideal of R, then
S/(SNI)x=(S+1)/I.

Proof. Define ¢ : S — (S +1I1)/I by p(s) = s+ I forall s € S. It is easy to verify that ¢ is
a ring homomorphism with kernel S N I and the theorem follows from the first isomorphism
theorem. o

Theorem 2.2.6. [Third Isomorphism Theorem] If I and J are ideals of a ring R such that I C J,
then J/I is an ideal of R/I and
(R/1)/(J/T) = R/ J.

Proof. Define ¢ : R/I — R/J by ¢(r+ 1) =r+ J for all r € R. It can be verified that ¢ is a ring
homomorphism with kernel J/I and the theorem follows from the first isomorphism theorem. [

Remark. As for groups, the third isomorphism theorem gives a 1-1 correspondence between the
set of ideals of R containing / and the set of ideals of R/I.

We end this section by embedding an integral domain into a field. We say that a ring R can
be embedded in a ring R’ if there exists a monomorphism (i.e., an injective homomorphism) of
Rinto R'.

Example 2.2.4. Aring R can be embedded in the ring M, (R) by the diagonal map a — al,.

Theorem 2.2.7. Any ring R without identity can be embedded in a ring R’ with identity. Moreover,
R’ can be chosen to be either of characteristic zero or of same characteristic as R.

Proof. Consider the rings R x Z and R x Z,, defined in Exercises 2.1l They are rings with unity
(0,1) and (0, 1), and of characteristic 0 and n, respectively. If char R = 0, we define o : R — RXZ
by ¢(x) = (z,0) and if char R = n, we define ¢ : R — R x Z,, by ¢(z) = (2,0). It is easy to show
that both functions are monomorphisms. This finishes the proof. O
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We now wish to show that every integral domain can be embedded in a field, called its field
of fractions such that every element of the field is a fraction a/b where a and b lie in the integral
domain and b # 0. There is only one problem to overcome: we might wish to define the field
to be the set of all “fraction” a/b, with b # 0. But this is not quite right because two different
fractions may be the same number. E.g., 1/2 = 2/4 = 3/6. We overcome this problem by defining
an equivalence relation on certain pairs of elements in the integral domain. The results are
presented in the next theorem. Its proof is routine and omitted.

Theorem 2.2.8. [Field of Fractions] Suppose D is an integral domain, and let S be the set of
pairs
{(r,s):r,s € Dand s # 0}.

1. (r,s) ~ (1',s') & rs’ =r's defines an equivalence relation on S.
2. Let [r, s| denote the equivalence class of (r,s) and let Q(D) denote the set of all equivalence
classes. Then

[r,s] + [r',s'] = [rs’ +7's,588'] and |[r,s][r',s'] = [rr, s5]

are well defined binary operations on Q(D).

3. The set Q(D) is a field with these operations and D is embedded in Q)(D) by the monomor-
phism r — [r, 1]. The field Q(D) is called the field of fractions or quotient field of D. The
equivalence class [r, s is denoted by r/s.

Remark. If R is an entire ring which is not commutative, the construction Q)(R) above does not
exist in general.

Example 2.2.5. Let D be an integral domain and a,b € D. If ¢™ = ™ and a™ = b", for m and n
relatively prime positive integers, prove that a = b.

Proof. If a = 0, then b = 0 since D has no zero divisor. Assume that a # 0. Then b # 0. Let F' be
the field of fractions of D. Since (m,n) =1, 3z,y € Z,mx + ny = 1. Thus, in F', we have

a = al — gmetny — (am)x(an)y — (bm)x(bn)y — pmatny _ bl _ b,

soa=>bin D. OJ

Exercises 2.2. 1. An element ¢ of a ring R is nilpotent if «™ = 0 for some n € N. Show that the set of
all nilpotent elements N in a commutative ring R is an ideal, called the nilradical of R. Moreover,
prove that R/N has no nonzero nilpotent.

2. Show that a ring R has no nonzero nilpotent element if and only if 0 is the only solution of 22 = 0
in R.

3. Let ¢ : R — S be a homomorphisms of rings. Prove the following statements.
(a) If I is an ideal of R and ¢ is onto, then ¢(7) is an ideal of S.
(b) If J is an ideal of S, then ¢ ~!(J) is an ideal of R containing ker ¢.

4. Let R be a commutative ring and I an ideal of R. Show that

ViI={zreR:IneNz"el}

is an ideal of R which contains I, called the radical of I. In addition, prove that
@VVI=vI and  (®ifvI=R,thenl=R.
5. Let R and S be rings and ¢ : R — S be such that
() Vr,s € R, o(r +s) = o(r) + ¢(s) and
(ii) Vr,s € R[p(rs) = o(r)e(s) V @(rs) = o(s)e(r)].
Prove that Vr,s € R, ¢(rs) = ¢(r)p(s) or Vr,s € R, ¢(rs) = ¢(s)p(r).
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6. [Chinese Remainder Theorem] If I and J are ideals of a ring R such that [ + J = R, prove that
R/(INJ)=R/IxR/J.

7. Let R be a division ring. Prove that any nonzero ring homomorphism ¢ : R — R is 1-1.

8. Let I be an ideal of a ring R and let M,,(I) be the set of n x n matrices with entries in I. Prove that
(a) M, () is an ideal of M, (R) and M, (R)/M,(I) = M, (R/I), and
(b) every ideal of M, (R) is of the form M,,(I) for some ideal I of R. In particular, if R is a division
ring, then the ring M,, (R) has only two ideals.

Project 10. Letn € N and n > 2. Define Z,[i] = {a +ib: a,b € Z, } where i*> = —1 (mod n).
(a) Prove that Z,[i] is a ring containing Z,, as a subring.
(b) Determine all units, zero divisors and nilpotent elements in Z,.
(c) Determine all units, zero divisors and nilpotent elements in Z,[i].

2.3 Maximal Ideals and Prime Ideals

We have learned that a ring R has two trivial ideals, namely {0} and R itself. In this section, we
shall discover properties of maximal ideals and prime ideals. These are two kinds of important
ideals in commutative algebra and algebraic geometry.

An ideal M of R is maximal if M # R and for every ideal J of R,

MCJCR = J=MorJ=R.
Example 2.3.1. In the ring Z, for n € N, nZ is maximal if and only if n is a prime.

Proof. Let n be a prime and let J be an ideal of Z such that nZ C J C Z. Then J = dZ for some
deNandd | n,sod =1ord=n. Hence, J = nZ or J = Z. On the other hand, assume
that n = ab for some 1 < a,b < n. Then nZ C aZ C 7Z, aZ # nZ and aZ # 7Z, so nZ is not
maximal. O

Remarks. 1. Every ideal I # R is contained in some maximal ideal M.

Proof. Let # ={J: J # R and J is an ideal of R containing I}. Let € = {J, }aca be a chain in ..
Then U% is an ideal of R. If U4 = R, then 1 € J, for some a € A, so J, = R, a contradiction.
Hence, U% is an upper bound of ¥ in .#. By, Zorn’s lemma, we have .# has a maximal element
which turns out to be our desired maximal ideal containing /. O

2. If M is a maximal ideal and I is an ideal of R such that I ¢ M, then M + I = R.

Proof. Letx € I, ¢ M. Consider the ideal J = M + Rx which is larger than M. Since M is maximal,
J=R.Thus, R=M + Rx C M + 1. O

3. If M and M, are distinct maximal ideals, then M; + Ms = R. In addition, if R is commu-
tative, then My My = My N M.
4. If R is commutative, then Ru = R if and only if « is a unit.

Theorem 2.3.1. Let R be a commutative ring and M an ideal of R.
Then M is a maximal ideal of R if and only if R/M is a field.

Proof. Clearly, R/M is a commutative ring with unity 1 + M. Assume that M is a maximal ideal.
Leta ¢ M. Then M + Ra = R,so3b € R,1 =m+ba. Thus, 1 + M =ba+ M = (b+ M)(a+ M),
and hence R/M is a field. Conversely, suppose that R/M is a field. Let M C J C Rand J # M.
Then Ja € J ~ M. Since R/M isafieldanda ¢ M,3bc R,11+ M = (a+ M)(b+ M) = ab+ M,
sol—abe M C J. Since a € J, ab € J which implies 1 € J. Hence, J = R. O
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An ideal P of R is prime of R if P # R and for any ideals A, B of R,

ABCP = ACPorBCP.

Theorem 2.3.2. Let P be an ideal of R such that P # R.
1. IfVa,be R,abe P = a € Porb e P, then P is prime.
2. If R is commutative and P is prime, then Va,b € R,ab € P = a € Porb € P.

Proof. (1) Assume that AB C P and A ¢ P. Choose a € A, ¢ P. Letb € B. Thus, ab € AB C P,
soa€ Porbe P.Buta ¢ P, hence B C P.

(2) Let a,b € R be such that ab € P. Since R is commutative, Rab = RaRb C P, so Ra C P or
Rb C P. Hence,a e Porb e P. ]

Theorem 2.3.3. Let R be a commutative ring and P an ideal of R.
Then P is a prime ideal of R if and only if R/ P is an integral domain.

Proof. This follows from Theorem [2.3.2] as follows. For an ideal P,

P is prime & Va,be R,abe P=ac Porbe P
<Va,be R, (a+P)(b+P)=0+P=a+P=0+Porb+P=0+P
< R/P is an integral domain

as desired. O

Theorems [2.3.7] and 2.3.3] are the most useful for characterizing maximal ideals and prime
ideals in commutative rings.

Corollary 2.3.4. Let R be a commutative ring.
1. Every maximal ideal of R is prime.
2. If R is finite, then every prime ideal of R is maximal.

Example 2.3.2. In Z, nZ is prime if and only if n = 0 or n is a prime.
Remark. In the ring Z, {0} is a prime ideal which is not maximal.

The set of all prime ideals of a commutative ring R is denoted by Spec R, called the spectrum
of R. E.g., SpecZ = {pZ : p is a prime} U {{0}}. A local ring is a commutative ring which has a
unique maximal ideal.

Examples 2.3.3. 1. Z has infinitely many maximal ideals of the form pZ where p is a prime,
so it is not a local ring.
2. Every field is a local ring with maximal ideal {0}.
3. Zyn is a local ring with the maximal ideal pZ,» for all primes p and n € N.

Theorem 2.3.5. Let R be a commutative ring.
Then R is a local ring if and only if the nonunits of R form an ideal.

Proof. Assume R is a local ring with the maximal ideal M. Leta € R~ M. If aR # R, then aR is
contained in some maximal ideal, so aR C M which yields a contradiction. Thus, aR = R, so a
is a unit. Hence, M is the set of nonunits of R. Conversely, suppose that the nonunits of R form
an ideal M of R. Clearly, M is maximal. Let M’ be another maximal ideal of R. If 3a € M’ ~ M,
then «a is a unit, so M’ = R, a contradiction. Thus, M’ C M. Since M’ is maximal, M’ = M. [
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Corollary 2.3.6. In a finite local ring R, every element is either a unit or a nilpotent element.

Example 2.3.4. Fix a prime p and let
Zy ={m/n :m,n € Z and p does not divide n}.
Then Z, is a subring of Q and is local. Its unique maximal ideal is {pk/n : k,n € Z and p { n}.

We shall show an important structure theorem for finite commutative rings in Section [4.6]
It says that every finite commutative ring is a direct product of a finite number of local rings.
(Corollary [4.6.7). Hence, a local ring turns out to be a core when we study a finite commutative
ring. It has many applications coding theory and cryptography.

Exercises 2.3. 1. Let R be a ring and I an ideal of R. Prove that the map J +— J/I gives a 1-1
correspondence
{ideals of R containing 7} +— {ideals of R/I}.

Moreover, this correspondence carries maximal ideals to maximal ideals.

Prove Corollary[2.3.6]and Example [2.3.4

3. Find all ideals, all prime ideals and all maximal ideals of

@ Zs (b) Zy x Zy (0 OxQ d QOxZ (€) Z X Zy X Zs.

Let R be a commutative ring. If every ideal proper of R is prime, show that R is a field.

Show that in a Boolean ring R, every prime ideal P # R is maximal.

Let R be a commutative ring and b € R a nilpotent element. Prove that u + b is a unit for all units u
in R.

N

o Uk

Project 11 (Chain ring). A ring is called a chain ring if all its ideals form a chain under inclusion. For
example, Z,~, p a prime and n € N, is a chain ring. Also, every field is a chain ring. Let R be a finite
commutative ring. Prove that R is a chain ring if and only if R is a local ring whose maximal ideal is
principal.

A finite chain ring arises in algebraic number theory as quotient rings of rings of integers in number
fields. It has many applications in coding theory because of the similarity with finite fields. Galois rings in
Project[16] are examples for this situation.

2.4 Factorizations

From elementary number theory, we know that every positive integer can be decomposed uniquely
into a product of prime numbers (Theorem [I.1.5). It is the unique factorization property of the
ring Z. In this section, we shall learn about factorizations in any other integral domains.

2.4.1 Irreducible Elements and Prime Elements

Let R be a commutative ring and suppose that a,b € R. We say that a divides b and write a | b, if
there is an r € R such that ra = b. This definition coincides the divisibility discussed previously
in Section [L. 11

Remarks. Let R be a commutative ring and a,b € R.
a divides b < b € Ra < Rb C Ra.

a divides 0 (R0 C Ra).

ac€ R,1dividesa (Ra C R-1= R).

a divides 1 & R = Ra < a is a unit.

0 divides a & Ra C R0 < a = 0.

—

uhwbh
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Let R be an integral domain and suppose a,b € R. We say that a and b are associates if a | b
and b | a.

Theorem 2.4.1. Let R be an integral domain, a,b € R. The following statements are equivalent.
(1) a and b are associates. (ii) Ra = Rb. (iii) a = ub for some unit u € R.

Proof. (i) = (iii) If « = 0, then b = 0 and (3) is clear. Suppose then that a # 0. Since a | b and
b | a, we can write ¢ = ub and b = va. Thus, a = ub = wva, so (uv — 1)a = 0, so uv = 1. Hence,
a = ub and u is a unit of R.

(iii) = (i) If @ = ub where u is a unit, then Ra = Rub = (Ru)b = Rb.

(ii) = @) If Ra = Rb, then a = rb, b = sa, so b | a and a | b. Hence, a and b are associates. O

Let R be an integral domain. We say that a nonzero nonunit element a in R is an irreducible
element or atom if a cannot be expressed as a product a = bc where b and ¢ are nonunits. For
example, in Z, p and —p, p a prime number, are irreducible elements.

Theorem 2.4.2. Let R be an integral domain and a a nonzero nonunit in R.
1. ais irreducible < (Vb,c € R,a = bc = b or cis a unit).
2. If Ra is maximal, then a is irreducible. The converse holds if R is a PID.

Proof. (1) It follows directly from the definition.
(2) Assume that Ra is maximal. Let b,c € R be such that a = be. Then Ra C Rb C R. Since Ra
is maximal, Ra = Rb or Rb = R. If Rb = R, then b is a unit. Let Ra = Rb. Then a = bu for some
unit u € R, so bc = bu which implies ¢ = u is a unit since R has no zero divisor.

Finally, we assume that R is a PID and a € R is irreducible. Let J be an ideal of R such that
Ra C J C R. Since R is a PID, J = Rb for some b in R, and so a € Rb. Thus, a = cb for some
c € R, so bor cis aunit. Hence, Rb = R or Ra = Rb. ]

A nonzero nonunit element p in R is a prime element if
Va,be R,p|ab=-p|aorp]|b.

Note that a prime number is a prime element in Z by Corollary [T.1.4] (2).

Theorem 2.4.3. Let R be an integral domain.
(1) For a nongero nonunit p in R, p is prime < Rp is a prime ideal.
(2) Every prime element is irreducible. The converse holds if R is a PID.

Proof. (1) It follows directly from the definition and Theorem [2.3.2]

(2) Let p be a prime element. Assume that p = ab for some a,b € R. Then Rab = Rp, so Ra C Rp
or Rb C Rp. Since Rp = Rab C (Ra N Rb), Ra = Rp or Rb = Rp, so au = p or bv = p for some
units v and v in R. Hence, b = u or a = v is a unit in R. Finally, suppose that R is a PID and p is
irreducible. Then Rp is maximal, so it is a prime ideal. Hence, p is prime. O]

2.4.2 Unique Factorization Domains

A unique factorization domain (UFD) is an integral domain R which satisfies:
1. Every nonzero nonunit of R is a product of atoms.
2. If a is a nonzero nonunit of R, then the expression of a as a product of atoms is unique in
the following sense: “If a = a1 ...a, = by ...bs where aq,...,a,,b1, ..., bs are atoms, then
r = s and there is a reordering b;,,...,b;. of b1,..., b, such that a; and b;, are associates, as
and b;, are associates, ..., a, and b;_ are associates”.
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Examples 2.4.1. 1. The ring of rational integers Z is a UFD by the fundamental theorem of
arithmetic (Theorem [[.T.5). Since U/(Z) = {£1}, the atoms of Z are +p where p is a prime.
Note that p and —p are associates (e.g., 12 =2-2-3 = (—2)(-3) - 2).
2. Let F be a field. Every element of F' except 0 is a unit. Hence, every nonzero nonunit of ¥
is uniquely a product of atoms (vacuously!). That is, F' has no nonzero nonunits.

Theorem 2.4.4. Let R be an integral domain. Then R is a UFD if and only if
1. every nongero nonunit of R is a product of atoms and
2. every irreducible element is prime.

Proof. Suppose R is a UFD. Then (1) holds, by the definition of a UFD. It remains to show that if
x is irreducible, then x is prime. Suppose x | be, and let az = be. Write a, b and ¢ as products of
atoms, so that

al...akw:bl...blcl...cm.
—— S——

a b c

Since these are two factorizations of ax = be into products of atoms and x is an atom, x must be
an associate of some b; or some c;. Hence, z | b or | ¢. Thus, z is prime.
Conversely, suppose (1) and (2) are given. Then to show R is a UFD, it suffices to show that if

al...ar:bl...bs

where the a; and b; are atoms, then r = s and the b; may be arranged so the a; and b; are
associates for i = 1, ..., r. The proof proceeds by induction on r.

When r = 1, a; = by ...bs. Since a; is prime, a; divides b; for some i. Assume that a1 | by,
and let b; = uay. Since by is an atom, v must be a unit, so a; and b, are associates. Furthermore,
a; =by...bs =wuayby...bs, 501 = (ubg)...bs. Thatis, s = 1 and a; = by. For the inductive step,
write ay ...a, = by ...bs. Since a; is prime, a; divides b; for some i. As above, let b = ua; where
w is a unit and a; and by are associates. Then a;...a, = b;...bs = uaba...bs, SO as...a, =
uby . .. bs. Now the inductive hypothesis applies since we have r — 1 factors on the left. It follows
that » = s and after reordering the b;, a; and b; are associates for i = 2,...,r. This completes the
induction. O

To obtain more examples of a UFD and an integral domain which is not a UFD, we introduce:
Let d be a square free integer. The set

ZWVd) = {z +yVd : z,y € 7}

is a subring of C. It is called the ring of quadratic integers. Note that if 21, z9,y1,y2 € 7Z are
such that z; + y;Vd = x2 + y2V/d, then z; = x5 and y; = y» because d is non-square. Define a
function N : Z[v/d] — Z by

N(z+yVd) =2* —dy? forallz,y € Z.

It is called the norm map on Z[\/d|.

Theorem 2.4.5. 1. Ifa € Z[v/d] and N(a) = 0, then a = 0 = 0 4 0V/d.
2. Va, B € Z[Vd], N(aB) = N(a)N(8) and (a | 8 = N(a) | N(8)).
3. Ya € Z[\Vd), o is a unit < N(a) = £1.
4. If « € Z[\/d] and N(«) = p is a prime number; then « is irreducible in Z[v/d].
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Proof. Let x,y € Z be such that 22 — dy? = 0. Then 2? = dy?. If y # 0, then d = 22/y?, so
Vd = |z/y| € Q, which is a contradiction. Thus, we must have y = 0 which also forces z = 0.
This proves (1). A direct calculation gives (2). For (3), let a € Z[\/&]. Suppose that « is a unit.
Then a3 = 1 for some 8 € Z[V/d]. Thus, 1 = N(1) = N(afB) = N(a)N(B), so N(a) divides 1
in Z. This gives N(1) = +1. Conversely, assume that N(a) = +1. Write a = = + y/d. Then
+1 = N(z +yVd) = 2% — y?>d = (x +y/d)(z — yv/d) which implies that = 4 y+/d is a unit. Finally,
(4) follows from (3). O

Example 2.4.2. The unit group of the ring Z[i] is {1, —1,¢, —i} where i denotes \/—1.

Remark. The equation 22 — dy?> = 1 is called the Pell’s equation. Every unit in Z[v/d] is a
solution of Pell’s equation, or else of z? — dy? = —1, the negative Pell’s equation. If d < 0, then
x? —dy? > 0. In this case the negative Pell’s equation has no solutions. In fact, Pell’s equation only
has very few solutions in this case, namely two, unless d = —1 when there are four solutions. If
d > 0, there are infinitely many solutions to Pell’s equation. The negative Pell’s equation may or
may not have solutions.

Example 2.4.3. Consider the ring Z[/—5].
1. 1 —+/-5,1++/-5, 2 and 3 are irreducible elements.
2. 1+ +/=5 and 2 are not prime elements. Hence, Z[v/—5] is not a UFD by Theorem 2.4.4]

Solution. (1) Assume that 1 — /—5 = (a + b\/—5)(c + dv/—b) for some a,b,c,d € Z. By taking
norms, we have

6 = (a® +5b%)(c* + 5d?),

which implies that a® 4+ 56> = 1,2, 3 or 6. Observe that b = 0 implies a> = 1, so a + b+/5 is a unit.
If b # 0, then a® + 5b® > 5, so a® + 5b> = 6. This forces that ¢? + 5d%> = 1 and thus ¢ + dy/=5 is
a unit. Hence, 1 — /=5 is irreducible. Next, assume that 2 = (a + by/—5)(c + dv/—5) for some
a,b,c,d € Z. By taking norms, we have

4 = (a® +5b%)(c + 5d?),

which implies that a? + 56> = 1,2 or 4. If a? + 5b*> = 2, then 2 is a square modulo 5 which is a
contradiction. Thus, a? + 56> = 1 or ¢? + 5d? = 1. Hence, a + b\/—5 or ¢ + dv/—5 is a unit and so
2 is irreducible. Similarly, 1 + /=5 and 3 are irreducible.

(2) Note that

(1++v=5)(1—+-5)=6=2-3.

Then (1++/—5) | 2-3. But, if (1++/=5) | 2 0or (1++/—5) | 3, then 6 | 4 or 6 | 9, which are absurd.
Thus, 1 + /-5 is not a prime element. Similarly, 2 | (1 ++/—5)(1 —+/—=5). If 2| (1 + +/—5) or
2] (1—+/—5), then4 |6, a contradiction. Hence, 2 is not a prime element. O

Next, we talk about common factors, gcd and lcm of elements in an integral domain (cf.
Section [I.T)). Let R be an integral domain and suppose a,b € R. A greatest common divisor of
a and b, ged(a, b), is an element d € R which satisfies

l.d|aandd|b and 2.VceR,(claNc|b)=c]|d.

A least common multiple of ¢ and b, lcm(a, b), is an element m € R which satisfies
l.a|mandb|m and 2.VeeR,(a|lcAb|lc)=m|ec

Remark. +3 and —3 are greatest common divisors of 12 and 15. 60 and —60 are least common
multiples of 12 and 15. Thus, the gcd or lem of two elements is not unique, (however we adopt
the above notation anyway, e.g., gcd(12,15) = 3 and ged(12, 15) = —3 are both correct!). By their
definitions, they are unique up to associates as recorded in the next theorem.
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Theorem 2.4.6. Let R be an integral domain and let a,b € R.
1. If d and d' are gcd’s of a and b, then d and d’ are associates.
2. If m and m/ are lcm’s of a and b, then m and m’ are associates.

Let R be an integral domain and let Q(R) be the set of atoms of R. Define an equivalence
relation on Q(R) by a ~ b if a and b are associates. Then a set of representative atoms for R is a
set P = P(R) which contains exactly one atom from each equivalence class.

Example 2.4.4. Q(Z) = {£p | p is a prime} is the set of all atoms in Z.
P(Z) = {p | p is a positive prime} is a set of representative atoms.
P(Z) = {+2,-3,+5,—7,...} is another set of representative atoms.

We obtain the next theorem directly from the definition of a UFD.

Theorem 2.4.7. Let R be an integral domain and let P be a set of representative atoms for R.
Then the following statements are equivalent.

(i) Ris a UFD.

(ii) Every nongzero element of R can be expressed uniquely (up to order of factors) as a =
ubft - - bZk, where u is a unit of R, k > 0, i1,...,4 > 0 and by, ..., by are distinct elements
of P.

Another important result from R being a UFD is the existence of gcd and lem for any pair
of nonzero elements. We also have the same relation for ged and lem as in elementary number
theory.

Theorem 2.4.8. Let R be a UFD and suppose a,b € R~ {0}.
1. a and b have a gcd and an lcm.
2. Let P be a set of representative atoms for R. Then among the gcd’s of a and b there is exactly
one which is a product of elements of P. The same is true for the lcm’s of a and b.
3. If a and b are nonzero, ged(a,b) = r, and lem(a,b) = s, then ab and rs are associates. In
other words,

ab
1 b) = ————.
em(a,b) ged(a, b)
Proof. Let P be a set of representative atoms of R, and let by,...,b; € P be all the atoms of P

which occur in either a or b when they are factored as in Theorem [2.4.71 Write
a=ubl---bi* and b= vb] .- bl

where u ar_ld v are units and i, js > 0. Then we derive:
(@r= brlmn(il’jl) . -bimn(i“j’") is a ged for a and b.

(b) s = prx(an) . praX(ir37) is a lem for a and b.

(c) r is the only gcd of @ and b which is a product of elements of P, and s is the only lcm of a and
b which is a product of elements of P.

(d) Since ¢ + 7 = min(¢, j) + max(¢, j) for any integers ¢ and 7,

i1j1 . b;{k"!‘jk

ab = uvb; = uors.

Hence, ab and rs are associates. ]

Remark. Suppose R is an integral domain and Ra + Rb = Rc. Then ¢ = ged(a, b). The converse
does not hold. E.g., Q[s,t], where s and ¢ are indeterminates. Then gcd(s,t) = 1 and Q[s, t] #

Qls, t]s + Q[s, t]t.



2.4. Factorizations 63

Proof. Since Re 2 Ra and Re D Rb, ¢ | a and ¢ | b. Suppose d | a and d | b. Then Rd 2 Ra + Rb = Re, so
d | c. Hence, ¢ = gecd(a, b). O

Now, we shall prove that a PID is also a UFD. The following lemma is a key for R being a PID.

Lemma 2.4.9. [Ascending Chain Condition (ACC) for a PIR] Let R be a principal ideal ring. If
I C I, C ... is a chain of ideals in R, then 3m € N, I, = I,,, for all n > m.

Proof. Let I = |Jo2;I,. Then I is an ideal of R. Since R is a PIR, Ja € R,(a) = I. Then
a €U, s03Im € N,a € I,. Thus, I = (a) C I, C I which implies that 7,,, = I. Hence,
VYn >m, I, = L. ]

Lemma 2.4.10. If R is a PID and a is a nonzero nonunit element in R, then there exists an atom
p € R such that p | a.

Proof. Since a is nonunit, Ra ; R. Then there exists a maximal ideal M of R such that Ra C M.
Since R is a PID, M = Rp for some atom p by Theorem [2.4.2] Since Ra C Rp, p | a. O

Theorem 2.4.11. Every PID is a UFD.

Proof. Let R be a PID. By Theorems[2.4.3]and[2.4.4], it suffices to show that every nonzero nonunit
of R is a product of atoms. Let a € R be nonzero nonunit. By Lemma [2.4.10} there exists an atom
p1 dividing a. Write a = p1b; for some b; € R. If by is a unit, then a is an atom. If b; is nonunit,
then there exists an atom p, dividing b1, so we write a = p1b; = p1p2bs. Continuing, we get a
strictly ascending chain of ideals

(a) C (b1) C (bg) C---.

Since R is a PID, this chain must terminate, by the ACC in Lemma with some b, = p,u,
where wu, is a unit and p, is an atom. Hence, a = p1p> . .. pru., and so R is a UFD as desired. []

Finally, we study a generalization of the division algorithm which leads to a special kind of
integral domains. An integral domain D is called a Euclidean domain if there exists a map

d: D~ {0} - NU{0},

called a valuation map, such that
1. Ya,b € D~ {0},d(a) <d(ab) and
2. Yae D,be D~ {0},3q,7 € D,a=bqg+rwithr =0 ord(r) <db).

Examples 2.4.5. 1. Any field F is a Euclidean domain with valuation d(a) = 1 for all a # 0.

2. From the division algorithm for Z (Theorem [I.1.1]), we have Z is a Euclidean domain if we
define d(a) = |a| for all a # 0.

3. The ring Z[i] = {m + ni : m,n € Z} is called the ring of Gaussian integer. This is a
subring of C, hence an integral domain. Its elements can be identified with the set of “lattice
points”, that is, points with integral coordinates in the complex plane. If a = m + ni, we put
d(a) = aa = |a|*> = m? + n?, the norm map. Then d(a) € N and d(ab) = d(a)d(b) > d(a) for
all a,b € Z[i] ~ {0}. To prove that d satisfies the condition of the definition of a Euclidean
domain, we note that if b # 0, then ab~! = j+vi, where p and v are rational numbers. Now
we can find integers v and v such that |u — p| < 1/2, [v—v| < 1/2. Sete = p—u,n =v —v,
so that [e] < 1/2 and |n| < 1/2. Then

a=0bl(ut+e)+ (v+n)i=bg+r
where ¢ = u + vi is in Z[i]. Since r = a — bgq, r € Z[i]. Moreover if r # 0, then
d(r) = [r* = [b*(e* + n*) < [bI*(1/4 +1/4) = d(b)/2.

Thus, d(r) < d(b). Hence, Z]i] is a Euclidean domain.
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Theorem 2.4.12. A Euclidean domian is a PID, and hence is a UFD.

Proof. Let I be an ideal in a Euclidean domain D. If I = {0}, we have I = (0). Otherwise, let
b # 0 be an element of I for which d(b) is minimal for the nonzero elements of /. Let a be any
element of 7. Then a = bq + r for some ¢, € D with r = 0 or d(r) < d(b). Sincer =a —bg € I
and d(r) < d(b), we must have r = 0 by the choice of b in /. Hence, a = bg, so I = (b). O

Example 2.4.6. Let§ = (1 +/—19) and Z[f] = {a + b0 : a,b € Z}. Assume that u = a + b6 is a
unit in Z[A]. Then (a + b8)(c + df) = 1 for some ¢, d € Z. The squares of absolute value on both
sides give

((2a + b)* + 196*)((2¢ + d)* + 19d*) = 16

which implies b = d = 0 and so ac = 1. Hence, the unit group of Z[#] = {£1}. By a similar
technique, we can show that 2 and 3 are irreducible in Z[f]. Now, suppose that d is a valuation
map on Z[f]. Choose m € Z[A] which is nonzero nonunit such that d(m) is minimal. First, we
divide 2 by m and get ¢, € Z[f] and

2=mq+r withd(r) <d(m)orr=0.

This means r = 0,1 or —1. If » = 0, then m | 2 which forces m = £2 since 2 is irreducible and m
is not a unit. Similarly, if » = —1, then m = £3. The case » = 1 cannot happen, for if it did, then
m | 1, so m is a unit. Next, we divide # by m in the same way, we obtain ¢/, € Z[6] and

0 =mq + 1" withd(r') < d(m) orr’ = 0.

Again, we have v’ = 0,1 or —1. Thus, one of 6, § + 1 or § — 1 is divisible by m. But m = +2 or +3
and it is easy to see that none of these quotients is in R. This contradiction tell us that Z[6] is not
a Euclidean domain.

Next, we shall show that Z[f] is a PID. Let I be a nonzero ideal of Z[¢]. Choose b € I so
that |b| is as small as possible. We aim to show that I = Z[0]b. Suppose not. Then there is
an element a € I \ Z[A]b. Note that ap — bq € I for all p,q € Z[0)], so if we can find p, ¢ with
lap — bq| < |b| (or equivalently |(a/b)p — ¢q| < 1), then we shall be done. Since we may replace
a by any element ¢’ = a — bg, we can subtract any desired element of R from a/b. In particular,
we can assume that the imaginary part y of a/b = x + iy lies between ++/19/4. Now, if the
imaginary part of a/b lies strictly between ++/3/2, then a/b lies at distance less than 1 from some
rational integer and we are done. Thus, we may assume the imaginary part of a/b lies between
V3 /2 and 1/19/4 (or the negative of this, where the argument is similar). Hence, the imaginary
part of 2(a/b) — (1 + /—19)/2 lies between /3 — v/19/2 and 0. But v/19 < /27 = 3/3, so
V3/2 > v/19/2 — /3 > 0. Therefore, the imaginary part of 2(a/b) — (1 + /—19)/2 is sufficient
small that the complex number lies at a distance less than 1 for some rational integer. In both
cases, we have found elements p, ¢ € Z[#] such that |ap—bg| < |b| which is a contradiction. Hence,
Z[0] is a PID.

Remark. In conclusion, recall that Z is an integral domain which is not a field and Z[/—5] is not
a UFD. Besides, Z[0] = {a + b0 : a,b € Z}, where § = (1 + /—19)/2, is a PID which is not a
Euclidean domain as shown above. Finally, Z[z] (in the next section) is a UFD which is not a PID.

Exercises 2.4. 1. If p and ¢ are prime elements in an integral domain R such that p | ¢, prove that p
and ¢ are associates.
2. Let R be a UFD and c a nonzero element in R. Prove that R/Rc contains a nonzero nilpotent element
if and only if there is a prime element p € R with p? | c.
3. Let R be a UFD. If ¢ € R is a nonzero nonunit element, prove that Ra is the product of a finite
number of prime ideals.
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If Ris a PID and ged(a,b) = 1, show that Ra + Rb = R, so 1 = ax + by for some z,y € R.
Let R be a PID and suppose that a, b and ¢ are nonzero elements of R such that Ra + Rb = Rc. Show
that there exist u,v € R such that ua + vb = ¢ and Ru + Rv = R.
6. Prove that 4 + /10 is irreducible but not prime in the ring {a +b/10 : a,b € Z}. Deduce that Z[/10]
is not a UFD.
Show that the ring Z[\/i] has infinitely many units. (Hint. If v is a unit, so is u™ for all n € Z.)
8. (a) Let D be a Euclidean domain. Prove that « is a unit in D if and only if d(u) = d(1).

(b) Show that +1 and =i are units in Z[i] and prove that if a+ bi is not a unit in Z[i], then a® +b2 > 1.
9. Let R be a Euclidean ring and a,b € R, b # 0. Prove that there exist qo,q1...,¢, and rq,...,7, in R
such that

o1k

N

a=qob+ry, d(ry) <db),
b=qri +7r2, d(re)
ry = qera + 13, d(r3)

Tn—2 = 4dn—1Tn—1 + Tn,s d(rn) < d(rn—l>7

Tn—1 = gnTn

and if a and b satisfy the above conditions, then r,, is a gcd of a and b. This algorithm is called the
Euclidean algorithm. Find a gcd of 8 + 6i and 5 — 157 in Z[i] by using the Euclidean algorithm.
10. Let D be a UFD with field of fractions F' and suppose o € F'. Show that it is possible to write o = a/b
with a,b € D and ged(a, b) = 1.
11. Let R be a PID with field of fractions F’, and let S be a ring with R C S C F.
(a) If « € S, show that « = a/bwith a,b € Rand 1/b € S. (b) Prove that S is a PID.
12. Let R = {m/2" : m,n € Z and n > 0}.
(a) Prove that R is a subring of Q and determine all units of R.
(b) Show that 3 is an irreducible element in R.
(c) Prove that R is a PID.

Project 12 (Prime elements in the ring of Gaussian integers). We have learned that all units in Z[i] are
+1, +i. In this project, we shall determine all prime elements in Z[i]. Use the norm map, show that up to
multiplication by units, the prime elements in Z[i| are of three types:

(a) p, where p is a prime in Z satisfying p = 3 (mod 4),

(b) 7 or 7, where ¢ = 77 is a prime in Z satisfying ¢ = 1 (mod 4),

© a=1+1.

Project 13 (Quadratic norm Euclidean domains). Find all square free integers d = 2,3 (mod 4) such that
the norm map on Z[v/d] satisfies the axiom of a Euclidean function. [Answer. They are —2, —1, 2, 3, 6, 7,
11, 19, 33.]

Moreover, for a square free integer d = 1 (mod 4), let

1
+2\/E :{x—i_zy\/&:m,yez,azb (mod2)}.

Z

Define the norm map on Z [H;/E] by

N z+yVd :xQ—dyQ-
2 4

Find all square free integers d = 1 (mod 4) such that the norm map on Z [HQ—‘/E} satisfies the axiom of a

Euclidean function. [Answer. They are —11, —7, —3, 5, 13, 17, 21, 29, 37, 41, 57, 73. Note that Z[%} is
a Euclidean domain but not for norm.]
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2.5 Polynomial Rings

One of familiar topic in elementary algebra is “polynomials”. Algebraic equations usually involve
factorization of polynomials. Here, we treat them in a more abstract way with the things that we
have studied from the previous section. There will be many important results in this section.

2.5.1 Polynomials and Their Roots

Let R be a ring with identity 1 and let z be a symbol called an indeterminate, not representing any
element in R. Let R[z] denote the set of all symbols ag + a1z + - - - + a,z™ where n € NU{0}, a; €
R,2° = 1,2' = . For i € N, let 2’ denote 1 - z'. In the symbol ag + a1z + - - - + a,x", we may
drop a;z if a; = 0. Each element ag + a1z + - - - + a, 2" is called a polynomial and q; is called the
coefficient of 2% for i € {1,...,n} and qo is called the constant term.

For p(z) = ap + a1z + -+ + apz™ and ¢q(x) = by + bix + - -+ + by,z™ in R[z], we can write
p(z) = ap + a1 + - + agx® and q(x) = by + byw + - - - + bpx® where k > max{m,n},a; = 0 if
i >nand b; = 0if j > m and we define

1. p(z) =q(z) & a; =b; foralli € {0,1,...,k}

2. p(x) + q(z) = (ag + bo) + (a1 + b1)x + -+ - + (az + by)z* and
3. p(z)q(x) = co+ 1o+ -+ + choma™™™, where ¢; = Zi‘:o aibi—;(= apby + a1bj_1 + - - - + a;bo)
foralll € {0,1,...,n+m}.
Hence, under the operation defined above R[] is a ring which has 1 as its identity and contains
R as a subring (considered elements as constant polynomials). The ring R[z] is called the ring of
polynomials over R. If R is commutative, so is R[z].

Set R[x1,x2] = R[z1][z2] and R[x1,...,z,] = R[z1,. .., Tn_1][zs] if n > 2.

If p(x) = ap + a1z + --- + apz™ € Rz] and a,, # 0, then the degree of p(x), denoted by
deg p(z), is defined to be n. For technical reasons, we define the degree of the zero polynomial to
be —oo and adopt the following conventions: (—oc) < n and (—oc0) + n = —o0 = n + (—o0) for
every integer n; (—oo) + (—o0) = —o0.

Let f(x) = ap + a1z + - - - + axa™. If a,, # 0, a,, is called the leading coefficient of f(z) and
f(z) is a monic polynomial if a,, = 1. If R is commutative and ¢ € R, then

f(z)— f(c) :==ap+arc+ -+ apc”

gives a homomorphism from R|[z| to R, called the evaluation at c. In addition, if f(c) = 0, then
c is called a root of f(x).
The following statements are clearly true.
1. Every unit in R is a unit in R[z].
2. If f(x) = ap+ a1z + -+ + apz™, g(x) = by + bix + -+ - + bya™ € Rlz] and a,,b, # 0, then
deg(f(z)g(x)) = m +n.
In particular, if R is an integral domain, we have:

Theorem 2.5.1. Let R be an integral domain.
1. RJ[z]is an integral domain.
2. Vf(z),9(z) € R[z] \ {0}, deg f(z)g(x) = deg f(z) + deg g().
3. The set of all units of R[z] is the set of all units of R. In particular, U(Z[z]) = {£1} and
U(F[z]) = F \ {0}, where F is a field.
4. Ya € R, ais irreducible in R < a is irreducible in R[x].
5. Ya,b € R, bis a unit = a + bz is irreducible in R[z].

Proof. (1) and (2) are clear from the above observation. Note that if f(x) is a unit, then f(z)g(z) =
1 for some g(z) € R[], so deg f(x) + degg(xz) = deg1 = 0 by (2). This forces that deg f(z) =
0 = degg(x) which implies that f(x) lies in R and (3) follows. Next, let a € R. If a is irre-
ducible in R[z], then a is clearly irreducible in R. On the other hand, if a = f(z)g(z) for some
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nonzero nonunits f(x) and g(z) in R[x], we have 0 = dega = deg f(x) + deg g(x), so this again
gives deg f(z) = degg(x) = 0. This means that f(x) and g(z) indeed lie in R, and thus a is
reducible in R. Finally, let a,b € R with b a unit. Then deg(a + bx) = 1. If a + bz = f(z)g(x) for
some f(x),g(z) € R[x], then 1 = deg f(x)+degg(z), so f(x) or g(x) mustliein R, say f(z) =ca
constant in R and g(z) = u+wvx. Since b = cv is a unit, c is a unit. Hence, a+ bz is irreducible. [

Theorem 2.5.2. [Division Algorithm] Let R be a ring, f(z),g(x) € R[z] and g(x) # 0. Assume
that the leading coefficient of g(x) is a unit in R. Then 3 unique q(x),r(x) € R[x] such that

f(z) = q(z)g(z) + r(x) where r(z) = 0 or degr(z) < deg g(z).

Proof. If there exists an h(z) € R[z] such that f(z) = h(x)g(x), let g(z) = h(z) and r(z) = 0.
Assume that f(x) # h(x)g(x) for all h(x) € R[z]. Let

S = {deg(f(x) — h(x)g(x)) : h(x) € Rlz]} € NU{0}.

Then S # (). By the Well-Ordering Principle, there exists a polynomial ¢(x) in R[z] such that

deg(f(x) — q(z)g(z)) has the least degree and we may write r(x) for f(x) — g(z)g(z). Then
r(z) # 0. Assume that degr(x) > degg(x). Write r(z) = ap + a1z + --- + apz”, a, # 0, and
g(x) = by + bz + -+ + bypa™ with b,, a unit. Since degr(x) > degg(z), n —m > 0. Let
s(x) = r(z) — apb,lz" ™g(z). Thus, deg s(z) < n and

s(a) = f(z) —a(2)g(z) — anby'a""g(x) = f(2) — (a(2) — anby,'2""")g(2),

so s(z) € S and deg s(z) < degr(z), a contradiction.
To prove that ¢(x) and r(x) are unique, suppose that ¢»(z) and ro(x) are polynomials such
that

f(z) = g(x)qa(x) + ro(x) where ro(x) = 0 or degra(x) < deg g(z).
Then g(z)q(z) + r(z) = f(z) = g(x)g2(z) + r2(z). Subtracting yields

9(2)]a(x) = g2(2)] = ra(z) — r(2).

Since the leading coefficient of g(z) is assumed to be a unit, we have

deg(g(x)[g(x) — g2(2)]) = deg g(x) + deg(q(x) — g2())-

Since deg(ra2(x) — r(x)) < degg(x), this relation can hold only if ¢(x) — ¢2(x) is zero, i.e., ¢(z) =
¢2(z), and hence finally r(x) = ro(x). O

For a field R, the leading coefficient of a nonzero polynomial g(x) in R[z| is always a unit
in R, so the division algorithm above gives:

Corollary 2.5.3. If F'is a field, then F[z] is a Euclidean domain with valuation d(p(x)) = deg p(x)
for all p(x) € Fx] \ {0}. Moreover, F[z]is a PID and a UFD.

Theorem 2.5.4. [Remainder Theorem] Let R be a ring and f(x) € R[x]. Then for all ¢ € R, the
remainder when x — ¢ divides f(x) is f(c).

Proof. Let ¢ € R. By Theorem [2.5.2] there exist unique ¢q(x) € R[x] and r € R such that f(z) =
q(x)(x —c¢) +r. Then f(c) = q(c)(c—c)+r=r. -

Corollary 2.5.5. Let R be a ring.
1. If f(z) € R[z], c € Rand f(c) =0, then f(z) = q(
2. If R is commutative, f(x) € R[z] and ¢ € R, then f(c) =0 < (x —¢) | f(z) in R[x].
3. Let R be an integral domain, f(z) € Rx], deg f(x) = 2 or 3 and the leading coefficient of
f(z) is a unit in R. Then f(x) has arootin R < f(x) is reducible in R[z].

x)(x — ¢) for some q(z) € R[z].
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Proof. (1) and (2) are clear. For (3), assume that c is a root of f(z). Then f(z) = g(x)(z — ¢)
for some ¢(x) € Rx]. Since deg f(x) is 2 or 3, deg ¢(x) is 1 or 2, so f(x) is reducible. Conversely,
suppose that f(x) = g(z)h(z), where g(z), h(xz) € R[z] of degree > 1. Since deg f(z) = 2 or 3,
degg(xz) =1 ordegh(z) = 1. Hence, f(z) has a root in R. O

Examples 2.5.1. 1. z? — 3 is irreducible over Q but not over R.
2. 2?2 + 1 is irreducible over R but not over C since 22 + 1 = (z — i)(x + ).
3. 2% — x + 1 is irreducible over Z3 but reducible over R by the intermediate value theorem. In
general, every polynomial of odd degree over R has a root in R (Theorem [5.5.3).
4. 2* 4 4 has no roots in R but it can be factored as (z% — 222 + 2)(2? + 222 + 2) in R[z].

Corollary 2.5.6. Let F be a field.

1. If f(z) is a polynomial over F' of degree n, then f(x) has at most n roots in F.

2. If f(z) and g(x) are polynomials over F of degree < n such that f(ai1) =
glai),..., flant1) = g(ant1) where oy, ..., apny1 are distinct elements of F, then f(x) =
g9().

3. If F is infinite and f(xz) and g(x) are polynomials over F such that f(a) = g(«) for all
a € F, then f(x) = g(x).

Proof. We shall prove (1) by induction on k£ = deg f(x). It is clear when f(z) is linear. Assume
that £ > 1 and any polynomials of degree k& have at most k roots in F. Suppose that f(x)
is of degree k + 1. The statement is true when f(z) has no root in F. Otherwise, let « be a
root of f(z) in F. Then f(z) = (z — a)q(x) for some polynomial ¢(x) € F[z] of degree k. By the
inductive hypothesis, ¢(x) has at most k roots. Hence, f(x) has at most k+ 1 roots. The remaining
statements follow from the first one. O

Remarks. 1. f(x) = 22 — 1 has four roots in Z1s, namely 1, —1,5, —5.
2. Corollary [2.5.6] says that two polynomials over an infinite field ' which defined the same
function on F are identical. This is NOT true if F' is finite. Let F' = 7Z,, f(z) = = and
g(x) = zP. Then f(a) = g(a) for all « € Z, but f(z) # g(x).

Theorem 2.5.7. Let F be a field and F|x] the polynomial ring over F. Then linear polynomials
are the only atoms in F[x] if and only if each polynomial f(x) € F[z] of positive degree has a root
in F.

Proof. Suppose that linear polynomials are the only atoms in F[z]. Let f(z) be a polynomial of
positive degree over F. Since F[x] is a UFD, f(x) = ai(z)---ax(x), a product of atoms. Each
a;(x) is linear, so a;(x) = bj(x — ¢;) (b;, ¢; € F with b; #0). Then (x —¢;) | f(x), so c1,...,cp are
roots of f(x) in F. Conversely, assume that every f(x) € F[z] of positive degree has a root in F.
Let a(x) be an atom in F'[z]. We claim that «(z) is linear. For, let b € F be a root of a(z). Then
(x —b) | a(z) so a(x) = (x — b)B(x) for some [(x) € F|x]. Since a(x) is an atom, §(x) must be a
unit. That is, 5(z) is a constant lying in F' \. {0}. Thus, a(x) is a linear polynomial. O

A field F is an algebraically closed field if every non-constant polynomial has a root in F.

Example 2.5.2. By the fundamental theorem of algebra (Theorem [5.5.6), the only atoms in C|z]
are linear polynomials. Thus, C is an algebraically closed field.

Theorem 2.5.8. Let R be an integral domain and f(x) € R[z] a nonzero polynomial. If ay, ..., oy,
are distinct roots of f(x), then (x — a1)...(x — ay) divides f(x).
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Proof. We shall prove this result by induction of k. Corollary (1) gives the basis step.
Assume k > 1. By the inductive hypothesis (z — ay) ... (z — ay—1) divides f(z), so let f(x) =
(r —ai)...(x — ag_1)g(z) for some g(z) € R[x]. Then

0= flow) = (ar — 1) ... (o — ag-1)g(ag).

Thus, g(ax) = 0 since R is an integral domain, so (z—ay) | g(x). It follows that (z—ay) ... (x—ak)
divides f(z). O

2.5.2 Factorizations in Polynomial Rings

When factor a polynomial, we first look for some common factors on its coefficients. For example,
223 +4 = 2(23 4 2). Taking the gcd of the coefficients out allows us to concentrate on polynomials
with no common factor on their coefficients and leads to the following definitions.

Let R be a UFD and suppose that f(z) = ag + a1z + - - - + ap2™ is a nonzero polynomial in
R[z]. The content of f(x) is the ged of ay, ..., a,. We say that f(z) is primitive if the content of
f(x) is unit in R, i.e., ay, . . ., a,, have no common factor except units.

Theorem 2.5.9. [Gauss’ lemma] Let R be a UFD and f(z),g(z) € R[z]. If f(x) and g(z) are
primitive, so is f(x)g(x).

Proof. Let

f(x) =ao+arz+ -+ apz™
g(x) =byg+brz+ -+ bya"
flx)g(z) =co+criz+---+ cm+nxm+”.

We shall suppose that f(z)g(z) is not primitive and obtain a contradiction. Let « € R be an atom
of R which divides all of ¢y, ..., ¢nin. Since R is a UFD, every atom is a prime, so Ra is a prime
ideal. Then (R/Ra)[z] is an integral domain. Since R[z|/R[z]a = (R/Ra)[x]|, R[x]a is a prime
ideal. Let

" : Rlx] — R[z]/R]x]a

be the canonical map. Since a divides cy, ..., cpin, f(2)g(z) = 0. But a does not divide all of
ao, . ..,am or all of by, ..., b,, since f and g are primitive. Thus, f(z) # 0,g(x) # 0. This is a
contradiction since f(z)g(z) = 0 and f(z), g(z) lie in R[z]/P which is an integral domain. Hence,
f(x)g(x) is primitive, as claimed. O

Theorem 2.5.10. Let R be a UFD and f(z), g(x) nonzero polynomials of R|x]. Then:
1. f(x) is primitive < the content of f(x) is 1.
2. If ais the content of f, then f(z) = afi(x) where fi(x) is primitive.
3. If f(z) = afi(x) and fi(x) is primitive, then a is the content of f(x).
4. If a and b are the contents of f(x) and g(x), respectively, then ab is the content of f(z)g(x).

Proof. (1), (2) and (3) are immediate from the definition of gcd. For the last statement, by (2),
we write f(x) = afi(x) and g(z) = bg1(x) where fi(z) and ¢, () are primitive. By Gauss’ lemma,
f1(xz)g1(z) is primitive, and

f(@)g(x) = afi(z)bgi(z) = (ab)(fi(x)g1(x)).

Hence, ab is the content of f(z)g(z), by (3). O
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Theorem 2.5.11. Let R be a UFD and let F = Q(R) = {r/s : r,s € R,s # 0} be its field
of quotients. Suppose f(z) is an irreducible polynomial in R[x]. Then f(z), considered as a
polynomial in Fx], is irreducible in F[z]. In particular, if f(z) € Z[z] is irreducible over Z, it is
irreducible over Q.

Proof. Suppose f(z) = g(x)h(z) where g(z) and h(z) are polynomials of positive degree in F'[z].
Let g(x) = ao/bo + (a1/b1)x + -+ + (am/bp)a™ and h(z) = co/do + (c1/dr)x + - + (cn/dp)a".
Let b be a least common multiple of the b; and d a least common multiple of the d; so that

g1(z) =bg(xz) and hi(z) = dh(z)
lie in R[z]. Then
bdf (x) = bg(x)dh(x) = g1(x)h1 ().

By Theorem 2.5.10] let g1 (z) = uga(z) and hy(x) = vha(xz) where u is the content of g1 (x) and v
is the content of h;(x), and g2(z) and ho(z) are primitive polynomials in R[z|. Thus,

bdf (x) = gi1(x)hi(z) = uvga(z)ha(x).

Since go(z) and ho(z) are primitive, so is ga2(x)he(x) and hence the equation above implies that
bd | wv in R. Canceling, we obtain

() = wga(z)ha(z) wherew = % €R.

Therefore, f(z) is reducible in R[z|, which proves the theorem. O

Let R be a UFD and F = Q(R) its field of quotients. Suppose
h(z) = ao/bo + (a1/b1)x + - + (an/bp)z"™ € Flx],

where ag /by, a1/b1, ..., a,/by, are in “lowest terms”. That is, a; and b; have no common factor. Let
b =lem(by,...,b,). Then

bh(z) = ag(b/bo) + a1 (b/b1)x + - -+ + an(b/by)a"

is in R[x]. Let a be the content of bh(z). It happens that a = ged(ao, . . ., a,), although knowing
this is not essential. The main point is that

hi(z) = (b/a)h(x)

is a primitive polynomial in R[z]. Moreover, the proof of Theorem [2.5.11] shows that if f(z) €
R[z], then h(z) | f(z) in F[z] < hi(z) | f(z) in R[z]. In particular, suppose f(z) € R[z], and
r/s € F'is aroot of f(x) where r and s are relatively prime. Then h(z) = x — (r/s) divides f(x)
in F[z], so hi(z) = sz — r divides f(x) in R[z]. Thus, we have:

Theorem 2.5.12. Let R be a UFD and F its field of quotients. Suppose f(x) € R[x] where
flz) =ap+ a1z +---+apz™ and r/s € F is a root of f(x) where r and s are relatively prime.
Then s | a, and r | ag if r # 0.

Proof. The remarks above show that (sz —r) | (ap + a1z + - - - + a,z") in R[z]. It is easy to see
that this implies our results. O]

Remarks. 1. Suppose f(z) = ag+ a1z + -+ apz™ € Z|x|, where ay # 0. Then there are only
finitely many rationals which can possibly be roots of f(x), namely the fractions r/s where
7| ag and s | ay,.
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2. Note that if a,, = 1 above, then s = +1 and r/s € Z. In other words, if a,, = 1, then every
rational root of f(x) is an integer.

Another important criterion on irreduciblity in Q] is the next theorem.

Theorem 2.5.13. [Eisenstein’s Criterion] Let f(x) = ap + a1z + -+ + a,a” lies in Z[z], and
suppose that there is a prime number p such that

1. ptay, 2. plao,...,an—1, and 3. p*{ao.

Then f(x) is irreducible in Q[z]. Moreover; if f(x) is primitive, then f(x) is irreducible in Z[z].

Proof. We shall suppose that f(z) is reducible in Q[z] and obtain a contradiction. By dividing f(z)
by its content, we may assume that f(x) is primitive, this does not affect either the hypothesis
or the reducibility of f(x) in Q[z]. By Theorem 2.5.17] f(x) is reducible in Z[z], so let f(z) =
g(x)h(z) where g(z) = by + biz + - + bpz™ and h(z) = co + c1z + - - - + cp_maz™ ™™ are in Z[z].
Note that since f(x) is primitive, neither g(z) nor h(z) is constant. Thatis, m > 1 and n —m > 1.
Let ~ : Z[z] — Zy[z] be the canonical projection. Then f(z) = a,z" where a, # 0 since p { an,

50 g(z)h(x) = f(x) = ana™. Since Z,[x] is a UFD, this forms g(z) = bpa™, h(z) = cpmz""™, 50

that by = ¢y = 0 (i.e., p divides by and c). But then p? | ag since ag = boco, which contradicts part
(3) of the hypotheses. Hence, f(z) is irreducible in Q[z] as claimed. O

Example 2.5.3. f(z) = 22° — 62 + 92% — 15 is irreducible in Q[x] and in Z[z].

Corollary 2.5.14. The pth cyclotomic polynomial

P —1
Pp(z) = ——F ="' +a" P+t

is irreducible in Q[z] for any prime p.

Proof. The polynomial

g(z) = p(z +1) = (éill);__ll =P + (]1?

)xPQ +---+0p
satisfies the Eisenstein criterion for the prime p and is thus irreducible in Q[z]. But clearly if
®,(z) = h(z)r(x) were a nontrivial factorization of ®,(x) in Z[z], then

Pp(z +1) = g(z) = h(z + )r(z + 1)

would give a nontrivial factorization of g(x) in Z[z]. Thus, ®,(z) must also be irreducible in

Q[x]. O

We next wish to prove a famous theorem of Gauss: if R is a UFD, so is R[z]. Recall the criterion
given in Theorem [2:4.4}

an integral domain is a UFD <
1. every nonzero nonunit is a product of atoms and
2. every atom is prime.

Suppose R is a UFD. We first observe that R[z] is an integral domain, so this presents no
problem. We shall establish the criteria above for R[z| (and these show that R[z| is a UFD) by
doing three things:

(a) We determine all atoms of R[x] (Theorem [2.5.T15).
(b) We show that they are primes (Theorem 2.5.16)).
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(c) We show that every nonzero nonunit of R[x] is a product of atoms and conclude that R[x]
is a UFD (Theorem 2.5.17).

Theorem 2.5.15. Let R be a UFD, F its field of quotients and f(x) € F[z]. Then f(z) is an atom
of R[z]| < either

(1) f(x) € Rand f(x) is an atom of R or

(2) f(z) is a primitive polynomial of degree n > 1 and f(z) is irreducible in F'[z].

Proof. Assume that f(z) is an atom of R[z|. If deg f(z) = 0, then f(z) € R, and clearly f(x) must
be an atoms of R. Otherwise, suppose that deg f(z) = n > 1, and let a be the content of f(x).
Then f(x) = afi1(x) where f;(x) is primitive. Since f(x) is irreducible in R[z]|, a must be a unit
in R, so f(x) is primitive. Again, since f(z) is irreducible in R[z], it is also irreducible in F'[z] by
Theorem 2.5.171

Conversely, assume that (1) and (2) hold. If f(z) is an atom of R, it is clearly an atom of R[x]
(Theorem [2.5.T)). Suppose f(z) is a primitive polynomial of degree n > 1 and f(x) is irreducible
in F[z]. We claim that f(x) is an atom of R|[z|. For, suppose not, and let

where ¢g(z) and h(x) are nonunits of R[z].
(@) If g(x) or h(z) lies in R, then f(z) is not primitive, a contradiction.
(b) If g(x) and h(x) both have positive degree, then f(z) is reducible in F'[x], again a contradic-
tion.
Hence, if f(x) is an atom of R[x], it has the form (1) or (2), as required. O

Theorem 2.5.16. Let R be a UFD and f(z) an atom of R[x]. Then R[z|f(x) is a prime ideal of
R[z]. Thatis, f(x) is a prime element.

Proof. We consider separately the two types of atoms in R[z] given in Theorem [2.5.T5]
Case 1. a € R is an atom of R. Since R is a UFD, every atom is a prime, so Ra is a prime ideal.
Then (R/Ra)|x] is an integral domain. Since R[x]/R[x]a = (R/Ra)[x], R[x]a is a prime ideal, so
a is prime.
Case 2. f(z) is a primitive polynomial of degree n > 1 and f(x) is irreducible in F'[x] where F' is
the quotient field of R. First we claim that F[z|f(x) N R[z] = R[z|f(z). Clearly, f(z) € F[z|f(x)N
RJx]. Conversely, we suppose g(z)f(z) € R[z] with g(x) = ao/bo + (a1/b1)x + -+ + (an/bp)a™ €
F[z]. We can find relatively prime a,b € R such that (b/a)g(z) = ¢1(x) where g;(x) is a primitive
polynomial in R[z]. (In fact, a = gcd(ag,a1,...,a,) and b = lem(bg, by, . . ., b,) will do, provided
each a; and b; are relatively prime.) Thus, (b/a)g(x)f(z) = ¢1(x)f(z) € R[z]. By Gauss’ lemma,
g1(z) f(z) is a primitive polynomial. In connection with the above equation, this forces b to be a
unit of R, so g(z) = (a/b)g1(x) € R[x]. Hence, g(z) f(x) € R[z]f(x) which proves our claim.

By the second isomorphism theorem, we have

Rlz]/R[z]f(x) = Rlz]/(R[z] " Flz]f(x)) = (R[z] + Flz]f(x))/F[z]f ().
Since (R[z| + Flz|f(z))/Flx]|f(z) C F[z]/F|x]f(x) which is a field because f(x) is irreducible in

F[z], R[z]+ F|z]f(z))/F|x]f(z) is an integral domain. Thus, R[x]/R|[x]f(z) is an integral domain,
so R[z|f(x) is a prime ideal. Therefore, f(x) is prime and this proves the theorem. O

Theorem 2.5.17. [Gauss] If R is a UFD, so is R[x]. Hence, if R is a UFD, so is R[z1,...,xy] for
all n € N.
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Proof. We know all the atoms of R[x] by Theorem and Theorem tells us that each
atom of R[] is prime. Hence, (by Theorem [2.4.4) to verify that R[z] is a UFD, it remains to show
that each nonzero nonunit f(z) € R|x] is a product of atoms.

Case 1. deg f(x) =0, i.e., f(x) € R. Since R is a UFD and every atom of R is an atom of R|z|, we
can express f(x) as a product of atoms in R, and so in R[z].

Case 2. deg f(x) = n > 1. Let f(x) = fi(z)... fr(z) where (a) each f;(x) has degree > 1 and
(b) k is as large as possible. Such a factorization exists because any factorization which satisfies
(a) has at most n terms since n = deg f(x) = deg fi(z) + --- + deg fr(z) > k. Now, let a; be the
content of f;(x), and let f;(x) = a;g;(z) where g;(x) is a primitive polynomial.

We claim that ¢;(x) is an atom in R[z] because if g;(x) = r(z)s(z) where r(z) and s(z) are
nonunits, then r(x) and s(x) cannot lie in R, since g;(x) is primitive. In addition, r(x) and
s(z) cannot both have positive degree because then we could write f(x) as a product of k + 1
polynomials of positive degree, which violates (b). Thus, each g;(z) is an atom as desired. Hence,

f(@) = fi(@) .. fulx)
= a191(z) ... argr(z)
=ay...axq1(x)...gr(z)
=agi(z)...gx(z), where a € R.

By Case 1, a can be written as a product of atoms in R[z| and therefore shows that f(x) is a
product of atoms in R[z], which proves R[z] is a UFD. O

Example 2.5.4. Since Z is a UFD, we have Z[x] is also a UFD. However, in the following exercises,
we shall know that the ideal (x,2) of Z[z] is not principal, so Z[z] is an example of a UFD which
is not a PID.

Exercises 2.5. 1. Let R be a ring.
(a) Show that M, (R[z]) = M, (R)[z] for all n € N, where z is an indeterminate in both cases.
(b) If I is an ideal of R, prove that I[z], the set of all polynomials with coefficients in 7, is an ideal
of R[z] and R[z]|/I[x] = (R/I)[x].
2. Prove the following statements.
(a) If Ris an integral domain, then z is a prime element in R[x].
(b) In Z[z], (z) is a prime ideal but not a maximal ideal.
(c) If Fis afield, then (z) is a maximal ideal in F/[x].
3. Let F be a field. Show that F[z]/(2?) = { {8 (lj ta,be F}, a subring of My (F).
Let F be a field. Find a ring isomorphism F[z]/(z? —2) — F x F.
Prove that the ideal I = (x,2) is not a principal ideal of Z[x]. Hence Z[z] is not a PID. In addition,
show that I is a maximal ideal in Z[z].
6. Construct a field of:  (a) 125 elements (b) 81 elements.
Find all odd prime numbers p such that x + 2 is a factor of z* + 23 + 2% — z + 1 in Z,[x].
8. Let p(x) € Rlz]. Prove that if p(a + bi) = 0, then p(a — bi) = 0 for all a,b € R. Deduce by the
fundamental theorem of algebra that there exist real numbers c,ry,...,75,a1,b1,..., Gm, by, such
that

o1k

N

p(x) =clx—7r1)...(x =) (2% — 2a1)x + (a? +b2)) ... (2% — (2a,)z + (a?, +b2)).

In addition, if p(z) € R[z] is irreducible over R, then degp(z) = 1 or 2, namely, p(x) = bz + ¢ or
p(z) = az? + bx + ¢ with b* — dac < 0.
9. Let p be an odd prime. Prove that 2" — p is irreducible over Z[i][x].
10. If R is an intergral domain for which every ideal of R|x] is principal, show that R must be a field.
11. Let D be an integral domain. If ¢ : D[z] — D[] is an automorphism such that ¢(a) = « for all
a € D, prove that there exist ¢,d € D with ¢ a unit in D such that ¢(z) = cx + d. Here x stands for
the indeterminate of D|z].
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12. Let R be a UFD and F its field of quotients. Let f(z) = ag+ai1x+- - -+a,a™ lies in R[z], and suppose
that there is an irreducible element p € R such that
®p * an, (@{)p | ag, .-+ ,0n—1, and  (iii) p2 Jfa0~
Prove that f(x) is irreducible in F'[z]. Moreover, if f(x) is primitive, then f(z) is irreducible in R[x].

Project 14 (Units in a polynomial ring). Let R be a commutative ring and f(z) = ag + a1z + - - - + a,a™ in
RJx]. Prove that f(x) is a unit in R[z] if and only if ay is a unit in R and ay, ..., a, are nilpotent elements
in R. (This project generalizes the result in Theorem [2.5.1] (3) to any commutative ring.)

Project 15 (Generalized Eisenstein’s criterion). Let P(z) = a,2"+a,_12" '+ - -+a;x+ao be a polynomial
with integer coefficients. If there exist a prime number p and an integer k£ € {0,1,...,n — 1} such that
p | ag,ai,...,ax,ptars1 and p? { ag, then P(z) has an irreducible factor in Z[x] of degree greater than k.
Extend this result to a UFD similar to the last question of Exercises[2.51

2.6 Field Extensions
Let F' be a field and f(z) a polynomial over F' of degree n € N. Then the quotient ring

Flz]/(f(z)) = {g(z) + (f(2)) : g(x) € Flz]}
={g(z) + (f(2)) : g(z) € Flz] and g(z) = 0 or deg g(z) < n}
={ag+az+ -+ ap 12"+ (f(z)) : a; € F}

by the division algorithm. Thus, if F' is a finite field, then F[x]/(f(x)) is a commutative ring
of |F|" elements. In addition, if f(x) is irreducible in F[z], then (f(x)) is a maximal ideal, so
F[z]/(f(x)) is a field. Note that F is isomorphic to {c+ (f(z)) : ¢ € F'}, so we may embed F into
F[z]/(f(x)) by using the inclusion map.

Examples 2.6.1. 1. R[z]/(2? + 1) is a field isomorphic to C (with the map f(z) — f(i)).
2. Zy1[z]/(z* + 3) is a field of 121 elements.

Under the above idea, if a polynomial over a field does not possess a a root in its own field,
we shall create a bigger field where we can find a root of it.

2.6.1 Algebraic and Transcendental Extensions

Before we extend a field, we first determine the smallest one possible according to its characteris-
tic. Let I’ be a field. The intersection of all subfields of I is the smallest subfield of F, called the
prime field of F'.

Theorem 2.6.1. Let F be a field with the prime subfield P and 1 denote the identity of F.
1. If char F = p, a prime, then P ={n-1p:n=0,1,...,p— 1} 2 Z/pZ.
2. Ifchar F =0, then P={(m-1p)(n-1p) ' :mn € Z,n#0} = Q.

Proof. Since Pisafield, 1 € P,so{n-1p :n € Z} C P. Define ¢ : Z — P by p(n) =n - 1p for
all n € Z. Then ¢ is a ring homomorphism and im ¢ = {n - 1p : n € Z}, so Z/ ker ¢ = im ¢.

(1) Assume that char F' = p is a prime. Then imp = {n-1p : n =0,1,...,p — 1} and p is the
smallest positive integer such that p € ker ¢, so ker ¢ = pZ. Hence, im ¢ = Z/pZ which is a field,
so P =imp = Z/pZ.
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(2) Assume that char I = 0. Then ¢ is a monomorphism. Since {n-1p : n € Z} C P and
P is a subfield of F, {(m - 1p)(n-1p)~' : myn € Z,n # 0} C P. Define ¢ : Q — P by
@(m/n) = o(m)p(n)~! for all m,n € Z,n # 0. Then @ is a monomorphism and |z = ¢. Thus,
Q=im@ = {(m-1p)(n-1p)~t : m,n € Z,n # 0} which is a subfield of P, and hence they are
equal. O]

In this section, we require some background in vector spaces. A field K is said to be an
extension of a field F' if F'is a subring of K.

Remark. By Theorem[2.6.] any field can be considered as an extension field of the field Q or Z,
for some prime p.

Let K be an extension field of F. The degree of K over F, [K : F], is the dimension of K
as a vector space over F'. More generally, if a field F' is a subring of a ring R, then [R : F] is the
dimension of R as a vector space over F. For example, [C : R] = 2 and [R : Q] is infinite (in fact

[R: Q] = [R].

Theorem 2.6.2. If[L : K] and K : F] are finite, then [L : F] is finite and
[L:F]=|[L:K]K:F]

Infact, [L: F] = [L : K|[K : F] whenever F C K C L.

Proof. With FF C K C L, let {§;},cs be a basis of K over F' and {«;}cr a basis of L over K.
Every element of L can be written uniquely as a finite linear combination of the elements of
{a; }ier with coefficients in K, and every such coefficient can be written uniquely as a finite linear
combination of the elements of {f;},c; with coefficients in F'. Hence, every element of L can be
written uniquely as a finite linear combination of the elements of {a;03; }ics jes With coefficients
in K: {c;B;}icrjesisabasisof Lover F,and [L: F]=|I x J|=[L: K|[K : F]. O

Notation. Let K be an extension field of F.
1. If ¢y,...,t, are indeterminates over F, then F(ty,...,t,) denotes the field of quotients of
the polynomial ring F[t1,...,t,].
2. If ug,...,u, € K (or S C K), then Fluy,...,u,] (or F[S]) denotes the subring of K
generated by F' and ug,...,u, (or S), and F(uy,...,u,) (or F(S)) denotes its field of
quotients.

Theorem 2.6.3. [Classification of Elements in an Extension Field] Let K be a field extension of
a field F' and let uw € K. Then EITHER

(a) [F(u): F]=o00and Fu] = F[t], so F(u) = F(t) where t is an indeterminate OR

(b) [F(u): F]is finite and F[u] = F(u).

Proof. Let t be an indeterminate and consider the ring homomorphism
Flt]| 5 K

defined by ¢(t) = w (or ¢(f(t)) = f(u)). Note that the kernel of ¢ is a prime ideal, since the
image of ¢ has no zero divisors. There are two possibilities.

(1) ker ¢ = {0}. Then we have (a).

(2) ker ¢ # {0}. Then ker ¢ = F[t]g(t) where ¢(¢) is a monic prime (i.e., irreducible) polynomial.
Since Ft] is a PID, F[t]g(t) is a maximal ideal. Thus,

Flu] = F[i]/Ft]g(t)
is a field, so F[u] = F(u). O
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Remarks. 1. Ifg(t) = go + git + -+ + gn_1t" 1 + 1", then [F(u) : F] =nand {1,u,...,u""}
is a basis for F'(u) over F.
2. Consider R C C and g(t) = go + g1t + t* € R[t]. We distinguish three cases.
(@) If g2 — 4go > 0, then g(t) = (t — a)(t — b) where a,b € R,a # b and R[t]/R[t]g(t) is a
ring without nonzero nilpotent elements.
(b) If g7 — 49y = 0, then g(t) = (t — a)? and R[t]/R[t]g(¢) is a ring with nonzero nilpotent
elements.
(©) If g2 — 490 < 0, then R[t]/R[t]g(t) = C.
3. If p is a prime, then ¢* — p is irreducible over Q and the fields Q(/p) = Q[t]/(t* — p) are all
distinct.
Proof. Let p and ¢ be distinct primes. Assume that ¢ : Q[,/p] — Q[,/q] is an isomorphism. Then
¢(1) =1, and so o(r) = r for all r in Q. Let o(,/p) = a + b,/q for some a,b € Q. Thus, p = p(p) =
(¢(y/p))? = (a+b/q)* = (a+ bq) + 2ab,/q. Since ,/q is not rational, ab = 0. However, if a = 0, then
p = bq which implies ¢ | p. If b = 0, then ¢(,/p) = a = ¢(a), so \/p = a is rational. Hence, both cases
lead to a contradiction. Therefore, Q[,/p] and Q[,/q] are not isomorphic. O

An element in an extension field can be classified according to Theorem [2.6.3] as follows.

Let K be an extension field of a field F'. An element v € K is algebraic over F in case there
exists a nonzero polynomial f(t) € F[t] such that f(u) = 0 and transcendental element over F
otherwise.

For example, every complex number is algebraic over R; v/2 and 1 + /5 € R are algebraic
over Q. It has been proved that e and 7 € R are transcendental over Q (by the Lindemann-
Weierstrass theorem). We show the existence of real numbers transcendental over Q in Corollary
[5.2.31 Moreover, most of real numbers are in fact transcendental over Q (see Exercises [2.6)).
Theorem [2.6.3] yields characterizations of algebraic and transcendental elements.

Corollary 2.6.4. Let K be an extension field of a field F' and uw € K. The following conditions
on u are equivalent:

(D w is transcendental over F' (if f(t) € F[t] and f(u) = 0, then f = 0);

(i) F(u) = F(t);

(i) [F(u) : F)] is infinite.

Corollary 2.6.5. Let K be an extension field of a field F' and uw € K. The following conditions
on u are equivalent:

(D w is algebraic over F' (there exists a polynomial 0 # f(t) € F[t] such that f(u) = 0);

(i) there exists a monic irreducible polynomial g(t) € F[t] such that g(u) = 0;

(i) [F(u) : F] is finite.

Moreover, in part (i), we have ¢(t) is unique; f(u) = 0 if and only if g(t) | f(t); F(u) =
Flt]/(9()); and [F(u) : F] = deg g(¢).

When v is algebraic over F, the unique monic irreducible polynomial ¢(t) € F[t] in part (ii) is
the minimal polynomial of u. The degree of u over F' is deg g(t).

An extension field K of a field F' is algebraic in case every element of K is algebraic over F.
For example, C is an algebraic extension of R, but R is not algebraic over Q. Note that if [K : F]
is finite, then K is an algebraic extension because [F(u) : F| < [K : F| < oo for all u € K. An
extension field F of a field F is said to be a simple extension of F' if £ = F(«) for some « € E.

Example 2.6.2. Prove that Q(v/2,1/3) = Q(v/2 + v/3) is a simple extension.

Solution. Let K = Q(v/2 + v/3). Since v2 + /3 € Q(v/2,V3), we have K C Q(v/2,v/3). For
another inclusion, note that (v/2 4+ v/3)? = 5 + 2v/2v/3, so v/2v/3 € K. Thus,

V2 =(V2+V3)V2v3-2(v2++v3) and V3=3(V2+V3) - (V2+V3)V2V3
are in K. Hence, Q(v/2,v3) = K. 0O



2.6. Field Extensions 77

Theorem 2.6.6. If L is an algebraic extension of K and K is an algebraic extension of F, then L
is algebraic extension over F.

Proof. Let w € L. Since L is algebraic over K, there exists f(z) = ap + a1z + --- + apa™ €
K|z] such that f(u) = 0. Since K is algebraic over F, ag,ay,...,a, are algebraic over F, so
[F(ag,a1,...,ay): F)is finite. For, let £ = F(ag,a1,...,a,). Then

[E: F] = [F(ao) : FI[[[F(a0,a1,...,a:) : Flag,a1,...,a;1)],
=1

ao is algebraic over F' and a; is algebraic over F(ay,...,a;—1) foralli € {1,...,n}. Since f(z) €
Elz], u is algebraic over E, so [E(u) : F] is finite by Corollary 2.6.5 Thus,
[F(u): F] < [E(u): F] =[E(u) : E][E : F] < 0.

Hence, u is algebraic over F. O

Corollary 2.6.7. For a,b € K, if a and b are algebraic over F' of degree m and n, respectively, then
a=+b, aband a/b (if b # 0) are all algebraic over F of degree < mn. Hence, the set of all algebraic
elements of K over F'is a subfield of K and is an algebraic extension over F.

Proof. By Corollary 2.6.5 [F(a) : F] = m and [F(b) : F] = n. Since b is algebraic over F, b is
algebraic over F(a), so [F(a)(b) : F(a)] < n. Thus, by Theorem 2.6.2] [F(a,b) : F| = [F(a)(b) :
F) = [F(a)(b) : F(a)][F(a) : F] < mn. Since a £ b, ab, ab~! (if b # 0) are in F(a,b) which is a
finite extension, they are all algebraic over F' of degree < mn. O

Example 2.6.3. Consider Q C C. Let A = {z € C : z is algebraic over Q}. By Corollary[2.6.7] A
is algebraic over Q. Assume that [A : Q] = n is finite. Let f(x) = 2" — 3. It is irreducible over Q
by Eisenstien’s criterion. Let o € C be such that f(«) = 0. Then o € A ans so Q C Q[a] C A. But
Qo] : Q] =n+1 > [A: Q], which is a contradiction. Hence, [A : Q] is infinite. This provides an
example of infinite algebraic field extensions.

2.6.2 More on Roots of Polynomials

We conclude this chapter by working more on roots of polynomials. The theorem of Kronecker
assures us that we may obtain an extension field of F' in which the polynomial p(x) € F[z] has a
root.

Theorem 2.6.8. If F is a field and G is a finite subgroup of the multiplicative group of nonzero
elements of F, then G is a cyclic group. In particular, the multiplicative group of all nonzero
elements of a finite field is cyclic.

Proof. If G = {1}, then G is cyclic. Assume that G # {1}. Since G is a finite abelian group,

GZZ/(m)® - ®ZL/(my)

k
where k£ > 1,m; > 1 and m; | --- | my. Since my ZZ/(mi) = 0, u is a root of the polynomial

i=1
2™ — 1 € Flz] for all u € G. By Corollary 2.5.6] this polynomial has at most m,, distinct roots
in F, so |G| < my. Hence, we must have k£ = 1 and G = Z/(m,) which is a cyclic group. O
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Remark. The finite multiplicative subgroup of a division ring may not be cyclic. E.g., Qs =
{£1, +i,+j, £k} is a subgroup of the ring of real quaternions H and Qs is not cyclic.

Let R be an integral domain and f(z) € R[z]. If « is a root of f(x), then there exist m € N
and g(z) € R[z| such that f(z) = (x — «)™g(x) and g(«) # 0. m is called the multiplicity of the
root v of f(z) and if m > 1, a is called a multiple root of f(x).

If f(x) =ao+ a1z + -+ - + apz™ € R[z], we define f'(x) € R[z], the derivative of f(z), to be
the polynomial

f'(x) = a1 + agz + - - - + napz™ L.

We record the immediate properties of the derivative of polynomials in the next lemma

Lemma 2.6.9. If f(x) and g(z) are polynomials over an integral domain R and c¢ € R, then
1. (cf(z)) = cf'(x),
2. (f(z) +g(x)) = f(z) + ¢'(x),
3. (f(2)g(z)) = f(x)d'(x) + ['(z)g(x),
4. (f(@)™) =n(f(z))" f'(z) where n € N.

Characterizations of polynomials with multiple roots using derivatives are as follows.

Theorem 2.6.10. Let E be an extension of a field F and f(z) € F|x].
1. For a € E, ais a multiple root of f(x) if and only if « is a root of both f(x) and f'(x).
2. If f(z) and f'(x) are relatively prime, then f(z) has no multiple root.
3. If f(x) is irreducible over F having a root in E, then
f(z) has no multiple root in E if and only if f'(z) # 0.

Proof. (1) is clear.

(2) Since f(z) and f’(x) are relatively prime, there exist h(z) and k(x) in F[z] such that 1 =
f(x)h(z) + f'(x)k(x). If « € E is a multiple root of f(z), by (1), f(a) =0 = f'(a),s0 1 =0, a
contradiction.

(3) Since f(z) is irreducible, f'(z) # 0 and deg f'(x) < deg f(z), we have f(x) and f'(z) are
relatively prime, so f(x) has no multiple roots. Conversely, if f'(z) = 0, then f(a) = 0 = f'(«a)
for some « € E since f(x) has a root in E. Hence, by (1), « is a multiple root of f(x). O

Theorem 2.6.11. [Number of Roots] If f(x) € F[x] and deg f(x) = n > 1, then f(x) can have
at most n roots counting multiplicities in any extension field of F.

Proof. We shall prove the theorem by induction on the degree of f(x). If deg f(x) = 1, then
f(z) = ax + b for some a,b € F and a # 0. Then —b/a is the unique root of f(z) and —b/a € F,
so we are done.

Let deg f(x) = n > 1 and assume that the result is true for all polynomials of degree < n. Let
E be an extension field of F. If f(x) has no roots in E, then we are done. Let r € E be a root
of f(z) of multiplicity m > 1. Then there exists ¢q(z) € E[x] such that f(z) = (z — r)"¢(x) and
q(r) # 0. Then deg ¢(x) = n — m. By the inductive hypothesis ¢(x) has at most n — m roots in £
counting multiplicities. Hence, f(z) has at most m+(n—m) roots in E counting multiplicities. [

Theorem 2.6.12. [Kronocker] If p(t) € Ft] is irreducible in F'[t], then there exists an extension
field E of F such that [E : F] = degp(t) and p(t) has a root in E.

Proof. We use the discussion at the beginning of the section to prove this theorem. Let F =
F[z]/(p(x)) where z is an indeterminate. Since p(x) is irreducible, E is a field containing {a +
(p(x)) : a € F} as a subfield. But F' = {a + (p(x)) : a € F} by ¢ : a — a+ (p(z)), so E
can be considered as an extension field of F' by considering a as a + (p(z)) for all a € F. Then
E = F[z]/(p(z)) = F(t) where ¢ = z + (p(z)) is a root of p(¢t). Since E = F(t) and p(t) is
irreducible over F, [E : F] = [F(t) : F] = degp(t) by Corollary 2.6.5 O
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Corollary 2.6.13. If p(t) € F|[t] is a nonconstant polynomial, then there exists a finite extension
field E of F containing a root of p(t) and [E : F| < deg p(t).

Proof. Since Ft] is a UFD, p(t) has an irreducible factor in F[t|, say p;(t). By Theorem 2.6.12]
there exists an extension field F of F' such that E contains a root of py(¢) and [E : F] = degp1(t).
Hence, [E : F| < degp(t) and E contains a root of p(t). O

Exercises 2.6. 1. If u € K is algebraic of odd degree over F, prove that F(u?) = F(u).

2.

3.
4.

10.

11.

12.

13.

14.

15.

16.

Let a,b € K be algebraic over F of degree m and n, respectively. Prove that if m and n are relatively
prime, then [F(a,b) : F] = mn.

Show that the degree of v/2 + /3 over Q is 4 and the degree of v/2 + /5 is 6.

Let p be a prime and let v € C satisfy v # 1, vP = 1 (e.g., v = cos(27w/p) + isin(27/p)).

Show that [Q(v) : Q] = p — 1.

. Let E = Q(u) where v — u? + u + 2 = 0. Express (u? +u + 1)(u? — u) and (u — 1)~! in the form

au® + bu + ¢ where a,b, c € Q.

. Let F be an algebraic extension of a field 7. Show that any subring of E/F is a subfield. Hence

prove that any subring of a finite dimensional extension field E/F is a subfield.
Let £ = F(u), u transcendental and let K # F be a subfield of F/F. Show that u is algebraic
over K.

. Let uw and v be positive irrational numbers such that u is algebraic over Q and v is transcendental

over Q.
(a) Show that v is transcendental over QJu].
(b) Classify whether the following elements are algebraic or transcendental over Q.
M (i va i) /o
(a) Show that there are countably many irreducible polynomials in Q[z].
(b) Let A be the set of all real numbers that are algebraic over Q. Show that A is countable, so that
R~ A is uncountable.
Let R be an integral domain and f(x) a nonconstant polynomial. Prove that:
(a) If char R = 0, then f/(z) # 0.
(b) If char R = p, a prime, then f/(z) = 0 < Jag, a1, ...,a, € R, f(x) = ag + a12? + - - + anz"?.
Suppose that F is a finite field and f(z) € F[z] a nonconstant. If f/(x) = 0, prove that f(x) is
reducible over F'
Let F be a finite field with ¢ elements. Prove that if K is an extension field of F and b € K is
algebraic over F, then 9" = b for some m € N.
A complex number « is called an algebraic integer if it is a root of a monic polynomial

fx)=2"+apn 12" '+ Fair+ap

whose coefficients are in Z. Let A = {« € C : a is an algebraic integer}. Prove that AN Q = Z.

Let f(z) = 2% + x + 2 be a polynomial in Z3[x] and E = Z3[z]/(f(z)).

(a) Show that f(x) is irreducible in Z3[z], and so E is a field of 9 elements extending Zs.

(b) Find the characteristic of F and [E : Zj].

(c) Find the multiplicative inverse of 1 + = + (f(z)).

(d) How many generators of the cyclic multiplicative group E ~ {0}?

Let £} and FEs be subfields of a field K. The composite field of F; and F,, denoted by E; E, is the
smallest subfield of K containing both F; and FE,. Prove that if [K : F] is finite, then [E1Es : F] <
[El : F][EQ : F]

Let o be an irrational number. If « is a common root of f(x) = 2% + ax + b and g(x) = 2% + cx + d
for some a, b, c,d € Q, prove that:

(@) g(z) is a factor of f(x) (b) cis aroot of f(x).

Project 16 (Galois ring). Let p be a prime and n,r € N. Let f(z) be a monic irreducible polynomial in
Zy[x] of degree r. Consider this polynomial as a polynomial in Z, [x].
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(a) Prove that the quotient ring R = Z,~[z]/(f(z)) is a commutative ring of p"" elements that contains
the ring Z,» = {c¢+ (f(z)) : ¢ € Z,» } as a subring.
(b) Prove by the first isomorphism theorem that

R/(p+ (f(2))) = Zp[z]/(f(2)).

Deduce that M = (p+ (f(«x)) is a maximal ideal of R.
(c) Prove that R~ M is the unit group R*. Conclude that M is the unique maximal ideal of R and so R
is a local ring.
The ring Z,~ [x]/(f(z)) is called a Galois ring. It is a ring extension of the ring Z,~ similar to a Galois field
that is a field extension of the field Z,. This finite ring has many parallel properties to the finite field and
has many applications in algebraic graph theory and algebraic coding theory.

Project 17 (More on the exponents). Let G be a finite group. Recall the exponent of G defined before
Theorem [T.7.13]in order to obtain information on the structure of a finite abelian group. Prove that:
(a) expG =lem{o(a) : a € G} where o(a) is the order of a in G.
(b) If G = Gy x Go, then exp G = lem(exp Gy, exp Ga).
(c) Letn > 2. Clearly, exp Z,, = n. Compute exp Z). The exponent of Z is the Carmichael A-function
which was first introduced in 1910 (see [22]]).
(d) Find the exponent of the unit group of the Galois ring in Project 16l
(e) Somer and Kiizek used the Carmichael A-function as a main tool to study the digraph of
the kth power mapping of Z,,. Meemark and Wiroonsri [36] replaced it with the exponent of the
group to obtain a general way to study this graphs. Their work on this digraphs influenced many
articles. Unfortunately, they did not have the formula for the exponent explicitly. Let ¢ be a prime
power and f(z) be a monic polynomial in F,[z] of degree > 1. Compute the exponent of the unit
group of the ring F,[x]/(f(z)).
() Compute the exponent of the unit group of the ring Z,-[x]/(f(z)™) where m € N and f(z) is a
monic irreducible polynomial in Z,,[z] of degree r considered as a polynomial in Z, [z].
(g) [Open] Determine the exponent of the unit group of a finite local ring.

More ring theory will be in terms of modules in Chapter 4 We shall classify extension fields
and talk about the fundamental theorem of Galois theory in Chapter 5
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Deeper results of groups are presented in this chapter. Various kinds of series of a group are
studied in the first three sections. A solvable group gets its name from the Galois group of a
polynomial p(x) and solvability by radicals of the equation p(x) = 0. A nilpotent group can be
considered as a generalization of an abelian group. A linear group gives an example of an infinite
simple group. Finally, we discuss how to construct a group from a set of objects and presentations.

3.1 Jordan-Holder Theorem

The ideas of normal series of a group and solvability that arose in Galois theory yield invariants of
groups (the Jordan-Hoder theorem), showing that simple groups are, in a certain sense, building
towers of finite groups.

A subnormal series of a group G is a finite sequence Hy, Hy, ..., H, of subgroups of G such
that H; < H;;+1 (although not necessarily normal in G) for all ¢ with Hy = {e} and H,, = G. The
groups H;.1/H; are called the factors associated with the series. A subnormal series is called a
normal series of G if H; < G for all s.

Examples 3.1.1. 1. {0} < 8Z < 4Z < Z and {0} < 9Z < Z are normal series of Z.
2. {(1)} < A3 < S5 is a normal series of Ss.
3. {()} <Ay < S, {(1)} < Vi< Syand {(1)} < V4 < Ay < Sy are normal series of S;. Here
Vi = {(1), (12)(34), (13)(24), (14)(23)}.
4. {(1)} < {(1),(12)(34)} < V4 < Ay < S4 is a subnormal series of S; which is not a normal
series.

A subnormal [normal] series {K;} is a refinement of a subnormal [normal] series {H;} of a
group G if {H;} C {K;}.

Example 3.1.2. The series {0} < 72Z < 9Z < 3Z < Z is a refinement of the series {0} < 9Z < Z.

Two subnormal [normal] series { H;} and { K} of the same group G are isomorphic if there is
a one-to-one correspondence between the collections of factor groups { H;11/H;} and {K;1/K;}
such that corresponding factor groups are isomorphic. Clearly, two isomorphic subnormal [nor-
mal] series must have the same number of groups.

Example 3.1.3. The two series of Z;5, {0} < (5) < Z;5 and {0} < (3) < Z5 are isomorphic.

The following theorem is fundamental to the theory of series.

Theorem 3.1.1. [Schreier] Two subnormal [normal] series of a group G have isomorphic refine-
ments.

Example 3.1.4. Find isomorphic refinements of the normal series

{0} < 8Z < 4Z < Z and {0} < 9Z < Z.

81
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Consider the refinement
{0} < T2Z < 8Z < 4Z < Z

of {0} < 8Z < 47 < Z and the refinement
{0} < 72Z < 18Z < 9Z < Z

of {0} < 9Z < Z. In both cases the refinements have four factor groups isomorphic to Z4, Zs, Zo,
and 72Z or Z. The order in which the factor groups occurs is different to be sure.

Recall the following fact.

Theorem 3.1.2. If N is a normal subgroup of G, and if H is any subgroup of G, then HN = NH
is a subgroup of G. Furthermore, if H < G, then HN < G.

To prove Schreier’s theorem, we shall need the following lemma developed by Zassenhaus.
This lemma is also called the butterfly lemma since the diagram which accompanies the lemma
has a butterfly shape.

Lemma 3.1.3. [Zassenhaus] Let H and K be subgroups of a group G and let H* and K* be
normal subgroups of H and K respectively. Then

1. H*(H N K*) is a normal subgroup of H*(H N K).

2. K*(H* N K) is a normal subgroup of K*(H N K).

3. H'(HNK)/H*(HNK*) 2 K*(HNK)/K*(H'NK)= (HNK)/[(H*NK)(HnNK*)).

H\H( -

K

“(HNK) K*(HNK)
HNK

“(HNK*) K*(H* N K)

™~ // \\ e

H*'NK HnK*

Proof. We first note that
H*(HNK),H (HNK"),K*(HNK) and K*(H* N K)

are groups. It is easy to show that H* N K are H N K* are normal subgroups of H N K. Apply
Theorem[3.T.2lto H*NK and HNK* as normal subgroups of HNK, we have L = (H*NK)(HNK™*)
is a normal subgroup of H N K. Thus we have the lattice of subgroups shown above.

Let ¢ : H"(H N K) — (H N K)/L be defined as follows. For h € H* and z € H N K, let
¢(hx) = xL. We show ¢ is well defined and a homomorphism. Let hy,hy € H* and 21,29 € HNK.
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If hiz1 = hoxo, then hQ_Ihl = 1'2.%'1_1 € H*N (H N K) = H*NK C L, soxz1L = xz9L. Thus o is
well defined. Since H* is normal in H, there is hs in H* such that z;hy = h3x. Then

o((h1z1)(how2)) = ¢((h1hs)(z122)) = (122)L
= (z1L)(22L) = ¢(h1z1)@(ho2)

Thus, ¢ is a homomorphism.

Obviously ¢ is onto (H N K)/L. Finally if h € H* and x € H N K, then ¢(hz) = L = L if
and only if v € L, or if and only if ha € H*L = H*(H* N K)(H N K*) = H*(H N K*). Hence,
ker = H*(H N K*). Another similar result follows by symmetry. O

Proof of Schreier’s theorem. Let G be a group and let
{e}=Hy<Hi <Hy<---<H,=G

and
{6}:K0<K1<KQ<"'<Km:G

be two subnormal series for GG. For i where 0 < i < n — 1, we form the chain of (not necessarily
distinct) groups

H; = Hi(HiynNKo) < Hi(HipanNKy) < - S Hi(Hign N Ky) = Higa.

We refine the first subnormal series by inserting the above chain between H; and H;,;. In a
symmetric fashion, for 0 < j < m — 1, we insert the chain

Kj=Kj(Kj1 N Ho) < Kj(Kj1 N Hi) < < Kj(Kj1 N Hy) = Kjp

between K; and K ;. Thus we get two refinement having mn terms. By Zassenhaus’s Lemma,
we have
Hi(Hip1 N Kj1)/Hi(Hipa N KG) = Kj(Kjn 0 Hig) /K (K 0 H;)

for0 <i<n-—1and0 < j <m — 1. Hence, this two refinements are isomorphic.
For normal series, where all H; and K; are normal in G, we merely observe that all the groups
H;(H;+1 N K;) and K;(K;41 N H;) are normal in G, so the same proof applies. O

A normal subgroup M (# G) is called a maximal normal subgroup of G if there exists no
normal subgroup N, other than G or M, such that M < N < G. Recall that a group G is simple if
G and {e} are the only normal subgroups of . For example, Z,, p a prime, and A,,, n # 4, are
simple. We also have an obvious fact.

Theorem 3.1.4. G is a simple abelian group if and only if G is cyclic of prime order.
The next criterion follows directly from the third isomorphism theorem (Theorem [1.4.4).
Theorem 3.1.5. M is a maximal normal subgroup of a group G if and only if G/M is simple.

A subnormal series { H;} of a group G is a composition series if all the factor groups H;1/H;
are simple. A normal series {H;} of G is a principal or chief series if all the factor groups
H,11/H; are simple.

Observe that by Theorem H;i1/H; is simple if and only if H; is a maximal normal
subgroup of H; 1. Thus for a composition series, each H; must be a maximal normal subgroup of
H; . To form a composition series of a group G, we just look for a maximal normal subgroup H,,_,
of G, then for a maximal normal subgroup of H, 1, and so on. If this process terminates in finite
number of steps, we have a composition series. Hence, we have first shown:
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Theorem 3.1.6. If G is a finite group, then G has a composition series.

Note that by Theorem [3.1.5]a composition series cannot have any further refinement. To form
a principal series, we have to hunt for a maximal normal subgroup H,,_; of G, then for a maximal
normal subgroup of H,,_; that is also normal in G, and so on. The main theorem is as follows.

Theorem 3.1.7. [Jordan-Holder] Any two composition [principal] series of a group G are iso-
morphic.

Proof. Let {H;} and {K;} be two composition [principal] series of G. By Schreier’s theorem,
they have isomorphic refinements. But since all factor groups are already simple, Theorem [3.1.5]
shows that neither series has any further refinement. Hence, {H;} and {K;} must already be
isomorphic. O

Examples 3.1.5 (Examples of composition series). 1. If G is simple, then {e} < G is the only
normal series of G. It is a composition series for G and its associated factor is G = G /{e}.
2. If n # 4, then {(1)} < A,, < S, is a composition series of S,,.
3. Z has many normal series. For example, let mq, ..., m, be positive integers. Then

Z>m1Z>m1m2Z>--->m1m2...ng>{0}

is a normal series for Z whose associated factors are Z,,, Zm,, - - -, Zm,,, Z. Note that since
any nontrivial subgroup of Z is isomorphic to Z, any normal series for Z must have one
associated factor isomorphic to Z. Hence, Z has no composition series.

4. Let p be prime and G = Z,, x Z,. If (z,y) # (0,0) in G, then ((z,y)) = Z, and {(0,0)} <
((z,y)) < G is a composition series for G. The composition factors are G/((x,y)) = Z, and
((x,))/(0,0) = Z,,, i.e., Z, with multiplicity 2. Note that G has (p> —1)/(p — 1) =p+1
subgroups of order p, so G has p + 1 distinct composition series. But in all cases they have
the same composition factors: Z, with multiplicity 2.

5. Let p and ¢ be prime and G = Z,, x Z; = (a) x (b). Then the only proper subgroup of G are
(a) = 7Z, and (b) = Z,. Thus G has two composition series

{e} < (a) < Gand {e} < (b) <G

In both cases, the associated composition factors are Z, and Z, both with multiplicity one.
6. Consider Z,s, Z,» x Z, and Z, x Z, x Z,. In any composition series for these groups the
same composition factors, namely Z, with multiplicity 3, occur.

Exercises 3.1. 1. Suppose G has precisely two subgroups. Show that GG has prime order.

2. A proper subgroup M of G is maximal if whenever M C H C G, we have H = M or H = G.
Suppose G is finite and has only one maximal subgroup. Show that |G| is a power of prime.

3. Let G = Zsg. Consider two normal series {0} < (12) < (3) < Zgs and {0} < (18) < Zs. Find two
isomorphic chains and exhibit the isomorphic factor groups as described in the proof of Schreier’s
Theorem.

4. Find a composition series for the dihedral group Dy = {o,p : 0* = p?> = e and pop~! = o~ '} and
for the quaternion group @ = {+1, +¢, +j, +k}. Determine the composition factor in each case.

5. Prove that if G has a composition [resp. principal] series and if NV is a proper normal subgroup of G,
then there exists a composition [resp. principal] series containing N. Hence, show that N and G/N
have composition [principal] series.

6. Show that if Hy = {e} < H; < Hy < -+ < H, = G is a subnormal [normal] series of G, and if
H;1/H,; is of finite order s;;1, then G is of finite order s; s ... s,.

7. Show that an infinite abelian group can have no composition series.
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3.2 Solvable Groups

Let G be a group. For g,h € G, [g,h] = ghg~'h~! is called a commutator of ;. The derived
subgroup of G, denoted by (7, is the group generated by all commutators of elements of G, i.e.,

G' = (ghg *h™':g,h € G).

The n-th derived subgroup of G, denoted by G is defined inductively by G(©) = G and G(") =
(G=DY for all n > 1.

Theorem 3.2.1. Let G be a group.
1. If N is a subgroup, then (N is normal and G/N is abelian) if and only if G’ C N.
2. G'is a normal subgroup of G and G /G’ is abelian.
3. Every homomorphism 6 : G — A, where A is an abelian group, factors through G/G'. More
precisely, there is a map 6 : G/G' — A such that § = 0 o wr, where 7 : G — G /G’ is the
canonical projection.

Proof. (1) Assume that N is normal and G/N is abelian. Let 2,y € G. Then zyN = yzN, so
xyz~ly~! € N. Thus G’ C N. Conversely, suppose that G’ C N. Let z,y € G and n € N. Then
rnz~n~! € G’ C N which implies that znz~! € Nn = N. Hence, N < G. Since (zy)(yz)~* =
ryz~ty=t € G’ C N, zyN = yzN, so G/N is abelian.

(2) follows from 1 by taking N = G’.

(3) Define §(xG’) = 6(x) for all x € G. Clearly, § = 6 o 7 and is a homomorphism. Since
0(G") = {e}, 0 is well defined. O

Remark. The quotient G/G’ is the largest abelian homomorphic image of G.
The derived series of a group G is the sequence of groups
G=G0>aV>g@>...>q > .

A group G is said to be solvable (of derived length < n) if G = {e} for some n. A solvable
group arises from the study of the Galois group of a polynomial in order to obtain a criterion to
determine if it is solvable by radicals. We shall see this in Section[5.7]

A subgroup H of a group G which is invariant under all automorphisms, that is, p(H) < H
for all ¢ € AutG, is called a characteristic subgroup of GG. Using the inner automorphisms
@a(r) = aza~! for all a € G, we deduce that every characteristic subgroup is normal in G.

Lemma 3.2.2. Let ¢ : G — H be a surjective homomorphism. Then o(G®") = H® for every
i > 0. Also, G\ is a characteristic subgroup for all i, and is thus normal in G.

Proof. We have ¢([x,y]) = [¢(x), ¢(y)], and since ¢ is onto, we see that ¢ maps the set of commu-
tators in G onto those in H. It follows that ¢(G’) = H’, and repeated application of this argument
yields that o(G)) = H(), as required. That the terms of the derived series of G are characteristic
follows from the first part of the lemma when we take H = G and ¢ € Aut G. O]

Theorem 3.2.3. Let G be a group. Then G is solvable if and only if G has a subnormal series with
abelian factors.

Proof. If G is solvable, G = G(© > G() > ... > G = {e} is a subnormal series with abelian
factors. Conversely, suppose G = Gy > G; > -+ > G, = {e} is a subnormal series for G with
abelian factors. Since G;/G, is abelian, G;y1 > G. We claim G; > G for i = 0,1,...,m by
induction on i. For i = 0, Gy = G = G0, Assume G; > G, Then G;41 > G, > (GV) = GO+,
which completes the induction. Hence, {e} = G,,, > G, so G™ =1 and G is solvable. O
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Remark. From Lemma [3.2.2] we know that G(*) < G for all i. Then the above derived series

G=G>aW>...5cM" = {e}

is indeed a normal series with abelian factors for GG. Also, if G is solvable, its derived length,
dl(G), is the smallest positive integer n such that G = {e}.

Examples 3.2.1 (Examples of solvable groups). 1. An abelian group G is solvable of derived

length 1 because G’ = {e}. In addition, the groups with derived length 1 are exactly the
abelian groups. Hence, a group G is abelian if and only if G is solvable of derived length 1.

. Let D,, be the dihedral group of order 2n, i.e.,

D,={o,p:0"=p*=cand pop ! =0 '}.

Here, o is the 27 /n rotation and p is the reflection of the regular n-gon. For example,

D1 = 7o, Dy = 7 x 7y and D3 = S3. Then D!, = (¢?), an abelian group. Thus, Dﬁlg) = {e}.
For n = 1 or 2, D,, is abelian and hence has derived length one. For n > 3, D,, is solvable of
derived length two.

Proof. Observe that D,, = {e,0,0%,...,0" ", p,po,po?,..., pa" 1}, For x,y € D,,, we distinguish
four cases

orolo kol =e
“1o1 ) (o) (pa) (0T ) (07 pTh) = pototole Tl pT = oo™
ryr oy o= (po¥)ot o~k p ot = g—lg—t = g2
oF(pot Yo k(oL p 1) = ohak = o2,
This implies that D!, C (¢%). On the other hand, we have 02 = po~—!p~'o. Thus, D] = (o?). O

. The groups S1 = {(1)} and Sy = Z, are abelian groups. The group S3 = Dj is solvable of

derived length two. Since S = Ay, A} = Vyand V] = {(1)} = Sf’), we can conclude that
the group S is solvable of derived length 3. Forn > 5, S/, = A,, and A}, = S2 = A,, since
A, is simple and non-abelian. Therefore S,, > A, > A, > ... is the derived series of S,
and S, is not solvable for n > 5. These facts are important in Galois theory (Section [5.7)
and relate to the famous formula for the solution of quadratic, cubic and quartic equations
(by using square roots, cube roots, etc.), and the historic proof by Abel in 1824 that there
are no such formula for the quintic equation.

Proof. Itis easy to see that any group of order two in A4 are not normal. Since A, has more than one
Sylow 3-subgroup, any subgroups of A, of order three are not normal. Moreover, A, has no subgroup
of order six (see Exercises[I.5). Hence, the normal subgroups of A, are A4, V, and {(1)}. Note that
S is a subgroup of A4. Moreover, it is normal in A4. Since Sy and S,/V, are not abelian, S} must
be Ay. Since Ay is not abelian and A,/V} is abelian, we have A} = Vj. Hence, Sy Ay> Vi {(1)} is
the derived series of S,. Next, letn > 5and K = S}, < S,,. Then KN A,, <5, so KN A, <A,. Since
Ay issimple, KNA, ={(1)} or KNA, = A,. But K C A, and K # {(1)} (since S, is non-abelian),
we get K = A,,. Hence, S/, = A,,. O

The following theorem is often useful to decide if a group is solvable.

Theorem 3.2.4. 1. If G is solvable and H is a subgroup of G, then H is solvable.

2. If G is solvable and N is a normal subgroup G, then G/N is solvable.
3. A homomorphic image of a solvable group is solvable.

4. If NaGand N and G/N are solvable, then G is solvable and d1(G) < dl(N) + dI(G/N).
5. If G and H are solvable, then G x H is solvable.
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Proof. (1) Since H®) < G for all i, H™ = {e} if G = {e}.

(2) The application of Lemma to the canonical homomorphism 7 : G — G/N Yyields that
(G/N)D) = 7(GW) for all i, and hence if G = {e}, we have (G/N)™ = {N}.

(3) follows from (2).

(4) Let dI(N) = n and dl(G/N) = m. Since the canonical homomorphism ¢ : G — G/N maps
G to (G/N)™ = {N}, we see that G(™) C N. Thus Gt = (G™)(») ¢ N = {¢}, and
hence G is solvable.

(5) follows from (4). ]

Some additional conditions under which finite groups are solvable are as follows.

Theorem 3.2.5. Let G be a finite group.

1. [Burnside] If |G| = p®q® for some primes p and q, then G is solvable.

2. [Philip Hall] If for every prime p dividing |G| we factor the order of G as |G| = p®m where
(p,m) = 1, and G has a subgroup of order m, then G is solvable, i.e., if for all primes p, G
has a subgroup whose index equals the order of a Sylow p-subgroup, then G is solvable—such
subgroups are called Sylow p-complements.

3. [Feit-Thompson] If G is odd, then G is solvable.

4. [Thompson] If for every pair of elements x,y € G, (x,y) is a solvable groups, then G is
solvable.

Burnside’s and Philip Hall’'s Theorems were proved by using Character Theory. The proof of
the Feit-Thompson Theorem takes 255 pages of hard mathematics (Solvability of groups of odd
order, Pacific Journal of Mathematics, 13 (1963), pp. 775-1029). Thompson’s Theorem was first
proved as a consequence of 475-page paper (that in turn relies ultimately on the Feit-Thompson
Theorem).

Exercises 3.2. 1. (a) Give an example of a normal subgroup of G which is not characteristic.
(b) Prove that Z(G) is a characteristic subgroup of G.
(c) If H is a characteristic subgroup of N and N < G, show that H < G.
Show that if G is a solvable simple group, then G is abelian.
3. Let{e} =Hy < Hy < Hy < ---< H,_; < H, = G be a composition for G. Prove that G is solvable
if and only if the composition factors H;,1/H; all have prime order. Deduce that if G is solvable with
a composition series, then G is finite.
Find a composition series of S3 x S3. Is S3 x S5 solvable?
Show that a group of order 1995 is solvable.
Let p < g < r be primes and let G; be a group of order pq and let G be a group of order pqr. Prove
that both of them are solvable. [Hint. G; has a unique subgroup of order q.]
7. Let G be a group of order 495 = 32 .5 - 11.
(a) Prove that a Sylow 5-subgroup or a Sylow 11-subgroup of G is normal in G.
(b) Let P be a Sylow 5-subgroup and @) a Sylow 11-subgroup of GG. Prove that P(Q is normal in G.
(c) Prove that ( is solvable.
8. Prove (without using the Feit-Thompson Theorem) that the following statements are equivalent:
(i) every group of odd order is solvable
(ii) the only simple groups of odd order are those of prime order.

N

A

3.3 Nilpotent Groups

In this section, we shall introduce a class of groups whose structure, next to those of abelian
groups, is most amenable to analysis. We begin by generalizing the notion of a commutator.
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If A and B are subsets of G, [A, B] is the subgroup of G generated by all commutators [a, b] =
aba~'b~! where a € A and b € B, that is,

[A, B] = ([a,b] :a € Aand b € B).
Note that [A, B] = [B, A].
Example 3.3.1. G' = [G,G], G? =[¢", ¢, ..., Gt) = g, G

The lower central series of a group G is defined inductively by I'1(G) = G and T',, 11 (G) =
[G,T,(G)] for all n > 1, so we get

G=T1(G)>Ts(G) > ...

and I',(G) is called the n-th term of the lower central series of G.
A group G is said to be nilpotent of class < n if I',;1 = {e}.

Remarks. 1. Since I'2(G) = [G,G] = G, G is abelian if and only if G is nilpotent of class < 1.
2. Note that the derived series commences

G=G9 >agl > .
while the lower central series commences

G=T1(G)>T4G)>....

Note however that G is abelian if and only if {e} = [G,G] = G’ = T'2(G), so
G is abelian < @ is solvable of length < 1 < @ is nilpotent of class < 1.

Examples 3.3.2 (Examples of nilpotent groups). 1. S5 has the derived series S5 > A3 > {(1)}
and has the lower central series S3 > A3 > A3 > ..., so Ss is solvable (of length 2) but not
nilpotent.

2. Sy has the derived series Sy > A4 > V4 > {(1)} and has the lower central series Sy > A4 >
A4 > ..., s0 Sy is solvable (of length 3) but not nilpotent.

3. D, = (p,7:p" =72 =eand 7pr ! = p~!) has the derived series D,, > (p*) > {e} and has
a lower central series D,, > (p?) > (p*) > (p®) > .... Hence, D, is solvable (of length 2)
unless D; or Dy which is abelian. But D, is nilpotent if and only if p?>" = e for some r if and
only if n is a power of 2.

Theorem 3.3.1. Let G be a group. Then T',,;1(G) > G™ for all n > 0. Hence, a nilpotent group
is solvable. Therefore, S,, is not nilpotent for all n > 5.

Proof. We shall use induction on n. Forn = 0, I'1(G) = G = GO, For the inductive step, we
suppose I';,11(G) > G . Thus

I'ht2(G) =[G, T (G)] > [G(")vg(n)] — gn+1)

Finally, assume that G is nilpotent. Then I',,1(G) = {e} for some n, so G(™ = {e}. Hence, G is
solvable. O

Remark. In fact, we have I'|(G) > GO, I'y(G) > GW, T4 (G) > G?), Tx(G) > GO, ...,
I'22(G) > G, ... but this is more difficult to prove.
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Recall that if N is a normal subgroup of G, then H <+ H/N gives a 1-1 correspondence
between subgroups of G containing N and subgroups of G/N. Moreover, this correspondence
carries normal subgroups to normal subgroups.

Now let Z(G) denote the center of a group G. Then Z(G) is a normal subgroup of G and
Z(G/Z(@)) is a normal subgroup of G/Z(G). Hence,

Z2(G)2(G)) = 22(G)/Z(G)

where Z5(() is a normal subgroup of GG containing Z(G). We generalize this construction to make
the following definition.

The upper central series of a group G is defined inductively by Zy(G) = {e} and Z,,+1(G)/Z,(G) =
Z(G/Z,(G)) for all n > 1, so we get

{e} = 20(G) < Z1(G) < 2(C) <
and Z,,(G) is called the n-th term of the upper series of G.

Remarks. 1. Z1(G) is the center of G and Z;11(G)/Z;(G) is the center of G/Z;(G).
2. Zi1(G)/Zi(G) = Z(G/Z;i(Q)) is equivalent to Z;11(G) = {g € G : [G, g] < Z;(G)} because

Zi1(G)/Zi(G) =Z(G/Zi(G))
<= VgeG, g€ Zit1(G) e Vr e G, gxZ; (G) =29Z;(Q)]
—VgeG,lg€ Zi1(G) = Ve e Gyxgx™ Lyt e Zi (@)
= VgeG, g€ Zit1(G) & [G,g] € Zi(Q)]
= Zi1(G) ={9 € G:[G,g] < Zi(G)}.

3. We can show by induction that Z;(G) is a characteristic subgroup of G for all i € N.

A subnormal series G = G; > G > ... is called a central series for G if [G, G;] < G4 for
all <.

Remarks. 1. Since [G,T;(G)] = I'i1+1(G), the lower central series is a central series for G.
2. Note that the condition Z;1(G)/Z;(G) = Z(G/Z;(G)) implies the inclusion [G, Z;11(G)] <
Zi(@). Thus, if Z,(G) = G for some n, then the upper central series (in reverse order) is a
central series for G:

Now, we wish to collect equivalence definitions of a nilpotent group in terms of lower central
series, upper central series and central series.

Theorem 3.3.2. Let G be a group.
1. If G =Gy > G9 > G3 > ... is a central series for G, then G,, > T',,(G) for all n.
2. G has a central series G = G1 > Gy > -+ > Gny1 = {e} if and only if G is nilpotent of
class < n.

Proof. (1) We shall use induction on n. For n = 1, G; = G = I';(G). For the inductive step, we
suppose G,, > I'),(G). Then

Gt 2 [G,Gn] 2 [G, Th(G)] = T'pta(G).

QI G=G <Gy <...<Gpy1 = {e} is a central series for G, then {e} = G,41 > T'hi1(G),
so G is nilpotent of class < n. Conversely, if G is nilpotent of class < n, then G =T'1(G) > ...
I'h+1(G) = {e} is a central series of the required length.

~—

LIV
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Theorem 3.3.3. Let G be a group.
1. Suppose G = Gy > G > ... > Gp4+1 = {e} is a central series for G. Then Zy(G) > Gp—k+1
forallk € {0,1,...,n}.
2. If Z,(G) = G, then G = Z,,(G) > Z,—1(G) > ... > Z1(G) > Zp(G) = {e} is a central
series for G.
3. G is nilpotent of class < n if and only if Z,(G) = G.

Proof. (1) We shall show that Z;(G) > G,,—r+1 by induction on k. For k = 0, Zp(G) = {e} =
Gn—H- SUPpose Zk(G) > ankJrl- Let g€ Gn—(k+l)+l = ank: then [Gag] < Gn7k+1 < Zk(G)J SO
9 € Z+1(G). Hence, Zy11(G) = Gy (ky1)41-

(2) Since Z,11(G)/Zi(G) = Z(G/Zi(G)), |G, Zi+1(G)] < Zi(G). Hence, the given series is a
central series.

(3) follows from (1) and (2) using Theorem [3.3.2 O

Suppose that G is nilpotent of class < n and that G = G; > Gy > ... > Gpy1 = {e} is any
central series for G. Theorems [3.3.2] and [3.3.3] show that we have the following inclusions

G= Z,(G) > Z,1(G) =2---> ZG) =---=> Zy(G) ={e}
Ul Ul Ul Ul

G= G > G >-> Guoppr =2 Gy ={e}
Ul Ul Ul Ul

G = Fl(G) > FQ(G) >z ank%»l(G) > 2> F7L+1(G) - {6}

In other words, of all central series for GG, the upper central series has the largest groups
and the lower central series has the smallest groups. We can restate some of the conclusions of
Theorems[3.3.2] and [3.3.3] as follows.

Theorem 3.3.4. Let G be a group. Then the following statements are equivalent.
(i) G is nilpotent of class < n.

(i) Tp11(G) = {e}.

(iii) G has a central series G = G1 > Ga > ... > Gpy1 = {e}.

(iv) Z,(G) =G.

Next, we shall see that a finite nilpotent group behaves like a finite abelian group. We show
that it is a direct product of its Sylow p-subgroups. We recall Theorem [1.6.2]

Theorem 3.3.5. Let p be a prime. If G # {e} is a finite p-group, then Z(G) # {e}.
We can thus prove another important fact.
Theorem 3.3.6. Let G be a finite p-group. Then G is nilpotent, and hence G is solvable.

Proof. Consider the upper central series {e} = Zy(G) < Z1(G) < Z2(G) < Z3(G) < .... If
Zi(G) # G, then G/Z;(G) is a p-group, so Z;+1(G)/Z;i(G) = Z(G/Z;i(G)) # {Zi(G)}. That is,
Zi+1(G) z Z;(G). Since G is finite, the central series cannot increase for all . Hence, Z,(G) = G
for some n, so G is nilpotent. O]

Theorem 3.3.7. Let G be a nilpotent group and let {e} < Z1(G) < --- < Z,(G) = G be the
upper central series of G. Suppose H is a subgroup of G and define inductively No(H) = H,
Ni(H) = N(H) = {g € G : gHg~' C H}, the normalizer of H and Nj,1 = N(Ny(H)) for all
k> 0. Then N,(H) = G.
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Proof. We shall prove by induction on i that N;(H) > Z;(G). Fori = 0, No(H) = H > {e} =
Zo(G). Suppose N;(H) > Z;i(G). Let g € Z;+1(G). Then [¢9,G] C Z;(G). To show that g €
N(N;(H)), let z € N;(H). Then gzg~lz~! € Z;(G) < N;(H), so grg~t € N;(H)x = N;(H).
Hence, g € N;11(H). O

From the above theorem, we can deduce the following:
Theorem 3.3.8. Suppose G is nilpotent and H is a proper subgroup of G. Then N(H) z H.
Before we discuss the main characterization theorem, we study some auxiliary results.

Theorem 3.3.9. 1. If G is nilpotent and H is a subgroup of G, then H is nilpotent.
2. If G is nilpotent and N is a normal subgroup G, then G /N is nilpotent.
3. If G and H are nilpotent, then G x H is nilpotent.

Proof. (1) and (2) are analogous to the proofs of [3.2.4] for G is solvable.

(3) Suppose that G and H are nilpotent. Then there exist r,s > 0 so that I'.(G) = {eg} and
Is(H) = {eg}. Thus Ty (G x H) = T'x(G) x T'v(H) = {(eq, er)} where k = max{r, s}. Hence,
G x H is nilpotent. O

Finally, we shall that a finite nilpotent group behaves like a finite abelian group as we have
seen in Theorem [I.7.12] This theorem characterizes all finite nilpotent groups.

Theorem 3.3.10. [Finite Nilpotent Groups] Let G be a finite group. Then the following statements
are equivalent.
(i) G is nilpotent.
(ii) All Sylow p-subgroups of G are normal in G.
(iii) G is the direct product of its Sylow p-subgroups.

Proof. (i) = (ii). Assume that G is nilpotent. Recall Theorem that if P is a Sylow p-
subgroup, then N(N(P)) = N(P). But Theorem [3.3.8] asserts that if H is a proper subgroup of
G, then N(H) 2 H. Thus we must have N(P) = G, that is, P is normal in G since P < N(P).

(ii) = (iii). Note that if a Sylow p-subgroup P of GG is normal in G, then it is the unique Sylow
p-subgroup of G. Let p1,pa,...,px be the distinct prime divisors of |G| and let P; be the Sylow
p;-subgroup of G. Suppose x € P; and y € P; where i # j. Then zyz~'y~!t € P, N P; = {e},
so x and y commute. It follows that ¢ : P; x --- x P, — G defined by ¢(x1,...,25) = 21 ... 2%
is a homomorphism. It is easy to show that ¢ is a bijection. Hence, G is the direct product of its
Sylow p-subgroups.

(iii) = (i). A finite p-group is nilpotent (Theorem and a finite direct product of nilpotent
groups is nilpotent (Theorem [3.3.9). Hence, if G is the direct product of its Sylow p-subgroups,
then G is nilpotent. O]

The next corollary is just a restatement of Theorem [I.7.12]

Corollary 3.3.11. A finite abelian group is the direct product of its Sylow subgroups.

Exercises 3.3. 1. (a) [P. Hall] Let G be a group and z,y, z € G. Write [z, y, z] for [[x,y], z]. Prove that
[z, 2]y, 2 2Pz, 2y = e
(b) Let X,Y, Z C G and assume [X,Y, Z] = {e} = [V, Z, X]. Prove that [Z, X, Y] = {e}.
2. Prove that if N < Z(G) and N and G/N are nilpotent, then G is nilpotent. Give an example of a
group G with a normal subgroup N such that N and G/N are nilpotent but G is not nilpotent.
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3. Let G be nilpotent of class 3. Show that if v € G’ and = € G, then v~!zv = cx where ¢ € Z(G).
Deduce that G’ is abelian.

4. Show that if G is a nilpotent group and N is a normal subgroup of G where N # {e}, then NNZ(G) #
{e}.

5. Prove that if M is a maximal subgroup of a nilpotent group G, then M is normal and |G/M| = p
where p is a prime. (A maximal subgroup is a proper subgroup which is not contained in any other
proper subgroup. Infinite groups needs not possess maximal subgroups.)

6. Prove that if G is a nilpotent group and N is a minimal normal subgroup of G ({e} # N is normal
and simple), then N < Z(G) and |N| = p for some p.

Project 18 (Metabelian groups). A group G is metabelian if it admits a proper normal subgroup N such
that both N and G/N are abelian. Prove the following statements.
(a) All abelian groups are metabelian.
(b) A group G is metabelian if and only if G” = {e}. Deduce that if G is a metabelian group, then G is
solvable. Give an example of a solvable group which is not metabelian.
(c) Every subgroup of a metabelian group is metabelian.
(d) All nilpotent groups of class 3 or less are metabelian.

3.4 Linear Groups

In this section, we talk about linear groups over a field. They have many interesting properties
and provide us an example of an infinite simple group (Jordan-Moore’s theorem).

Let K be a field and M,,(K) be the set of n x n matrices with entries in K. Then M, (K) is
a ring. Let GL, (K) denote the set of multiplicatively invertible elements in M,,(K), called the
general linear group of degree n, that is,

GLn(K) = M, (K)* = {A € Mo (K) : det(A) # 0}.

Since det(AB) = det Adet B, det : GL,,(K) — K* is a homomorphism (of two groups). Its kernel
consists of determinant one matrices, denoted by SL,,(K) and called the special linear group of
degree n. It is a normal subgroup of GL,(K) with quotient GL,,(K)/SL,(K) isomorphic to
K* = K~ {0}.

Geometrically, let V' be a vector space over K of dimension n. Upon choosing a basis of V', we
can represent all linear transformations from V' to V' via n x n matrices with entries in K. Then
GL, (K) represents the invertible linear transformations on V, i.e., those which are one-to-one or
equivalently those which are onto.

Theorem 3.4.1. Let K be a field. Then
Z(GLy(K)) ={M,: A€ K*} and Z(SL,(K))={\,: )€ K and \" = 1},

where I, is the n x n identity matrix.

Proof. For M to be in the center of G = GL,(K), it must commute with every N in G. In
particular, M commutes with the elementary matrices. Recall that multiplying M on the left by
an elementary matrix corresponds to performing an elementary row operation; multiplying M on
the right by an elementary matrix corresponds to performing an elementary column operation.
Thus, multiplying the ith row of M by a nonzero a gives you the same matrix as multiplying the
1th column of M by a. This implies that the matrix is diagonal. Then, since interchanging the ith
and jth row of M gives us the same matrix as swapping the ith and jth column of M, the ith
entry along the diagonal must equal the jth entry along the diagonal, for all i and j. Therefore,
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M must be a multiple of I,,. Finally, it is easy to see that all nonzero multiples of 7,, do commute
with all N € G. Hence, the theorem is proved for GL,, (K).

For the center of SL,,(K'), we need to use the elementary matrices X;;(a), i # j, whose entries
are the same as that of the identity matrix I,, except for an a € K in the (7,j) location. It is
obtained by performing the row operation R; + aRj, i # j or the column operation C; + aC;
on I,,. Clearly, X;;(a) € SL,(K) foralla € K and i # j.

If M is in the center of SL, (K ), then M must commute with X;;(1) for all i # j, so the ith
and jth columns and rows must be all zeros except for the (i,4) and (j, j) entries which must be
equal. Moreover, the product of the diagonal entries is the determinant which is equal to 1. [

From the above theorem, the center of GL,,(K) consists of scalar matrices A\I,, with A € K*
and the center of SL,,(K') consists of scalar matrices AI,, with A € K and A\ = 1. They are normal
and lead to the next definitions.

The quotient group GL,,(K)/Z(GL,(K))
degree n. The quotient SL,,(K)/Z(SL,(K)) =
group of degree n.

If K is finite, we may determine the cardinality of each linear group as follows.

PGL, (K), called the projective linear group of
PSL, (K) is called the projective special linear

Theorem 3.4.2. If |[K| = q < oo, then
IGL,(K)| = (¢" - 1)(¢" = q)(¢" = ¢*) ... (¢" — ¢" 7).

Proof. Let A € GL,(K). Then the columns of A are linearly independent vectors in K. Thus
the first column of A can be any nonzero vectors in K. The second column must not be multiple
of the first column, and the jth column must not be a linear combination of the previous j — 1
columns for all j = 2,...,n. By the product rule, we obtain the theorem. OJ

Corollary 3.4.3. Let K be a finite field with q elements. Then
|SL(K)| = [PGLA(K)| = (¢" = 1)(¢" = )(d" = ¢*) ... (¢" = ¢"*)¢" ™"
and |PSLy(K)| = |SLa(K)| if charK = 2 and |PSLy(K)| = |SL2(K)|/2 if char K # 2.
Proof. They follow from their definitions and Theorem [3.4.2] O

Lemma 3.4.4. Let K be a field. The group SLy(K) is generated by the union of the two subgroups
{ [(1) ﬂ A€ K} and { [; (1)] RS K} Hence, every matrix, in SLo(K) is a finite product of
matrices which either upper triangular or lower triangular and which have 1’s along the diagonal.
These matrices are called unipotent matrices or transvections.

Proof. Let [Z b} € SLy(K). Assume that ¢ # 0. Perform the following row/column transforma-

d
tions:
a bl Rt 1S Rememn [1SEH] GO (100
c d because ad — bec = 1 c d 0 1 0 1l
Thus,

o e 1 A A P

a b . .
Hence, . 4l a product of transvections.
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If ¢ = 0, then d # 0 and the matrix {a ; b Z} € SLa(K) can be treated as in the first case.
However,
a bl la+b 0|1 0
0 d | d df|-11
and the result follows. O

Theorem 3.4.5. Let K be a field. The elementary matrices X;;(a), defined in the proof of Theorem
generate SL,,(K).

Proof. If n = 1, then SL;(K) = {1} is trivial. Lemma [3.4.4] gives the case n = 2. For n > 2, the
theorem follows from the mathematical induction in a similar manner. O

Lemma 3.4.6. The elementary matrices X;;(a), defined in the proof of Theorem are com-
mutators in SLy,(K') except in the case n = 2 and (| K| = 2 or 3).

Proof. If n > 3, this is easy since there is a third index k£ and [X;;(a), Xij(a)] = X;j(a). If n = 2,
we use the commutator relation

| R I PR

However, given any \ € K, the equation A = (a? — 1) can be solved for 3 if and only if there
exists a nonzero o € K so that o # 1 (i.e., a # +1). This works as long as K* has at least three
elements. u

Corollary 3.4.7. Let K be a field. If n > 2, then SL,,(K) is not solvable except in the cases SLa(F2)
and SL2 (Fg)

Remark. SLy(F2) = PSLy(Fy) = S5, SLo(IF3) = Sy and PSLa(F3) = A4. They are solvable groups.
Moreover, PSLy(F2) and PSLy(F3) are not simple.

The following theorem was proved by C. Jordan in 1870 for |K| prime. In 1893, after F.
Cole discovered a simple group G of order 504, E. H. Moore recognized G as PSLy(Fs), and then
proved the simplicity of PSLy(K) for all K of size > 4. It provides an example of infinite simple
groups.

Theorem 3.4.8. [Jordan-Moore] Let K be a field with |K| > 4. Then PSLy(K) is a simple group.

Proof. Using the third isomorphism theorem, it suffices to prove that a normal subgroup N of
SLo(K) containing a matrix other than +7, must be all of SLy(K). Let A # +1 be a matrix in N.
Then there is a vector ¥ in K2 so that ' and A# are linearly independent over K. This means that

s . . . . . . bl .
{%, AT} is a basis of K2. The matrix representation of A with respect to this basis is } (since

1 d
Av=0-v+1-Av and A(AV) =b- U+ d - A for some b,d € K). Since det A = 1, we actually
have b = —1. That is, A is conjugate to [(1) _dl} . Since N is normal, [(1) _dl is also in N.

Our strategy is to show that N contains all unipotent elements in SLy(K) by repeatedly using
the fact that “C~'B~'CB € N for all C € SLy(K) and B € N”. First, apply this trick with B = A

J— « O X
and C = [O al} (€ K*) to get

2 d(a™?-1)

—1 4—1 |«
CACA[O ¢

Jen
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-2 —2
Next, repeat the fact with B’ = [ao d(a o2 1)] and C’' = [(1) ﬂ (1 € K), we get

1 p(e*—1)

1—1 =1t
C™'B CB—[O 1

} N
We get all upper triangular unipotent elements in N as long as there exists an o € K* such that

a* # 1. This happens if | K| > 6 since the polynomial z* — 1 has at most four distinct roots in K *
or if | K| = 4 since F} is cyclic of order 3 and a* = « for all « € F. Observe that

0 1]t plfo 117" [1 0
1 offo 1]t o “lu 1
for all ;o € K. This proves that N = SLy(K) if |[K| > 4 and | K| # 5.

-2 -2
It remains to deal with the case K = 5. We still have ao d(a o2 1>} € Nforalla € K*.

2
} € N, and hence [_1 _2d] = [1 _ld] € N. Two cases are

-1 —2d
Takea—2toget{ 0 —1 0

0 -1
possible:

(a) d # 0. The powers of E}

1 } give all upper triangular unipotent elements. By conjugating
0 —1

with L 0

}, the lower triangular ones appear. Thus, N = SLy(K).
0 -1
(b)d_O,soA_[1 0

(0 € FY), so that

]. We then perform the standard trick with B = A and C” = [_6 1 (1)]

1 =y

_ =1 4—1 _
As=C"1A OA_[_5 5211

e

Since § # 0, this element is not in the center. Note that its trace is §° + 2 is never zero. Choose
0 -1
1 3
proof and the trace remains the same under conjugation). Apply Case (a), to A’, and the proof is
complete. O

5 = 1, say. Then A; € N and A is conjugate to A’ = [ ] (as at the beginning of the

Exercises 3.4. 1. Show that there is no non-abelian finite simple group of order less than 60. (Hint.
We may focus on groups of the following orders: 24, 30, 40, 48, 54 and 56.)
2. Suppose G is a simple group of order 60. Show that:
(a) G has a subgroup A of order 12
(b) A has exactly five different conjugates
(c) there is an injective homomorphism from G to S5
(d) both A5 and H contain every element of S5 of the form ¢g? and therefore every 5-cycle and
every 3-cycle
(e) H = As.
Deduce that any simple group of order 60 must be isomorphic to A5 and hence PSLy(F,) and
PSLy(F5) are isomorphic to As.

Project 19 (The groups GL2(Z/N7Z) and SL2(Z/NZ)). In this project, we determine the structure and the
cardinality of the groups GLy(Z/NZ) and SLy(Z/NZ).

(a) Prove that for any integer IV, the map SLy(Z) — SLy(Z/NZ) obtained by reducing the matrix entries
modulo N is a surjective group homomorphism.
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(b) Prove that for positive integers M and N, the maps (“reduction modulo N”) from SLy(Z/M NZ) to
SL2(Z/NZ) and from GLy(Z/MNZ) to GLy(Z/NZ) are surjective group homomorphisms.

(c) What is the kernel of the homomorphism GLy(Z/p°Z) — GL2(Z/pZ)?

(d) What are the order of the groups GL2(Z/p°Z) and SL2(Z/p°Z)?

(e) Let N = p{'...pt be the prime factorization of the positive integer N. Show that the reductions
modulo pjj, j=1,...,r, give isomorphisms

GLy(Z/NZ) = HGL2 Z/p) and SLy(Z/NZ) = HSL2 (Z/p})

() What are the order of the groups GLy(Z/NZ) and SL2(Z/N7Z)?

3.5 Free Groups and Presentations

There is a basic method of defining a group G, called a presentation of G by generators and
defining relations. We have used this method without defining it precisely. For example, (a)
means the cyclic group generated by a. If a happened to be an element of some larger group G,
then (a) means the subgroup of G generated by (a). It could be infinite cyclic or finite cyclic. More
generally, if we were working a particular group G, and a4, ...,a; € G, then (a4, ...a;) denoted
the subgroup of G generated by a4, ... a.

However, when we were not talking about subgroups of a particular group G, then the brackets
( ) had a different meaning as shown by the following examples.

Examples 3.5.1. 1. () 27 and (a:a" =e)=7Zy,.

2. {a,b:a" =e,b™ =e,ab=ba) = (a,b:a" = e,b™ = e,aba b~ =€) = Zy, X L.

3. (ar,...,ap :aft = =a* = e,aiajaifla;l =eif i # j) 2 Zp, X -+ X Lnp,.

4. (ay,...,ax: aiajai_la;l =eifi#j) =2 Z x--- xZ (k copies).

5. D, = {a,b:a" =b>=¢e,bab ! = a"!) = (a,b: a"” = b = e,bab la = e) is the dihedral
group of order 2n.
Do = (a,b:b? = e,bab™! =a~ ') = (a,b: b*> = e, bab~'a = ) is the infinite dihedral group.

o

L p g
7. {(a,b: ala,b] = [a,bla,bla,b] = [a, b]b) = { [0 r] ip,q, T E Z}. An isomorphism is given
0 1

1 1 0 1 0 0
a— |0 1 0| and b+~ [0 1 1].
0 0 1 0 0 1

10 1
Observe that ¢ = a~1b~tab = [0 1 0] )
00 1

by

In each of the above examples the data inside the brackets ( ) is sufficient to describe a group,
that is, it gives the multiplication table for a groups. We call such an expression a presentation for
the group. It turns out that every group has a presentation and every presentation defines a group.
However, it is generally difficult to decide if a group defined by a presentation is isomorphic to an
explicitly given group.

Let A be any (not necessarily finite) set of elements a; for : € I. We think of A as an alphabet
set and of the a; as letters in the alphabet set. Any symbol of the form ]’ with n € Z is a syllable
and a finite string w of syllables written in juxtaposition is a word. We also introduce the empty
word 1, which has no syllables. A word on A is reduced if w = 1 or the string a’a* or a~’a’ does
not appear in w for alla € A and i € N.

Let A be a set. Write F'[A] for the set of all reduced words formed from our alphabet A. For
convenience, we may let F[)] = {1}. We make F[A] into a group by the juxtaposition w;ws of
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two words w; and ws with reduction of strings a’a* or a‘a’ (if any) foralla € A and i € N. It
is called the free group generated by A.

Example 3.5.2. The only example of a free group that has occurred before is Z, which is free on
one generators. Clearly, every free group is infinite.

Example 3.5.3. F, = (z,y). The element of F, are all words in = and y. More precisely, F5 is the
disjoint union of the following seven sets.

1. {1} 4. {zhyit . atkylk i k> 0,4y, 5, € Z N {0}}
2. {z':i € Z~ {0}} 5. {aliylt L atylkgtet ok > 0,4, jr € Z N {0}}
3. {yt:i € Z~{0}} 6. {ytatt Lyt ik > 0,40, 5 € Z \ {0}}

7. {yratt . yIkatkydkt s k> 0,40, 4 € Z N {0}}

Let G be a group and let A be a subset of G such that (4) = G. If G is isomorphic to F[A]
under the map ¢ : G — F[A] such that p(a) = a for all a € A, then G is said to be free on A. A
group is free if it is free on some nonempty set A.

Theorem 3.5.1. [Universal Mapping Property of a Free Group] Let A be a nonempty set. Suppose
H is any group and there is a function ¢ : A — H.
1. There is a unique homomorphism ® : F[A] — H extending ¢.
2. If im ¢ generates H, then ® : F[A] — H is a surjection.
3. If Gisagroup and 0 : G — F[A] is an onto homomorphism, then there is a homomorphism
® : F[A] — G such that 0 o ® = id g4, the identity map on F[A].

Proof. (1) is clear and (2) follows immediately from (1).

(3) Since 0 is onto, for each a € A, there is a g, € G such that 6(g,) = a. By (1), there is a unique
homomorphism ¢ : F[A] — H with ®(a) = g, for all a € A. Then § o & : F[A] — F[A] is the
identity map. O

Similarly, we can show that
Corollary 3.5.2. Let S be a set. Then there is a unique free group on S.

Proof. Let G and G be free groups on S. Then S is a subset of both G; and G». Consider the
inclusion maps ¢ : S — G7 and 5 : S — G2 and the result follows from the uniqueness of the
universal mapping property. O

Corollary 3.5.3. Every group H is a homomorphic image of a free group.

Proof. Let A be a set for which there exists a bijection ¢ : A — H (e.g.,take A = H and ¢ = id ),
and let G = F[A]. By the universal mapping property, there is an onto homomorphism ¢ : G — H
extending ¢. Therefore, G/(ker ) = H. O

We refer the reader to reference textbooks for proofs of the next three theorems. They are
stated simply to inform us of these interesting facts.

Theorem 3.5.4. If a group G is free on A and also on B (not necessarily finite), then the sets A
and B have the same number of elements; that is, any two sets of generators of a free group have
the same cardinality.

We shall prove this theorem for the finite basis case with some result on finitely generated free
abelian group (Corollary[4.2.7)) in the next chapter.
If G is free on a set A, the number of elements in A is called the rank of G.
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Theorem 3.5.5. Two free groups are isomorphic if and only if they have the same rank.

Theorem 3.5.6. [Schreier] A nontrivial proper subgroup of a free group is free.

This is not trivial to prove. There is a nice proof of this result using covering spaces (cf. J.-P.
Serre, Trees, Springer-Verlag, 1980).

Example 3.5.4. Lety; = alyxz—! for I > 0. Then y;, [ > 0, are free generators for the subgroup of
F> = (z,y) that they generate. This illustrates that although a subgroup of a free group is free,
the rank of the subgroup may be much greater than the rank of the whole group!

Let G—%~H - K bea sequence of groups homomorphisms. We say that it is exact at H
if im 6 = ker ¢. A short exact sequence of groups is a sequence of groups and homomorphisms

0 ¢

1 G H K 1

which is exact at G, H and K. In other words, if 0 is 1-1, ¢ is onto and im 6 = ker ¢.

Remark. If N is a normal subgroup of GG, then 1 - N — G — G/N — 1 is exact. Conversely, if
1— N %G — H — 1isexact, then N is normal in G and H = G//N. Thus short exact sequences
are just another notation for normal subgroups and factor groups.

A presentation for a group G is an expression

G={(g1, ..., gr:wp=--=w=1)
where w1, ..., w; are words in g1, ..., g, such that the following two properties are satisfied: (1)
J1,---,9r generate G and (2) the conditions that wy; = wy = --- = w; = 1 are sufficient to define
the multiplication table of G. Here, ¢1, ..., g, are called generators of GG in the presentation and
w1, ws, ..., w; are called defining relations.
Note that the free group of rank n is the group F,, = (z1,...,z, : ) given by a presentation

with n generators and zero defining relation.

Remark. The elements of (z1,...,x,) are words in z1,...,x,. Suppose w = w(z1, ...,T,) is
any such word. Then if G is any group, we can think of w as a function G x --- x G — G
such that (¢1,...,9n) = w(g1,...,9n). For example, if w(xy,z2) = [z1,22] = 1‘1$2$1_1.%'2_1, then

w(g1,92) = 9192gf19§1-

Remark. If we have F,, = (x1,...,z,) is a free group and G = (y1,...,yp : w1 = -+ = wy =
1), then the universal mapping property of a free group says that ¢(x;) = y; defines an onto
homomorphism ¢ : F,, — G. This means we have a short exact sequence

l—>kerg —>F, -2~ @ 1.
What is the kernel of ¢? ker ¢ is a normal subgroup of F,, and contains w;(z1,...,z,) for i =
1,...,t. In fact, ker ¢ is the smallest normal subgroup of F,, which contains w;(x1,...,xz,) for

i=1,...,t

Let G be a group and S a subset of G. The normal closure of S in G, denoted by (S)¢, is the
smallest normal subgroup of GG containing S. It is the subgroup of GG generated by all conjugates
of elements of S by elements of G. That is,

()¢ = (ayz~!:z e Gand y € S)

and so
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Theorem 3.5.7. Let G = (z1,...,%p : wy = --- = wy = 1). Then G = F/N where N is the
normal closure of {w,...,w;} in the free group F = F[{z1,...,z,}]

Example 3.5.5. Consider the free group Fy = (z,y). Let G = (z,y : ayz~'y~! = 1) = F»/N.
Since G is abelian, F, C N. But zyx~'y~! € N and N is the smallest, so N = F}.

Example 3.5.6. Consider the quaternion group Qs = (a,b : a* = 1,a® = b?,ba = a3b) of order
eight. We shall determine the structure of Qs/Qj. Since |a| = 4 and ba = a3b, (a)<Qg and b ¢ (a),
so Qs/(a) = {(a),b(a)}. Then Q% C (a). Since a® = a~1bab ! € Q}, (a*) C Q4 C (a). In addition,
ba?b~! = a~2. Thus, (a?) is normal in Qg. Since |Qs/(a?)| = 4, it is abelian. Hence, Q} = (a?).
Note that a?Q} = b*Q} = Q%. Therefore, Qs/Q} = Zo X Zs.

Theorem 3.5.8. [von Dyck’s Theorem / f on di ke/ ] Let G be given by a presentation
G: <$1,...,$n:w1 = =wp = 1>

Suppose H is any group which satisfies:
1. H is generated by hy,...,h, and 2. wij(hi,...,h,)=1fori=1,...,t
Then there is a unique onto homomorphism ¢ : G — H for which ¢(x;) = h;.

Proof. By Theorem [B.5.7] G = F/N, where F is a free group on {xi,...,z,} and N is the
normal closure of {wi,...,w;}. By the assumption N C ker¢, so ¢ induces a (well defined)
homomorphism z; = 2; N — h; foralli € {1,...,n}. O

Example 3.5.7. Classify all groups G of order six.

Proof. Since 6 = 2 - 3, G contains elements a and b such that |a| = 2 and |b| = 3 and G = (a, b).
Since (b) is normal in G, aba~' € (b). Thus, aba=!' = b or aba~! = b~!. If aba~! = b, then G is
abelian, so G = Zg. Assume that aba~! = b~!. Then G = (a,b : a®,b%,aba~" = b~!). Note that
S3 = ((12),(123)) and (12)(123)(12)~* = (132) = (123)~!. By von Dyck’s theorem, there is an
onto homomorphism from G to Ss. But |G| = 6 = |S3|, G = S5. O

To close this section, we introduce a graphical representation of a group given by a set of
generators and relations. The idea was originated by Cayley in 1878. It provided a method of
visualizing a group and connects two important branches of modern mathematics—groups and
graphs. This also has many applications to computer science.

Let GG be a finite group and S a nonempty subset of G. To avoid loops, we shall assume that
e ¢ S. The Cayley digraph of G with generating set S is a digraph Cay(G, S) such that

1. each element of G is a vertex of Cay(G, S), and

2. for x,y € G, there is a directed edge from x to y if and only if 271y € S.
We call the finite sequence of vertices such that x; T9 e x, adirected path. A
directed graph is connected if for every pair of vertices z, z, there is a directed path from z to z.
A maximal connected subdigraph of a digraph is called a connected component.

Example 3.5.8. For the group (Zg, +), we consider the following two digraphs. The first one is
connected while the second one is not. The second one has two connected components.

Covils, (1) Cay(Ze, {2})
0 1

/ \

N

4<—3 4 3
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Example 3.5.9. For the group (Ss3,0), we consider the following three digraphs. The first and
the second ones are not connected. They have three connected components and two connected
component, respectively. The last one is connected. Note also that since (12)~! = (12), some
edges are undirected.

Cay(Ss,{(12)}) (132)
(23)
(12) (13)
1) / \ (123)
Cay(Ss, {(123)}) (132)
(23)
(12)/ \(13)
(1) (123)
Cay(S3, {(12), (123)}) (132)
(23)
(12)/ \(13)
(1) / \ (123)

For a non-empty subset S of a group G, we let S™! = 57! : s € S. Observe that if we assume
further that e ¢ S and S = S~ !, then the Cayley graph Cay(G, S) is an undirected graph without
loops. Hence, it is a graph.

A regular graph is a graph such that each vertex has the same number of neighbors which is
called the degree of a regular graph. Note that for each = € G, we have « xs forall s € S.
From the cancellative property in G, each vertex has |S| neighbors, so Cay(G,S) is a regular
graph of degree |S]|.

Theorem 3.5.9. Let G be a group and S a nonempty subset of G such that e ¢ S and S = S~
Then

1. Cay(G,S) is a regular graph of degree |S|.

2. For z,z € G, there is a path from x to z if and only if 'z € (S).

3. The number of connected components of Cay(G, S) is the index [G : (S)].

4. Cay(G, S) is connected if and only if (S) = G.
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Proof. Clearly, (4) follows from (3) and (3) follows from (2), respectively. To prove (2), let
r,z € G. Since S = S71, (S) = {s159...5; : k € NU {0} and sy, 59,...,s, € S}. Also, any path
from z to z is given by

T TS TS182 e TS182...8p = 2

for some s1, 89, . .., sg. Thus, there is a path from z to z if and only if 2712 = s185...5;, € (S). O

Finally, we provides some examples of Cayley graph arising from number theory and ring
theory.

Example 3.5.10. For n > 3, consider the additive group (Z,,+). We know that for a € Z,,
a€ly < —acly,solZy = —1Ly. The Cayley graph X,, = Cay(Z,,Z)) is called the unitary
Cayley graph. More generally, if R is a finite ring and consider (R, +) is an additive group, then
the unitary Cayley graph for R is the Cayley graph Xz = Cay(R, R*).

Example 3.5.11. Let R be a finite commutative ring with unity 1 # 0. Consider the exact se-

quence of groups
0

1 Kg RX (R*)? ——=1

where 6 : a — a? is the square mapping on R* with kernel K and (R*)? = {a®? : a € R*}.
Note that K consists of the identity and all elements of order two in RX. Let Tp = Kr(R*)2.
Since —1 € T, the Cayley graphs Hr = Cay(R,Tg) is undirected. This graph is a subgraph of
the unitary Cayley graph. It is called the restricted unitary Cayley graphs induced from the
square mapping. It is a generalization of Paley graphs (see Project[25).

Exercises 3.5. 1. (a) Prove that the derived group of a free group consists of those words in which the

sum of the exponents for each generator is equal to zero (e.g., z125 '@} 2zox1).
(b) Let F' be a free group generated by x4, xo, ..., x,. Show that each element of F'/F” is of the form
(23 .. a7 )F’. Now use (a) to show that F/F' = Z", i.e., F/F' is the free abelian group of
rank 7.

2. Determine the structure of G/ G’ when G is given by
(D) a® =02 = (ab)? =1; (i) a® =1, = (ab)? =

3. Show that if G is generated by a and b subject to the relations a~'ba = b2 and ab = ba?, then
G ={1}.

4. Let G be a group. For a,b € G, let [a,b] = aba=1b~! and a® = bab~!.
(a) Prove that [a, bc] = [a, b][a, c]® for all a, b, c € G.
M IfH = (x,y,2€ G:[x,y] =v,y, 2] = z and [z, 2] = x), show that H = {e}.

5. If G is a non- abehan group of order eight, show that G is isomorphic to D4 or Qs.

6. Let Dy = (a,b: a® = b? = (ab)* = 1). Draw Cay(Dy, {a,b}). Why is this graph undirected?

“Algebraic Graph Theory” is a branch of mathematics in which algebraic methods are applied
to problems about graphs. There are three main branches of algebraic graph theory, involving
the use of linear algebra, the use of group theory, and the study of graph invariants. The first
branch of algebraic graph theory involves the study of graphs in connection with linear algebra.
Mainly, it studies the spectrum of the adjacency matrix, or the Laplacian matrix of a graph (this
part of algebraic graph theory is also called spectral graph theory). Secondly, algebraic graph
theory involves the study of graphs in connection to group theory, particularly automorphism
groups and geometric group theory. The focus is placed on various families of graphs based on
symmetry such as symmetric graphs, vertex-transitive graphs, edge-transitive graphs, distance-
transitive graphs, distance-regular graphs, and strongly regular graphs. Finally, the third branch
of algebraic graph theory concerns algebraic properties of invariants of graphs, and especially the
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chromatic polynomial, the Tutte polynomial and knot invariants. The references and related work
can be found in Godsil and Royle’s celebrated book [[14].

There are many graphs arising from number theory and finite field theory such as Cayley
graphs, symplectic graphs (Subsection [4.7.2), Paley graphs (see Project and functional di-
graphs (e.g., [36 [37]). Moreover, these graphs can be extended to general results in abstract
integral domains, e.g., function fields, PID or even UFD (see, and the following project).

Project 20 (gcd-graph). We consider a unique factorization domain D. Let ¢ € D be a nonzero nonunit
element. Assume that the commutative ring D/(c) is finite. Let C be a set of proper divisor of c. Define the
ged-graph, D.(C), to be a graph whose vertex set is the quotient ring D/(c) and edge set is {{z + (¢),y +
(¢)} : x,y € D and ged(z —y,c) € C}. The ged considered here is unique up to associate. Prove that that
D.({1}) = Gpj() = Cay(D/(c), D/(c)*), the unitary Cayley graph in Example 3.5.101 This gcd-graph on
a quotient ring of a unique factorization domain (UFD) introduced in generalizes a gcd-graph or an
integral circulant graph (i.e., its adjacency matrix is circulant and all eigenvalues are integers) defined over
Zpn,n > 2, (see [391). An integral circulant graph can also be considered as an extension of a unitary
Cayley graph.

Project 21 (Energy of a graph). Let GG be a graph with vertex set {vy,vs,...,v,}. The adjacency matrix
of GG, denoted by A(G), is the n x n matrix given by
1 if there is an edge joining v; and v;,
aij = .
! 0 otherwise.

The eigenvalues and eigenvectors of a graph G are defined to be the eigenvalues and eigenvectors of its
adjacency matrix A(G). The sum of absolute values of all eigenvalues of a graph G is called the energy of
G and denoted by E(G).

Let R be a finite local ring with unique maximal ideal M of size m. For k,l € N, we write 0;y; and

Jpx for the k x [ matrix whose all entries are 0 and 1, respectively. We also use Ok = Okxq and T = Jix1.
(a) Prove that the adjacency matrix of the unitary Cayley graph Cay(R, R*) is given by

Omxm mem mem U mem
mem Omxm Jm,><m mem
A(CaY(R,RX)) — Jm><m mem 0m><m mem
mem Jme mem Ome

(b) Compute the eigenvalues and eigenvectors of the unitary Cayley graph Cay(R, R*) and determine
its energy.
The energy is a graph parameter introduced by Gutman (see and [21]] for a good survey) arising
from the Hiickel molecular orbital approximation for the total w-electron energy. Nowadays, the energy of
graph is studied for purely mathematical interest.




4 Modules and Noetherian Rings

Modules can be considered as a generalization of vector spaces. It is like we study linear algebra
over a ring. In this chapter, we first cover basic concepts of modules. Next, we work on free
modules. Projective and injective modules are introduced. We also present the proof of the
structure theorems for modules over a PID. Finally, we talk about Noetherian and Artinion rings.
Noetherian rings have a lot of applications in algebraic geometry and algebraic number theory.

Each ring R that we consider will be assumed to contain a multiplicative identity element,
which will be denoted by 1. We shall therefore regard the possession of such an identity as one of
the defining conditions of the ring concept and also assume 1 # 0.

4.1 Modules

The definition of a module is similar to a vector space. However, now our scalars are in a ring.

Let R be a ring. We say that M is a (left) R-module provided:

1. (M, +) is an additive abelian group

2. there is a multiplication R x M — M which satisfies for all o, 8 € R and u,v € M,
(@ a(u+v)=au+ av,
(b) (a+ pf)u = au+ fu and
(@) a(fu) = (af)u

3. if 1 is the unity of R, then 1-u = u for all u € M.

Remark. Note that we abuse notations by not distinguishing between the addition in M or in R
and the multiplication in R or the multiplication R x M — M. A right R-module can be defined
analogously.

Examples 4.1.1. 1. If R = F, afield, an F-module is just a vector space over F'.
2. Any abelian group A is a Z-module, where the action of Z is given by for a € A,

0ca=04,n-a=a+a+---+aifn>0 and
—_——
n
n-a=(—a)+(—a)+---+(—a) if n <0.

—n

3. Let F be a field and R = M, (F) the ring of n x n matrices over F. Let V = F" be n-
dimensional vector space of n x 1 column vectors over F'. Then V is an R-module where
the multiplication R x V' — V is given by A - ¥ = A¢' (matrix multiplication).

4. Let R be a ring. Then R is an R-module with the usual multiplication R x R — R. More
generally, any left ideal A of R is a left R-module. In fact, a subset A of R is a left ideal in
R if and only if the left multiplication R x A — A makes A into a left R-module. That is,
the set of left ideals of R is the set left R-modules of R. Hence, if R is a ring, then R can
be viewed as an R-module, called a regular left [right] R-module, and is denoted by zR

[RR].

103
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We collect basic terminologies about modules in the following definitions.

Let R be a ring. We say that NV is an R-submodule or submodule of an R-module M if N is a
subgroup of M as an additive group and the multiplications R x M — M and R x N — N agree
on N.

Let R be a ring. The direct sum of R-modules M and N is the abelian group direct sum of M
and N

M@ N ={(m,n):me M,ne N}

with the action of R on M & N given by
r(m,n) = (rm,rn).

One often writes m + n in place of (m,n).
Let R be a ring and let M and N be R-modules.
1. Amap f: M — N is an R-module homomorphism provided
(@ f: M — N is a homomorphism of abelian groups and
(b) ifr € Rand m € M, then f(rm) = rf(m).
2. We call a diagram of R-module homomorphisms

M-toN_2.p
exact if im f = ker g. More generally, a sequence of R-modules and homomorphisms

fi Jo

M, M, M

that may be finite or run to infinity in either direction is called exact if for any three consec-
utive terms the subsequence M; M M, o is exact. An exact sequence of the
form

0—=M Loy 2oy ——0
is called a short exact sequence. This means that f is a monomorphism (1-1), ¢ is an
epimorphism (onto) and ker g = im f.
3. If N is a submodule of M, then the quotient group (M /N, +) can be made into an R-module
by defining r(x + N) = rx + N. It is called a factor module of M by N.
4. Let f: M — N be a homomorphism of R-modules. The kernel of f is

ker f={me M: f(m)=0x}

and the cokernel of f is N/im f. They are clear that ker f and im f are R-submodules of
M and N, respectively. Evidently, f is surjective if and only if coker f = 0. In any case, we

have

0—>ker fC—> M L

N coker f ——=0

is exact.

Remark. The isomorphism theorems also hold for R-modules and their homomorphisms. Note
however that the first isomorphism theorem will say a bit more, because coker f = N/im f is an
R-module. This is not the case with homomorphisms of groups or rings: If f : G — H is a group
homomorphism, then f(G) = im f is not in general a normal subgroup of H, hence H/im f is not
in general a group. And if f : R — S is a ring homomorphism, then f(R) = im f is never an ideal
in S (unless it is all of S), so S/im f is not a ring.

The isomorphism theorems can be stated as theorems about commutative diagrams and ex-
act sequences. The use of diagrams to describe module homomorphisms is very common, we
now give the isomorphism theorems in their diagram theoretic versions. Note that many ho-
momorphisms are projections or injections implicitly defined by the diagram. The proofs of the
isomorphism theorems are left as exercises.
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Theorem 4.1.1. [First Isomorphism Theorem] Let M and N be R-modules. Then the following
diagram of R-modules has an exact row and a commutative square.

0 ker fC M ! N coker f ——0
M/kerf%imf

Theorem 4.1.2. [Second Isomorphism Theorem] Let N; and N, be submodules of an R-
module N. Then there is a commutative diagram with exact rows in which the vertical map of
the right is an isomorphism.

0——= N1 N Ny Ny NQ/(NlﬁNg)HO
0 Ny N1+N2*>(N1+N2)/N1 —0

Theorem 4.1.3. [Third Isomorphism Theorem] If No < N7 < N are R-modules, then the fol-
lowing diagram is commutative and has exact rows:

0 M N N/N; 0
I
0—> Ny /Ny —> N/N, N/N; 0

That is, N/Ni = (N/Ny)/(N1/Na).

Theorem 4.1.4. Let Ny and N, be submodules of an R-module N. Then the following diagram is
commutative and has exact rows and columns.

0 0 0
0 N1 N Ny Ny NQ/(NlﬂNg)HO
0 N N N/N; 0

0 —— N1/(Ny N Ng) —— N/Ny —— N/(N; + No) ——0

Proof. The commutativity and the exactness of the top two rows and the two left columns are
clear. The exactness of the third row and right column come, respectively, from the isomorphisms
(Nl + N2>/N2 = Nl/(Nl N Ng) and (Nl + NQ)/Nl = NQ/(Nl N NQ) ]

The next theorem is widely used in mathematics. It is proved by the technique called “diagram
chasing”.
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Theorem 4.1.5. [5-Lemma] Suppose the following diagram is commutative and has exact rows.

a1 a2 a3 (e 21

Aq Ao As Ay As
fi l f2 i fa l f4l fs l
B B1 By B2 By B3 Ba Ba Bs

If f1, f2, fa and f5 are isomorphisms, so is fs. More precisely,
1. if f, is onto and f5 and fy are 1-1, then f3is 1-1, and
2. if fsis 1-1 and f> and f4 are onto, then fs is onto.

Proof. (1) Assume f; is onto and f, and f; are 1-1. Suppose = € A3 and f3(z) = 0. We shall
show that x = 0. Since fy(as(z) = B3(f3(z)) = P3(0) = 0 and f4 is 1-1, ag(z) = 0, so x €
ker a3 = imay from the exactness of the top row. Thus, x = ag(y) for some y € Ay. Then
0 = f3(z) = f3(aa(y)) = B2(f2(y)), so fa(y) € ker S = im ; from the exactness of the bottom
row. Thus, fo(y) = Bi(z) for some z € B;. Since f; is onto, there is a u € A; with fi(u) = z.
Then fo(y) = B1(2) = L1(fi(u)) = fa(ar(u)), so y = ay(u) since fy is 1-1. Hence, z = as(y) =
az(aq(u)) = 0 since aga; = 0 by the exactness of the top row.

(2) Assume f5 is 1-1 and f, and f4 are onto. Let x € Bs. We must find w € A3 with f3(w) = .
Since f4 is onto, we can choose y € Ay with f4(y) = B3(x). Then f5(as(y)) = Ba(fa(y)) =
B4(B3(x)) = 0 from the bottom row is exact. But f5 is 1-1, so a4 (y) = 0. Since the top row is exact,
y = as(z) for some z € As. Then p3(z) = fi(y) = fa(as(2)) = B3(f3(2)), so fs(x — f3(z)) = 0.
Thus, there is a u € By with 82(u) = x — f3(z) from the bottom row is exact. Since f; is onto,
there is a v € Ay with fo(v) = u. Hence, z — f3(2) = f2(u) = Ba2(fa(v)) = f3(aa(v)), so
x = f3(z + az2(v)) = f3(w) where w = z 4+ aa(v). That is, f3 is onto. O

Theorem 4.1.6. [Split Exact Sequence] Let 0 LML N 0 be a short exact

sequence of R-modules. Then the following three conditions are equivalent.

(D) There exists an isomorphism M = L & N in which o : I — (1,0) and 5 : (I,n) — n.

(ii) There exists a section of 3, that is, a homomorphism s : N — M such that S o s = id y.
(iiii) There exists a retraction of «, that is, a homomorphism r : M — L such that r o o = id f.
If this happens, the sequence is a split exact sequence.

Proof. (i) = (ii) or (iii) is easy.
(i) = (i). The given section s is clearly injective because it has a left inverse; we claim that
M = (L) ® s(N). To see this, any m € M is of the form

m = (m — s(B(m)) + s(B(m)),

where the second term is obviously in s(N); since 3 o s = id y, the first term is clearly in ker 3,
and by exactness this is «(L). Furthermore, o(L) N s(N) = {0}, since if n € N is such that
s(n) € a(L) = ker g then n = f(s(n)) = 0.

(iii) = (i) is similar to (ii) = (i) and left as an exercise. O

For finite dimensional vector spaces over a field, every subspace has complement, so every
short exact sequence splits. Whether an exact sequence splits or not depends on what ring it is
considered over. For example,

is split over k but not over k[x].
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Proof. 1t is easy to see that k[z] = k @ k[z]x as k-vector spaces. Note that k is a k[z]-module, where the

scalar multiplication is given by (ag+a1z+- - -+ a,z™)c = apc for all ¢, a; € k. Assume that k[x] < k@ k[z)x
as k[z]-modules and ¢ : 1 — (ag,a12 + - - - + ana™). Then for all m € NU {0} and by, by,...,b, €k,

(bo + b1z + -+ - 4 bpaz™) 5 (boag, (bo + biz + - - + bpax™)(a1x + - - + anz™)).
Since ¢ is 1-1, ag # 0. Since ¢ is onto, as, ..., a, = 0 and a; # 0. Thus, we reduce the above map to
(bo + b1z + - - - + bppz™) B (boag, a1 (box + by + - + byz™ ).

Consider (0,x) in k + k[z]z. If p(by + biz + - -+ + bpa™) = (0,x), then bpag = 0 and a1by = 1 which is
impossible because ag and a; are nonzero. Hence, ¢ is not onto which is a contradiction. O

Exercises 4.1. 1. Let M, and M, be R-submodules of an R-module M. Define ¢ : My x My — My +Ms
by ¢(m1, ma) = my + mso. Prove that ¢ is an isomorphism if and only if M; N My = {0}.
Let R be aring, I an ideal of R and M an R-module. Prove that

IM = {Zrixi:nz 1,ryel, x; EM}

i=1

is an R-submodule of M and M/IM is an R/I-module by the scalar multiplication defined by (r +

N(x+IM):=rx+IM.

Complete the proof of Theorem [4.1.6]

3. (@ If ¢ : M — M be an R-module homomorphism such that ¢ o ¢ = ¢, prove that M = ker ¢ ® im ¢.
M) Ifa: M — Nandf: N — M are R-module homomorphisms such that 5o a = id j;, prove that
N =ima @ ker 3.

N

4.2 Free Modules and Matrices

Like a finite dimensional vector space over a field, we shall see in this section that a free module
(i.e., a module with basis) over a commutative ring behaves in a similar way.
Let My, ..., My be R-modules. The direct sum of M, ..., M is the set of k-tuples

{(ml, C ,mk) tmy; € Mz}
with the following operations:

(my,...,mg)+ (n1,...,nE) = (Mg +nq,...,mg + ng)

r(my,...,mg) = (rmy,...,rmg), 7 € R.

k
The direct sum of My, ..., M}, is denoted by M7 & - - - & M, or @ M;.
i=1
Let My, ..., M; be submodules of an R-module M. The sum of M, ..., M, is the set

{my +--- 4 my : m; € M; for all i},

n
denoted by My + --- + My or ZMl It is a submodule of M. We say that M;,..., M} are
i=1
independent if for any m; € M; with m; + --- + my = 0, we have m; = --- = my = 0j. This
condition is equivalent to M; N Z M; = {0y} for all 4.
J#i
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Theorem 4.2.1. Let My, ..., M be submodules of an R-module M. Then
1. Themap ¢ : M1 @---@® My — M defined by ¢p(my,...,my) = mi+---+my is an R-module
homomorphism whose image is My + - - - + Mj,.
2. ¢ is one-to-one if and only if M, ..., My are independent submodules of M. In case ¢ is an
isomorphism, we say that M is the internal direct sum of the submodules M, ..., M.

Let M be an R-module and X a subset of M. The submodule of M generated by X, denoted
by RX, is the set of all finite sums

{rix1 +---+rgzp:r; € Rand z; € X}.

If RX = M, we say that X generates or spans M. If some finite subset {x;,...,zx} of M
generates M, we say that M is finitely generated M and we write

M = Rx1 + - + Ray.

If M is generated by a single element, i.e., if M = Rz for some x € M, M is said to be cyclic.

We say that z1,...,z; € M are linearly independent over R if for any rq,...,7, € R with
rix1+- -+ rgxe = 0y, we have r; = -+ = r, = 0. A subset X (possibly infinite) of M is linearly
independent if every finite subset of X is linearly independent. We say that a set X is linearly
dependent if it is not linearly independent.

Remarks. 1. By convention, the empty set is linearly independent and R0 = {0, }.
2. If x € M, {z} is a linearly independent set if and only if Rx = R as left R-modules. In
particular, if we take M = R, a left R-module, then {«} is a linearly independent set (where
x € R) if and only if z is not a right zero divisoy, i.e., a # 0 = az # 0.
3. If {z1,...,xx} is a linearly independent set, then Rx; + -+ + Rxy =& R®--- @ R as left
~—_——

k
R-modules.

4. Any subset of a linearly independent set is a linearly independent set.

If an R-module M is generated by a linearly independent set X, we say that M is the free
R-module on the set X and that X is a basis for M. If X = {z1,...,z} is a finite set, we say
that M is the finitely generated free module spanned by z, ..., x.

Now let M = Rxy + - - - + Rx,, be the free R-module on the set X = {x1,...,z,}. Suppose N
is any left R-module and 1, ..., y, are any elements of N. Let us define a map ¢ : M — N by

P(rixy + -+ @) =T1Y1 + 0+ Toln.

Then ¢ is a homomorphism of left R-modules such that ¢(x;) = y; for all i. In fact, we could also
define a homomorphism even if X were infinite. The point is that any set map X — N gives rise
to an R-module homomorphism M — N. More precisely,

Theorem 4.2.2. [Universal Mapping Property of a Free Module] Let R be a ring, X a set and
M = M(X) the free R-module on the set X. Let i : X — M be defined by i(z) = 1 - x for all
x € X. (i may be thought of as an inclusion map.) Suppose N is an R-module and o : X — N is
a set map. Then there exists a unique R-module homomorphism 6 : M — N such that 0 oi = .

XM

xﬁ
Y

N

Hence, any module is a homomorphic image of a free module.
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Next, let us consider homomorphism of finitely generated free R-modules. Suppose M and N
are free R-modules with bases X = {z;,...,zp}and Y = {y1,...,y,} where

M = Rxy1+ - -+ Rxr,, and N = Ry + - - - + Ryn.

Let ¢ : M — N be an R-module homomorphism. Then ¢ will be completely defined as soon as
we specify ¢(z1),...,¢(x,,). Moreover, by the above theorem, any choice of ¢(x1), ..., ¢(xy,,) is
possible. Hence,

¢ < (o(x1), -, d(m))

is a 1-1 correspondence between the set of R-module homomorphisms ¢ : M — N and N x---x N
(m-copies). We have not written N & --- & N because so far this correspondence is only a 1-1
correspondence of sets. We do not know if any structure is preserved.

Let M and N be R-modules. The set of R-module homomorphisms from M to N is denoted
by hompg(M, N).

Remarks. 1. homp(M, N) is an abelian group with the addition given by
(¢ + 0)(m) = ¢(m) + 6(m).

2. If R is commutative, then we can make homp(M, N) into a left R-module by defining
(r¢)(m) = r¢(m). Note that r¢ : M — N is really an R-module homomorphism, for if
m € M,s € R, then

(rg)(sm) = r(¢(sm)) = r(sp(m)) = (rs)p(m) = (sr)p(m) = s(ro(m)) = s[(r¢)(m)].

However, this computation makes it clear that the commutativity of R is essential. If R is
not commutative, there is no natural way to make hompg (M, N) into a left R-module.

Let us restate the remarks above in the next theorem.

Theorem 4.2.3. Let M and N be left R-modules.
1. homp (M, N) is an abelian group (or Z-module) with addition (¢ + 6)(m) = ¢(m) + 0(m).
2. If R is commutative, homp(M, N) is a left R-module, where (r¢)(m) = r¢(m).
3. If M = Rx1 + ... Rxyy, is the free R-module with basis x1, . . ., x,,, then

homr(M,N) —- N&---®& N
¢ — (p(21), - -, p(2m))

is an isomorphism of abelian groups. If R is commutative, it is an isomorphism of R-modules.

For £k > 1 and a ring R, let RF denote the R-module of k x 1 column vectors over R. Now
let us return to free R-modules M = Rx1 + --- + Rz, and N = Ry; + --- + Ry,. As noted
earlier, if ¢ : M — N is an R-module homomorphism, then ¢ is completely determined by
d(z1), ..., ¢(xm), and ¢ — (é(z1), ..., ¢(xn)) is an isomorphism of abelian groups, and it is an
isomorphism of R-modules if R is commutative. Since N = Ry; + --- + Ry, is free on y1, ..., y,
every element of NV can be uniquely expressed in the form

Y="rYy1+..."Yn.

In particular, we can write

d(x1) = a11y1 + a21y2 + -+ + an1yn
d(x2) = a12y1 + ag2ys + - - + an2yn

d(Tm) = a1m¥1 + a2m¥y2 + -+ + AGpmYn-
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In this way, we have abelian group isomorphisms

homp(M,N) — Ng&---&N — n X m matrices over R
ai;r a2 ... dim
a Gz ... a2m
¢ — (¢(z1), .., P(m))
apl ap2 ... QOpm

Moreover, in case R is commutative, this is an isomorphism of left R-modules.

Next, let R be a commutative ring and M = Rx; + -+ + Rxy, N = Ry + -+ + Ry, and
P = Rz +-- - + Rz, be finitely generated free modules over R with the indicated free generators.
Leta: M — R™,3: N — R"and v : P — RP be the R-module isomorphisms

71 S1 3]
a(rar +- -+ rmem) = | 1| LBy sayn) = | 2| y(tiz e tpzp) =
Tm Sn, tp

Write R,, for the R-module of v x v matrices over R. For each R-module homomorphism ¢ :
M — N, we define

all a1 e A1m
as1 a2 ... A2m,
an1 Qp2 ... Anm,

implicitly from the equations

d(x1) = anyr + aa1y2 + - + an1yn
d(x2) = ary1 + agnys + - - + an2yn

O(Tm) = a1m¥1 + a2m¥y2 + - -+ + GpmYn-

Similarly, for R-module homomorphisms § : N — P and 7 : M — P define [#] € R,, and
[7] € Rpm, respectively. Then ¢ — [¢], 6 — [0] and 7 — [r] are isomorphisms of R- modules
hompg(M,N) = Ry, homp(N, P) = R, and hompg(M, P) = R,,,, respectively. Moreover, we
obtain the following theorem.

Theorem 4.2.4. Let R be a commutative ring. Under the above set-up we have:
1. Each matrix [¢| € Ry, defines a homomorphism [¢] : R™ — R" by left multiplication of an
n X m matrix by an m x 1 matrix. The same is true for [0] : R" — RP and [r] : R™ — RP.
2. The following diagram is commutative

M—2.N_f.p

aig ,Blg wlg
[¢] [6]

R™ —— R" —— RP

7
S
In particular, [0][¢] = [0¢] where the left product is multiplication of matrices.

Recall the following fact about matrices: Let R be a commutative ring and suppose A €
M, (R). Then

A is invertible < A is left invertible < A is right invertible < det A is a unit in R.

In particular, if AC' = I, then CA = I. Moreover, we have
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Theorem 4.2.5. Let R be a commutative ring and let [¢] € Ry, and [0] € Ry,,. Suppose [¢][0] =
I, and [0][¢] = I,, are identity matrices of sizes m x m and n X n, respectively. Then m = n.

Proof. Assume that m > n. Then m = n + r for some r € N. Write

6= |57 and 6= [Coxn D],

SO
AC AD I, O
90 = 56 50]= (6 1
Thus, 0 = C(AD) = (CA)D = I,,D = D which contradicts BD = I,. Hence, m < n. Similarly,
we obtain a contradiction if m < n. Therefore, m = n. O

Theorem 4.2.6. Let R be a commutative ring and suppose that M = Rx; + --- + Rx,, and
N = Ryy + --- + Ry, are free R-modules with indicated generators. If M and N are isomorphic
R-modules, then m = n.

Proof. Let ¢ : M — N be an isomorphism with inverse § : N — M. By Theorem [4.2.4] we can
identify M with m x 1 column vectors and N with n x 1 column vectors and obtain a commutative
diagram

M—2 Ny

l [¢] i (0] J’

R™" — R" —— R™

\[0} [¢1/

In other words, [¢] is an n x m matrix and [f] is an m x n matrix with [¢][0] = I, and [0][¢] = I,y,-

Hence, m = n by Theorem [4.2.5] O
If M = Rz1 + --- + Ray, is a free R-module on x4, ..., z,, over a commutative ring R, m is
called the rank of M. In particular, if R = 7Z, then M is a free abelian group on x4, ..., x,,, and

hence we have shown:

Corollary 4.2.7. If F is a finitely generated free abelian group, then any two bases of F' have the
same number of elements.

Using this corollary, we can verify that if a group G is free on A and also on B, which are finite
sets, then the sets A and B have the same number of elements. It is Theorem [3.5.4] for the finite
basis case.

Proof of Theorem for the finite basis case. Assume that G is a free group on A and also on B,
where A and B are finite sets. By Exercise [Il G/G’ is a free abelian group of rank |A| and |B],
respectively. By Corollary d.2.7, |A| = |B]. O

Remarks. 1. As we have seen that subgroups of a free (abelian) group are free. This is not
true for general R-modules. For example, let R = Zg. Then r R is a free R-module generated
by {1}. N = {0,2,4} is an R-submodule of zR. Since () does not span N, {) is not a basis.
If B # () is a basis of N, then 0 ¢ B, so 2 or 4 are in B. Since 3-2 = 0 and 3 - 4 = 0 where
3 # 0, where B is not linearly independent. Hence, submodules of a free module may not be
free.

2. In the case of free abelian groups and vector spaces, it is true that any two bases of have the
same cardinality. This is not true in general as shown in the following example.
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Example 4.2.1. Let S be a ring and F' a free S-module with infinite denumerable basis {e;,
€9, e3,...}. Let R = homg(F,F). Then R is a ring with identity 1, so {1z} is a basis for pR.
Next, we define fl, f2 € R as follows: fl(egn) = €n, f1 <€2n—1) =0 and fg(egn) = 0, fz(egn_l) =
en. To show that {fi, fo} spans rR, let ¢ € R. Define g;,92 € R by gi(e,) = g(e2,) and
g2(en) = g(ean—1). Then (g1 f1 + g2f2)(ean—1) = g1f1(e2n—1) + g2f2(e2n—1) = g2(en) = g(ean—1)
and (g1 f1 + g2f2)(e2n) = g1f1(e2n) + g2f2(e2n) = g1(en) = g(ean). Thus, g = g1 f1 + g2 fo. Next we
shall prove that { f1, f2} is linearly independent over R. Let hi, ho € R such that h; f1 + hafo = 0.
Then for any n > 1, hl(en) = hl(en) +0= hlfl(egn) + thQ(@Qn) = (hlfl + hzfg)(egn) = 0 and
ha(en) = 0+ ha(en) = hifi(ean—1) + hafa(ean—1) = (h1fi + haf2)(e2n—1) = 0, s0 hy = hy = 0.
Hence, {f1, f2} is linearly independent and so it is a basis of pR.

Exercises 4.2. 1. Show that Q is not a free Z-module.

2. Show that M is a cyclic left R-module if and only if it is isomorphic to R/I (considered as a left
R-module) for some left ideal I of R.

3. Show that {e; };c is a basis of a left R-module M if and only if (r;);cr — >
of @,.; rR onto M.

4. Prove that the module zR in Example [4.2.T] has a basis with m elements for every positive integers
m.

5. Let R be aring and M, N and N’ R-modules. Then homp(M, N) and homp(M, N') are Z-modules.
For an R-module homomorphism f : N — N’, we define hom(M, —)(f) : hompg(M, N) — hompg(M,N')
by

;e Ti€i 1s an isomorphism

hom(M, =)(f)(h) = foh

for all h € homp(M, N). Show that
(a) hom(M, —)(f) is a Z-module homomorphism from homg (M, N) to homg(M, N').

Mb)If0o—- N N5 N s exact, then

S homp(M, N') ~ 2 hom g (M, N)

0 —— homp(M, N)
is exact.
In a similar manner, one can prove that exactness of N LN S N S0 implies exactness of

_bom(=.M)(g), homp(N', M) e homp (N, M)

0 —— homp(N", M)
where hom(—, M)(f)(h) = ho f for all h € hompg(N’, M) and hom(—, M)(g)(h) = h o g for all
h € homg(N", M).
6. Let R be a ring, I a proper ideal of R and F a free R-module with a basis X. Then F/IF is a free
R/I-module with a basis of cardinality | X|.

4.3 Projective and Injective Modules

The concept of projective modules is a generalization of the idea of a free module. Injective
modules, introduced by Baer, are dual to that of projective modules. We follow [6] for this
section.

Let R be a ring. An R-module P is called projective if given any diagram

P

|

M ——= N
p
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there exists a homomorphism g : P — M such that

“P
T lf
L
M —— N
p

is commutative. In other words, given an epimorphism p : M — N, then any homomorphism
f: P — N can be factored as f = pg for some g : P — M.

We recall that for any module M, if 0 N s N2

N” 0 is exact, then

hom(M,i) hom(M,p)

0 —— homp(M, N') homp(M, N")

homp(M, N)

is exact. Now suppose M = P is projective. Then given f € hom(P, N”) there exists a g €
homp(P, N) such that homp(P,p)(g9) = pg = f. Thus, in this case, hom(P, p) is surjective and so
we actually have the exactness of

hom(M,i) hom(M,p)
_—

0 —— homp(M, N') homp(M, N) hompg(M,N") ——=0
as a consequence of the exactness of 0 N —ts N2 N7 0.
The converse holds also. Suppose hom(P, —) is exact and suppose M "5 N . Let K = kerp.
Then we have the exact sequence 0 K—sM-2-N 0 where i is the inclusion

map. Applying the exactness of hom(P, —), we obtain the property of a projective module. There-
fore,

Theorem 4.3.1. Let P be an R-module. Then P is projective if and only if for any R-modules
N,N'"and N", if 0 N s NP N 0 is a short exact sequence, then

hom(P,) hom(P,p)

0 — homp (P, N')

homp(P, N)

homp(P,N") —=0
is also a short exact sequence of Z-modules.

By Theorem [4.2.2] we have:
Theorem 4.3.2. Every free module is projective.

Example 4.3.1. Q is not a projective Z-module.

Proof. Let F be a free Z-module with countable basis X = {z1,x2,... }. Define g : X — Q by
1
g:xy+— — foralln eN.
n

Then g induces a Z-module homomorphism from F' to Q. Since g(mz,) = ™ for all m € Z and
n € N, g is onto. Assume that Q is projective.

P
F—
g

Q
h “ iid@
Q
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Then there exists an h : Q — F such that gh = id ¢. Suppose h(1 Z a;x; (with all but finite
=0). Letk=1+ H la;| and assume that h(k~ Z b;z; (again, w1th all but finite a; = 0).
1,a;7#0
Then

kbx; = k biz; = kh(k a;x;,
Z Z Z

SO Z(ai — kb;)x; = 0. Since X is linearly independent, a; = kb; for all i which implies & | a; for

i
all 4. This forces k£ = 1 and a; = 0 for all 7. Thus, & is the zero map which contradicts gh = id g.
Hence, Q is not projective. O

How close are projective modules to being free? We shall give two important characterizations
of projective modules as follows.

Theorem 4.3.3. The following properties of a module P are equivalent:
(i) P is projective.
(ii) Any short exact sequence 0 M N P 0 splits.
(iii) P is a direct summand of a free module (that is, there exists a free module F' isomorphic to
P @ P’ for some P’).

Proof. (i) = (ii). Let 0 M N P 0 be exact and consider the diagram

P
iidp
P

By hypothesis we can fill this in with ¢’ : P — N to obtain a commutative diagram. Then
gg’ = id p and the given short exact sequence splits.
(ii) = (iii). Since any module is a homomorphic image of a free module (Theorem [4.2.2]), we

N —
g

have a short exact sequence 0 p—t.p-P.p 0 where F'is a free module. If P
satisfies property (ii), then this exact sequence splits and hence FF = P & P’.

(iii) = (i). We are given that there exists a sequence 0 p—t-fF-L.p 0 with F
is free. Now suppose we have a diagram

P

|

M —= N
q
Combining the two diagrams, we obtain
, P
0—=P ‘s F_—P—>0
7/
I lf
M — N

where pi’ = id p (since the top line splits). Since F is free, hence projective, we can fill in
g: F — M to obtain fp = qg. Then f = fid p = fpi’ = qgi’ and ¢gi’ : P — M make

!

M —= N
q
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commutative. Hence, P is projective. O

Of particular interest are the modules that are finitely generated and projective. The theorem
gives the following characterization of these modules.

Corollary 4.3.4. A module P is finitely generated and projective if and only if P is a direct sum-
mand of a free module with a finite base.

Proof. If P is a direct summand of a free module F' with finite base, then P is projective. Moreover,
P is a homomorphic image of F, so P has a finite set of generators (the images of the base under
an epimorphism of F' onto P). Conversely, suppose P is finitely generated and projective. Then
the first condition implies that we have an exact sequence 0 — P’ — F' — P — 0 where F is free
with finite base. The proof of the theorem shows that if P is projective, then FF = P & P’, so P is
a direct summand of a free module with finite base. O

The concept of a projective module has a dual obtained by reversing the arrows in the defini-
tion as follows.
An R-module @ is called injective if given any diagram of homomorphisms

0—>N—">M

d

Q

there exists a homomorphism g : M — @ such that the diagram obtained by filling in ¢ is
commutative. In other words, given f : N — @ and a monomorphism i : N — M there exists a
g : M — @ such that f = gi.

With a slight change of notation, the definition amounts to this: Given an exact sequence
0 — N’ % N, the sequence

hom(%,Q)

hOHlR(N, Q) hOHlR(N/, Q) —0

is exact. Since we know that exactness of 0 — N’ - N % N” — 0 implies exactness of

hom(p,M) hom(3,M)

0 —— homp(N", M)

homp(N, M)

homp(N', M) ,

it is clear that @ is injective if and only if hom(—, @Q)) is exact in the sense that it maps any short
exact sequence 0 — N’ — N — N” — 0 into a short exact sequence of Z-module

0 — homg(N", Q) — homg(N, Q) — homg(N', Q) — 0.

It is easily seen also that the definition of injective is equivalent to the following: If N is a
submodule of a module M, then any homomorphism of N into @ can be extended to a homo-
morphism of M into ). Another result, which is easily established by dualizing the proof of the
analogous result on projective (Theorem [4.3.3)), is that if @ is injective, then any short exact se-
quence 0 — @ — M — N — 0 splits. The converse of this holds also. However, the proof requires
the dual of the easy result that any module is a homomorphic image of a projective module (in
fact, a free module). The dual statement is that any module can be embedded in an injective one.
We shall see that this is the case, but the proof will turn out to be fairly difficult.

Theorem 4.3.5. [Baer] A right module @ is injective if and only if any homomorphism of a right
ideal I of R into () can be extended to a homomorphism of R into Q.
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Proof. Obviously, the condition is necessary. Now suppose it holds and suppose M is a module
and f is a homomorphism of a submodule N of M into ). Consider the set {(g, M')} where M’
is a submodule of M containing N and ¢ is a homomorphism of M’ into @ such that g|N = f.
We define a partial order in the set {(g, M’)} by declaring that (g1, M{) > (g2, M) if M| D M,
and ¢1|M} = go. It is clear that any totally ordered subset has an upper bound in this set.
Hence, by Zorn’s lemma, there exists a maximal (g, M’); that is, we have an extension of f to a
homomorphism g of M’ > N which is maximal in the sense that if g; is a homomorphism of an
M{ D M’ such that ¢g;|M’ = g, then necessarily M; = M’. We claim that M’ = M. Otherwise,
there isan x € M, ¢ M’ and so 2R + M’ is a submodule of M properly containing M’. Now let

I={seR:xseM'}.

Then I = ann(z + M’) in M/M’, so I is a right ideal of R. If s € I, then s € M’, so g(zs) € Q.
It is immediate that the map A : s — g(xs) is a module homomorphism of I into (). Hence, by
hypothesis, i can be extended to a homomorphism & of R into (). We shall use this to obtain an
extension of g to a homomorphism of xR + M’ to . The elements of xR + M’ have the form
xr +y,r € R,y € M'. If we have a relation xs +vy' = 0,s € R,y € M’, then s € I. Then

k(s) = h(s) = g(xs) = —g(1/).
Thus, zs + ¢’ = 0 for s € R,y € M’, implies that k(s) + g(y') = 0. It follows that
ar +y = k(r) + 9(y),

r € R,y € M’, is a well defined map. For, if xr; + y; = ary +y2,7; € R,y; € M’, then xs +y' =0
for s =11 —ro, ¥ = y1 — y2. Then k(s) + g(v') = 0 and k(r1 — r2) + g(y1 — y2) = 0. Since k and g
are homomorphisms, this implies that k(r1) + g(y1) = k(r2) + g(y2). It is immediate that the map
re+y — k(r)+g(y) is a module homomorphism of 2 R+ M’ into ) extending the homomorphism
g of M’. This contradicts the maximality of (g, M'). Hence, M’ = M and we have proved that if f
is a homomorphism of a submodule N of M into ), then f can be extended to a homomorphism
of M into Q. Hence, () is injective. O

For certain “nice” rings, the concept of injectivity of modules is closely related to the simpler
notion of divisibility, which we proceed to define.

If a € R, then the module M is said to be divisible by « if the map x — za of M into M
is surjective. A module is called divisible if it is divisible by every a # 0. It is clear that if M is
divisible by «a or if M is divisible, then any homomorphic image of M has the same property. In
some sense injectivity is generalization of divisibility, for we have

Theorem 4.3.6. 1. If R has no zero divisors # 0, then any injective R-module is divisible.
2. If R is a ring such that every right ideal of R is principal (= aR for some a € R), then any
divisible R-module is injective.

Proof. (1) Suppose R has no zero-divisors # 0 and let () be an injective R-module. Letz € Q,r €
R,r #0.Ifa,b € R and ra = rb, then a = b. Hence, we have a well defined map ra — za, a € R,
of the right ideal R into (). Clearly this is a module homomorphism. Since () is injective, the
map ra — xa can be extended to a homomorphism of R into Q. If 1 — y under this extension,
then » = 1r — yr. Since r = r1 — 21 = z, we have x = yr. Since x was arbitrary in ) and r was
any non-zero element of R, this shows that @ is divisible.

(2) Suppose R is a ring in which every right ideal is principal. Let M be a divisible R-module
and let f be a homomorphism of the right ideal R into M. If »r = 0, then f is the zero map
and this can be extended to the zero map of R. If »r # 0 and f(r) = 2 € M, then there exists
a y in M such that x = yr. Then a — ya is a module homomorphism of R into M and since
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rb— yrb = xb = f(r)b = f(rb), a — ya is an extension of f. Thus, any module homomorphism
of a right ideal of R into M can be extended to a homomorphism of R. Hence, M is injective by
Baer’s criterion. 0

If R satisfies both conditions stated in the theorem, then an R-module is injective if and only
if it is divisible. In particular, this holds if R is a PID. We can use this to construct some examples
of injective modules.

Examples 4.3.2. 1. Let R be a subring of a field F and regard F' as an R-module in the natural
way. Evidently F' is a divisible R-module. Hence, if K is any R-submodule of F, then F'/K
is a divisible R-module. In particular, Q is an injective Z-module which is not projective.

2. Let D be a PID, F its field of fractions. If » € D, then the D-module F/rD is divisible and
hence is injective by Theorem [4.3.6

Our next objective is to prove that any module can be embedded in an injective module, that

is, given any M there exists an exact sequence 0 — M - Q with Q is injective. The first step in
the proof we shall give is as follows.

Lemma 4.3.7. Any abelian group can be embedded in a divisible group (= a divisible Z-module).

Proof. Firstlet F be a free abelian group with base {z,} and F’ the vector space over Q with {z}
as base. Then F' is embedded in F’ and it is clear that F”’ is divisible. Now let M be an arbitrary
abelian group. Then M is isomorphic to a factor group F'/K of a free abelian group F'. Hence,
F'/K is a divisible group and F//K = M is a subgroup. O

An immediate consequence of this and Theorem [4.3.6] is the next corollary.
Corollary 4.3.8. Any Z-module can be embedded in an injective Z-module.

Now for an arbitrary R-module M, we have the isomorphism of M onto hompg(R, M) which
maps an element x € M into the homomorphism f, such that 1 — . This is an R-isomorphism
if we make homp(R, M) into a right R-module by defining fa,a € R, by (fa)(b) = f(ab). Also
homyz (R, M) is a right R-module using this definition of fa. Clearly hompg(R, M) is a submod-
ule of homy(R, M). Since M is isomorphic to homp(R, M), we have an embedding of M in
homgz(R, M). Now embed M in an injective Z-module @), which can be done by the foregoing
corollary. Then we have an embedding of homy (R, Q) as R-modules. This gives an embedding of
M in an injective R-module, since we have the following lemma.

Lemma 4.3.9. If Q is an injective Z-module, then homy(R, Q) is an injective R-module.

Proof. We must show that if 0 — N’ J, N is an exact sequence of R-modules, then
homp (N, homz (R, Q)) L3 homp (N, homz(R, Q)) — 0
is exact, where f* = homp(f, homz(R, Q)). We have an isomorphism
¢n : homz(N ®p R, Q) — homp(N, homgz (R, Q))

and the definition shows that this is “natural” in N. Since the isomorphism of N ®r R onto N
such that y ® 1 — y is natural in N, we have an isomorphism

¥ : homz(N, Q) — homp(N, homz(R, Q))
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which is natural in N, that is we have the commutativity of

homz (N, Q) — " homp(N, homz (R, Q))

| 3

homz (N, Q) hompg(N', homz (R, Q))

N/

where f = hom(f, Q). Now f is surjective since Q is Z-injective. Since )y and vy are isomor-
phisms, this implies that f* is surjective. O

The foregoing lemma completes the proof of the embedding theorem.
Theorem 4.3.10. Any module can be embedded in an injective module.

The proof we have given is due to B. Eckmann and A. Schépf. We can apply the theorem to
complete the following characterization of injectives, which we idicated earlier.

Theorem 4.3.11. The following properties of a module () are equivalent:
(i) Q is injective.
(ii) Any short exact sequence 0 — QQ — M — N — 0 splits.

(iii) Q is a direct summand of every module containing it as a submodule.

Proof. We leave the proof of (i) = (ii) as an exercise. Conversely, suppose any short exact se-
quence 0 — @ - M — N — 0 splits. By the embedding theorem we have an exact sequence
0 — Q — M where M is injective. Then we have the short exact sequence 0 — Q — M %
M/@Q — 0 where p is the canonical homomorphism of M onto M/Q. By hypothesis, we can find
ap' : M — @ such that p’i = id . Now suppose we have a diagram

0 N J

/

Q

N

Since M is injective, we can enlarge this to a commutative diagram

0 N’

N

This means that by the injectivity of M we have g : N — M such thatif = gj. Then f =idgf =
pif = (p'g)j. Hence, Q is injective. O

Exercises 4.3. 1. Let R = Zg. Define T X Lo — Lo by [7“]6[:1}]2 = [’I"J)]Q and Ze X Ly — L3 by
[r]6[x]5 := [rz]s. Prove that Zs and Z3 are Zg-modules and Zg = Zo @ Z3 as Zg-modules.
7o and Zs are not free Zg-modules. Zg is a free Zg-module. Since Zs and Zs are direct summands
of Zg-module, they are projective.
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2. Show that if e is an idempotent (e? = ¢) in a ring R, the eR is a projective right module and Re is an
projective left module.

3. Show that
(a) @ P, is projective if and only if every P, is projective.

(b) @ Q.. is injective if and only if every @, is injective.

4. Prove that
(a) A direct sum of abelian groups is divisible if and only if each summand is divisible.
(b) A homomorphic image of a divisible module is divisible.
5. Let R be an integral domain that is not a field. If M is an R-module such that M is both injective
and projective, prove that M = {0}.
6. Prove (i) = (ii) in Theorem [4.3.11] by dualizing the proof of Theorem [4.3.3]
7. Consider the polynomial ring Z[x] as a Z-module.
(a) Is Z[z] free? (b) Is Z|x] projective?
(c) Is Z[z] injective? (d) Is Z[z] divisible?

Project 22 (Injective hull). It is possible to prove a sharper result than Theorem [£.3.10} namely that there
is a minimal injective R-module H containing M in the sense that any injective map of M into an injective
R-module @ factor through H. More precisely, show that if M C Q for an injective R-module @ then there
is an injection i : H — () that restricts to the identity map on M ; using i to identify H as a subset of () we
have M C H C (). This module H is called the injective hull or injective envelope of M. For example,
the injective hull of Z is Q, and the injective hull of any field is itself. Furthermore, prove that:

(a) The injective hull of an injective module is itself.

(b) The injective hull of an integral domain is its field of fractions.

4.4 Modules over a PID

Our main goal of this section is to prove the structure theorem for modules over a PID.

Theorem 4.4.1. Let R be a PID and suppose that M is a finitely generated R-module. Then there
is an integer r > 0 and nonzero elements di, ..., dy € R with di|da, ..., d;_1|dy such that

M=~R® --®ROR/Rd) & --- & R/Rdy.
~—_——

r copies
Moreover, if N is another finitely generated R-module and

N=R® ---®ROR/Rd; ©---® R/Rdj,
;\,._/
7 copies

where d;|d;. 1, then M and N are isomorphic as R-modules if and only if r = 7, k = k and d; and

d; are associates fori =1,... k.

Note that we cannot assert more than that d; and d; are associates, for if d and d are associates,
then R/Rd = R/Rd.

Since abelian groups are equivalent to Z-modules, this theorem can be stated as ‘A finitely
generated Z-module is a direct sum of cyclic modules”. Actually, the theorem was more precise in
that it actually classified all finitely generated Z-modules up to isomorphism. That is, one has
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Theorem 4.4.2. Let M be a finitely generated Z-module. Then there are nonnegative integers
r>0,dy,...,d; > 0where di|da,...,d,_1|dy such that

M2Z7& - ®LOL/MZS - & L/dyL.
~—_——

r copies
Moreover, if N is another finitely generated Z-module and

N27 & - ®@LOL/AQZ® - ®L/d;Z,
——

7 copies

where d;|d;y1, then M and N are isomorphic if and only if r = 7, k = k and d; = d; for
1 =1,...,k. riscalled the rank or torsion-free rank of M and d, . . ., d, are called the invariant
factors of M.

Therefore, we have a major theorem on abelian groups:
Corollary 4.4.3. A finitely generated abelian group is a direct product of cyclic groups.

The strategy of our proof is the following. First we observe that even with no hypothesis on
the ring R, the following statements are equivalent:
(i) M is a finitely generated R-module and can be generated by s elements.
(ii) Let FF = Rx1 + --- + Rx, be a free R-module with s free generators. Then there is an exact

sequence of R-modules 0 K FoM 0 where K = ker ¢.
(iii) M = F/K where F is a free R-module on s free generators and K is an R-submodule of F.
Now let us suppose that R is commutative and we have a free R-module F' and a submodule
K where F = Rx1+---+ Rx, + Ry1 +--- + Ryp and K = dyRy; + - - - + di Ry,. Then it is easy
to see that

F/IK=R®---®R®R/Rd; & ---® R/Rdy,
M._/
r copies
since Rz; = R and Ry;/d;Ry; = R/Rd;.
If we have an arbitrary commutative ring R, K may not have an appropriate form. Moreover,

no change of basis may be possible which changes K to the appropriate form. However, in case
R is a PID, it is always possible to choose a basis for F' and a basis for K (which will also be

free) so that the above situation exists. In addition, it will be possible to choose d1, ..., d; so that
dy|da, . ..,dg—1|dg. This will yield the desired structure theorem for finitely generated modules
over R.

The proof will consist of two stages.
Stage I. We prove an appropriate theorem about m x n matrices over a PID R.
Stage II. We show that theorem about m x n matrices proved in Stage I can be translated into a
theorem about modules—namely the structure theorem for modules over a PID.

We shall now prove a theorem which says that any m x n matrix [A] over a PID R can be
transformed to a diagonal matrix by a transformation

[A] = [P][A][Q)]

where [P] and [(Q)] are appropriate invertible matrices over R.
Let R be a ring and GL,,(R) the group of invertible n x n matrices over R. It is called the
general linear group over R. Moreovey, if R is commutative, then

GL,(R) = {A € M,(R) : det A is a unit in R}.



4.4. Modules over a PID 121

Theorem 4.4.4. Let R be a commutative ring.
1. If Ra+ Rb = R, then GLy(R) contains a matrix of the form “
2. If A = [a;j] is an m x n matrix over R, P € GL,,(R) and PA = [b;;], then

Z Raij = Z Rbij.
(2% (2%

In other words, the entries of A and of P A generate the same ideal in R.

3. If E is the elementary matrix obtained by interchanging the i-th and j-th rows of the identity
matrix I,,, and A is an m x n matrix, then E € GL,,(R) and E A is the matrix obtained by
interchanging the i-th and j-th rows of A.

4. If E is the elementary matrix obtained by multiplying the i-th row of the identity matrix I,,
by a unit ¢ € R and A is an m x n matrix, then E € GL,,(R) and E A is the matrix obtained
by multiplying the i-th row of A by c.

5. If E is the elementary matrix obtained by adding c times the j-th row of I, to the i-th row
of I, and A is an m x n matrix, then £ € GL,,(R) and EA is the matrix obtained by
adding c times the j-th row of A to the i-th row of A.

6. The analogues of (1)-(5) hold for right multiplications and column transformations.

Proof. (1) If Ra + Rb = R, let ra + sb = 1. Then

a bl |r =0l 1 0
—s r|ls a| |0 1|°
(2) The entries b;; of PA are R-linear combinations of the a;;, so ) Rb;; C > Ra;;. But since

P~Y(PA) = A the entries a;j of A are R-linear combinations of b;;, so > Ra;j C > Rb;j.
(3), (4), (5) and (6) are clear. ]

Remark. Passing from A to E'A as in (3), (4) and (5) of the above theorem are called elementary
row transformations of A. Elementary column transformations of A are defined similarly.

Recall that if R is a PID and a, b € R, then Ra + Rb = Rc where ¢ = gcd(a, b). Moreover, if we
let @ = cx and b = ¢y, then ged(z,y) = 1, or Rx + Ry = R. More generally, Ra; + - - -+ Ra, = Rd
where d = ged(aq, . .., ay,) and if a; = db;, then Rby + --- + Rb, = R. In UFD, gcd(a,b) = 1 does
not imply Ra + Rb = R. For example, R = F[z,y|, where F is a field, and gcd(z,y) = 1.

Theorem 4.4.5. Let Rbe a PID and A = [(cz Z} € Ms(R). Then there exist P, € GLa(R) such
that
e 0
PAQ = {0 f}

where e = ged(a, b, c,d) and e | f.

Proof. We first claim
(x) if [ﬁ ﬂ € Ms(R), either p = ged(p, q,7, s), or there exist P, Q1 € GLao(R) such that Rp; D
Rp and

rr S

ol ]

Casel. q,r,s € Rp. Then p = ged(p, ¢, 7, s) and we are done.
Case 1I. ¢ ¢ Rp. Then Rp + Rq = Rp; where p; = ged(p,q) and so Rp; D Rp. Let p = pix
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and ¢ = p1y. Then Rx + Ry = R, so we can choose u,v with zu + yv = 1. Then pu + qv =

(p1z)u + (pry)v = p1 and . *
FIERE

Case I1I. r ¢ R,. Then we do the analogue of Case II with a transformation on the first column.
Case IV. g, € Rp and s ¢ Rp. Then we perform a succession of elementary row and column
transformations followed by the manoeuvre of Case II: Let ¢ = ap and r = (p:

[p q]w'p q—ap]:[p 0 ]
r oS 7 s—ar r s—afp

P 0 _p 0
N_r—ﬂp s—afp| |0 s—afp

[p s—apBp P S ged(p,s) =
~ o 5_a5p] - [0 S_QBP} ~ [ « *] (by Case II).

where Q; = [z _Iy] € GLy(R).

Since this succession of operators corresponds to a transformation f ﬂ ~ P [f ﬂ @1 where
P, Q1 € GLy(R), we are done in Case IV also. This proves (x).

Next we claim
() there exist P, Q € GLy(R) such that PAQ = [i :] where e = ged(a, b, ¢, d).

If a = ged(a, b, ¢, d) we are done.
If not, use (x) to choose P;, Q1 € GLs(R) such that Ra; D Ra and

a b |Gl b1
Al de-lo )
If a; = ged(aq, by, c1,dy), take P = P, = @ and end the process. If not, use () again to choose
Py, Q2 € GLy(R) such that Ras O Ra; and

Py [(11 bl:| Q5 = [GQ b2:| ‘

c1 dp co  do

Continue inductively to get

A bm ~amy1r b
P |:Cm dm:| Qm+1— |:Cm+1 dm+1

where Ra,,+1 O Ray, as long as a,, # gcd(am,bm, ¢m,dm). Since Ra C Ra; C Ray C ...
is a strictly increasing chain of ideals in a PID R, the process must terminate. That is, a,, =
ged(am, by, Cm, diy) for some m. Now let P = P, Py, 1...Prand Q = Q1...Qy_1Qm. Then
_ _la b| = A b
PAQ = P[c d]Q o [cm dyn
P,Q € GLy(R), as required. This proves (xx).

Finally, to prove the theorem we follow the transformation A ~ PAQ by two elementary
transformations:

A‘[ZL Z]~P AQ‘[ﬁee ﬂ”[ﬁee w-oaﬁ)e]”[g <v—0a/3>€] —[S ﬂ

Hence, we have the desired theorem. O

] where a,, = ged(am, bm, ¢m,dm) = ged(a,b,c,d) because
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Theorem 4.4.6. Let R be a PID and A an m x n matrix over R. Then there exist P € GL,,(R)
and Q € GL,(R) such that

dq
do 0

PAQ = d,

where the d; # 0 and d; | do, . ..,d,—1 | d,.

Proof. We shall prove this theorem by induction on (m,n).

Case I. A = [al an] is a 1 x n matrix. The proof of Theorem [4.4.5] shows that for any
a,b € R there is a 2 x 2 matrix € GLy(R) such that [a b] Q = [ged(a,b) 0]. Hence, for an
appropriate @) € GLa(R)

Q1
[al an] 1 :[gcd(al,ag) 0 as ... an].

1

= - nxn

Then a succession of such right multiplications together with elementary transformations (or a
suitable induction) show that we can obtain

AQ = [ged(ay,...,a,) 0 ... 0] forsome @ € GL,(R)
as follows:
[al as ... an]w[gcd(al,ag) 0 as ... an]
N[gcd(al,aQ) a3 0 ag ... an]
N[gcd(al,ag,ag) 0 0 ag ... an]
~ o~ [ged(ar, .., an) 00 L0 0]

Case II. A is an m x 1 matrix. This is similar to Case I.
Case I1I. The general case. We already know the result for m x 1 and 1 x n matrices and to proceed
the induction, we shall assume that m,n > 2 and that we know the result for an (m — 1) x (n —

1) matrix over R. Let A = [a;j|mxn and let Q1 € GL,(R) be such that [a11 ... a1,| Q1 =
l[a 0 ... 0] wherea=gcd(aiy,...,a1n) by Case L. Then
a 0 ... O
AQr =1y Y
mXn

where X is an (m—1) x 1 columns matrix and Y is some (m —1) x (n — 1) matrix. By the inductive
hypothesis there are P, € GL,,,—1(R) and Q2 € GL,_1(R) such that

€1

PY Qs =
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where e | eg,...,e5_1 | 5. Then

1 AQ 1 |1 a O0f]1 | oa 0
P, ! Q2 P |X Y Q2 PX PRYQ:
[a 0 0]
as €1
— | a3
: es
—a/m -
a b
as 0
We next use Case Il to find a P) € GL,,_1(R) suchthat P, | . | = | .| whereb = gcd(a,as, ... anm)
A, 0
We now perform a pair of transformations
[« 0 0 0] [ay e O 0] as e 0]
as ey a 0 O 0 b 0 =« *
as €2 az 0 e 0 0
. ~Y . . Z
€s €s
| am ] | am 0 i 10 0
€2
where Z = is a matrix all of whose entries are divisible by e;.

€s

Now by Theorem [4.4.5] there are P, Q3 € GLo(R) such that

as €1 e
nly Se=li ]
where e = ged(ag, e1,b) = ged(ag, e1, b, entries of Z) = ged(entries of A). Then
[ Ps 1 [az er 0 0] [@s |
b 0 = *
1 0 1
: Z
i 1/ 10 11 1]
¢ 0 * e * e 0 0
0 f = * 0 0
— |0 - _
: : /
Lz o o
—0 -

where W’ is an (m — 1) x (n — 1) matrix over R and e divides every entry of W’. Now we use the
inductive hypothesis again to choose Py € GL,,—1(R), Q4 € GL,,_1(R) such that

do

PW'Qq =
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where dy | ds, ...
setting e = d;, we have

Al Wl el

where d; | da, ...

Before we can use our result on matrices to show that a finitely generated module over a PID
R is a direct sum of cyclic modules, we need to show that every submodule of R"

do

dr

dy

do

d,

,dr—1 | d,. We note that since e divides all the entries of W’, e | dy. Hence,

,dr_1 | d,. The whole series of transformations on A amount to a transformation
A ~ PAQ where P € GL,,(R) and @ € GL,(R). Therefore, the theorem is proved.

Ro---OR
—_——

is finitely generated. In fact we shall show that every submodule of R" is free of rank < n.

Theorem 4.4.7. Let R be aring and let M = Rx1 + - -- + Rxy, and N = Ry1 + - - - + Ry, be free

R-modules of rank m and n, respectively. Suppose 0 — M 2> P = N — 0 is an exact sequence of
R-modules. Then P is a free R-module of rank m + n.

Proof. It follows from Theorem [4.3.3] O

Theorem 4.4.8. If R is a PID and P is a submodule of R® = R® --- @ R, then P is free of

n
rank < n.

Proof. We shall use induction on n. For n = 1, we have P is a submodule of R, i.e. P is an ideal
of R, so P = Rx forsome z € R. If x = 0, P = 0, so P is free of rank 0; if z # 0, Rz &< R
as a left R-module, so P is free of rank 1. Next suppose n > 1 and the theorem is true for free
R-submodules of rank < n. Let

R"=Rx1®---®Rxy, = (Rr1® - ® Rry—1) ® Ray,.
Then we have an exact sequence
00— Rxr1®---® Rxp1 i>R"1>Racn—>0
where i is the inclusion map and 7 is the projection onto the last factor. Let M = (Rx; @& --- @
Rz, 1)NPC Rxy®---® Rxy—1 and N = n(P) C Rx,. Then
0M5PN S0

is an exact sequence of R-modules. M is a submodule of R*~! and N is a submodule of Rz, = R,
so both are free of ranks < n — 1 and 1, respectively. Hence, P is free of rank <n = (n—1) + 1
by Theorem [4.4.7] O

Theorem 4.4.9. Let R be a PID and A a finitely generated R-module. Then A is a direct sum of
cyclic R-modules. More precisely,

A®R® - -® ROR/Rd, & --- ® R/Rdy,
~—_——

r

where r > 0 and dy, . . ., dj, are nongzero elements of R and d; | da, ..., dj_1 | di.
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Proof. Since A is finitely generated, there is an exact sequence 0 - N — M — A — 0 where
M = Rxy + ... Rx, is free of finite rank n and N is a submodule of M. By Theorem [4.4.8] N is
finitely generated, say by

Y1 = a1 +a1x2 + -+ a1y

Y2 = @121 + a22x2 + - - - + Ap2Ty

Ym = A1mT1 + a2mT2 + -+ + QpmTp-

Let M = R" be the space of n x 1 column vector over R and let N be the R-submodule of M
generated by the columns of the n x m matrix

ailr a2 ... A1m

_ az; a2 ... a2m
[N] =

an1 Qp ... Anm,

There is an obvious R-module isomorphism « : M — M defined by

1
a(riecy + -+ rpxy) =

T'n
and it is clear that a(N) = N. Hence, we have R-module isomorphisms
A= M/N = a(M)/a(N)=M/N.
By Theorem [4.4.6] there are matrices [P] € GL,(R) and [Q] € GL,,(R) such that

dy

- - nxXm

where the d; #0and dy | do, ..., dk_1 | d.

[N][Q] is an n x m matrix whose columns generate N as an R-module. Further, left multipli-
cation by [P] is an isomorphism of M which carries N to the R-submodule U of M generated by
the columns of [P][N][Q]. Then

A= M/N = [P]M/[P]N = M/U.
However, we can see by inspection that

M/U=R/Rdy®R/Rdy®---®R/Rdy PR®---© R.
[V RRG @ Bl & O RGO 8D 08

H AR ---®R®PR/Rd R/Rd -+ & R/Rdr wh di | do, ..., dp_q1 | dg. ]
ence, @k@ ®R/Rdy ® R/Rdy ® --- ® R/Rd), where dy | da, ..., dy—1 | dy
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Example 4.4.1. Let A be the Z-module generated by z,y and z with the relations
r+y=0 and z—y+22=0.
Express A as a direct sum of cyclic modules.

Solution. Observe that A = {(z,y,2) € Z> : 2 +y = 0 and x — y + 2z = 0}. Consider the exact
sequence

00— N=Z(z+y) +Z(x —y+2z) —Zax Ly & Lz — A —0.

Theny; =z +yand yo =z — y + 22, so

Thus, U = Zz & Z(2y). Hence,
A MU = (ZedZyDZz2)](ZxdZ(2y)) {0} ®Zs DLz =7y D L
as desired. O

Our next goal is to show that the direct summands which occur in the above decomposition
are unique up to isomorphism. This does NOT mean that the actual summands which occur are
unique. For example, suppose R = Z and

A=Z®L DT3P 73 = Txy D Lxy® Ly & Ly
where Zz1 and Zzxs are free summands and 3y; = 3y, = 0. Then we can also write
A=7(w1 + 212+ y2) Lo ®Z(2y1 +y2) DZL(y1 +y2) ELO LD L3S L3
In the first case, the direct summands are
Lxy 27, Lxog 27, Ly = Zs, Ly = Zs.
In the second case, the direct summands are
Z(x1 + 229+ yo) 2 Z, Zag 27, Z(2y1 + y2) = Zs, Z(y1 + y2) = Zs.

Then the summands which occurs are distinct submodules in the two cases, but the isomorphism
classes of summands are the same, namely 7Z, Z, Z3 and Zs.

As a preparation for proving uniqueness, we shall need the concept of a torsion element.

Let R be an integral domain and M an R-module. An m € M is called a torsion element
of M if there is a nonzero r € R such that rm = 0. Let 7(M ) denote the set of torsion elements
of R, called the torsion submodule of M. If 7(M) = 0, M is said to be a torsion free R-module.

Theorem 4.4.10. Let R be an integral domain and M an R-module. Then
1. 7(M) is a submodule of M.
2. T(M/T(M)) = 0.
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Proof. (1) The only problem in showing that 7(M) is a submodule of M is in showing that 7(M)
is closed under addition. Suppose x,y € 7(M). Then there exist nonzero elements r, s € R such
that rx = 0 and sy = 0. Since R is an integral domain, rs # 0. But

rs(z+y) =s(rz) +r(sy) =0+0=0.

Hence, z +y € 7(M).
(2) Suppose z + 7(M) € 7(M/7(M)). Then there is a nonzero r € R such that

r(e+7(M))=re+7(M)=0+7(M),

i.e., rz € 7(M). Thus, there is a nonzero s € R such that s(rz) = 0, so sr # 0 and (sr)z = 0.
Hence, x € 7(M), so 7(M/7(M)) = 0. O

Remarks. 1. If R is not an integral domain, then the torsion elements of an R-module M may
not form a submodule, even if R is commutative. For example, let R = F' x F where F'is a
field and let M = R = F x F. Then the torsion elements of M are all elements of the form
(a,0) or (0,b). Butifa,b # 0, (a,b) = (a,0) + (0,b) is not a torsion element.

2. If R is not commutative, then the torsion elements of an R-module M may not form a
submodule, even if R has no zero divisors. For example, there exists a non-commutative do-
main R (such as the polynomial rings over the quaternion ring) such that for some nonzero
x,y € R, Rx N Ry = 0. In other words, x and y have no common left multiple except 0. For
such an R, xz and y, let M = R/Rx as a left R-module. Then

(a) y+ Rx is not a torsion element of M, for 0 = r(y+ Rz) = ry+ Rx, sory € RxNRy = 0.
Thus, ry = 0, so r = 0.

(b) 1+ Rz is a torsion element of M since z(1+ Rx) = x+ Rx = 0. Since 1+ Rz generates
M = R/Rz as a left R-module, it follows that the torsion elements of M do not form
a submodule.

Theorem 4.4.11. Let R be a PID and let p be an irreducible element of R.
1. Rpis a maximal ideal of R, i.e., R/Rp is a field.
2. Ifd € Rand ptd, then p(R/Rd) = R/Rd.
3. Ifd € Rand p | d, then p(R/Rd) = Rp/Rd = R/R(d/p).

Proof. (1) Suppose Rp is not a maximal ideal and let Rp C Rz C R. Then p = rx where neither r
nor z is a unit of R, which contradicts the hypothesis that p is irreducible.

(2) Since Rp is a maximal ideal and p t d, Rp + Rd = R. Thus, we can choose r,s € R with
rp+ sd = 1. Then for any z € R, x + Rd = (rp + sd)x + Rd = prz + Rd = p(rz + Rd). Hence,
p(R/Rd) = R/Rd.

(3) Since p | d, Rd C Rp. The multiplication by p defines an onto R-module homomorphism
¢p : R — Rp/Rd where ¢p,(z) = zp + Rd. It is easy to verify that ker ¢, = R(d/p). Hence, we

have the theorem. OJ
Theorem 4.4.12. Let R be a PID and suppose dy, . ..,dg,e1,.. ., e, are nonzgero nonunits of R,
where dy | do,...,dg—1 | dx,e1 | e2,...,em—1 | €m. Suppose

A=R/Rd,®---®R/Rd; = R/Rey & --- ® R/Rey, = B.

Then k = m and R/Rd; = R/Re; for i = 1,...,m. In particular, d; and e; are associate for
1=1,....,m.

Proof. Let p be a prime of R which divides d;. Thenp | d; foralli=1,... k, so

(R/Rd;)/p(R/Rd;) = (R/Rd;)/(Rp/Rd;) = R/Rp
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foralli =1,...,k. Thus, A/pA = R/Rp@® ---® R/Rp. In other words, A/pA is a vector space

k

over the field R/Rp of dimension k. Note that since p(M/pM) = pM/pM = 0 for any R-

module M, M/pM may be considered as an R/Rp module, i.e., as a vector space over R/Rp.
Since A = B, A/pA = B/pB since any isomorphism ¢ : A — B carries pA onto pB. But since

B is generated as an R/Rp-module by < m elements. Thus,

m > dimR/Rp(B/pB) = dimR/Rp(A/pA) = k.

By symmetry, £ > m. Hence, m = k.

We now show that R/Rd; = R/Re; by induction on the number n of prime divisors of d; - - - dj.
E.g.,ford,...dy=p7"...p0",wehaven=a;+---+a,. fn=1,thenk=1and A = R/Rd; =
R/Re; = B. For inductive step, let p be a prime divisor of d; and hence of ds,...,d;. Then
A/pA = R/Rp® ---@ R/Rp as above. Suppose p { e;. Then p(R/Re;) = R/Re;, by Theorem

4.417] so (R/Rel)l;p(R/Rel) = 0. Thus,

B/pB = (R/Re1)/p(R/Re1) & --- ® (R/Rey) /p(R/ Rex)
= (R/Rez)/p(R/Rez) @ - - @ (R/Rey,) /p(R/Rey,)
is generated by < k — 1 elements. Hence, dimg/g,(B/pB) < k — 1 and dimg/g,(A/pA) =k, a

contradiction, since A/pA = B/pB as above. Thenp | ej,sop | ¢; foralli =1,..., k. By Theorem
[4.4.17] we have isomorphisms

R/R(di/p) © -+ & R/R(dx/p) = p(R/Rd1) & - - - & p(R/Rdy,)
=pA=pB=p(R/Rey) ®--- @ p(R/Rey)
= R/R(e1/p) ®--- & R/R(ex/p).

Now the number of prime factors of (dy/p)---(di/p) is strictly less than the number of prime
factors of d; - - - di. Hence, the inductive hypothesis applies to the isomorphism

R/R(d1/p) @ --- ® R/R(dy/p) = R/R(e1/p) © --- ® R/ R(ex/p).
Thus, we may conclude that R/R(d;/p) = R/R(e;/p) fori=1,... k.
Note that for any ideal I of R, I = ann(R/I) = {r € R: r(R/I) = 0}. Hence, R/I = R/J if
and only if I = ann(R/I) = ann(R/J) = J (as submodules of R), and so
R/R(dl/p) = R/R(@Z/p) =4 R(dl/p) = R(@i/p) =4 Rdi >~ Re;, & R/Rdl = R/Rei.

Therefore, R/Rd; = R/Re; fori = 1, ...,k and the theorem is proved. O

Theorem 4.4.13. Let R be a PID. Suppose that

A~R&---® ROR/Rdy & --- & R/Rdy,
~—_——

r

and
B~R® ---®R®R/Rey1 @ ---® R/Rey,
—_——
are isomorphic R-modules where the d; and e; are nongero nonunits, dy | do,...,dx_1 | di and

e1|ez,....em—1|em. Thenr =s, k=mand R/Rd; = R/Re; foralli=1,... k.
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Proof. We first observe that the torsion submodules of A and B are
T(A)=R/Rdy & ---® R/Rdy, and 7(B) = R/Re; & --- ® R/Rep,.

Also,
A/7(A)=R&---®R and B/7(B)=R®---® R.
——— —_—
Now if ¢ : A — B is an isomorphism, it is easy to see that ¢(7(A4)) = 7(B), so ¢ induces
isomorphisms
lr(ay: T(A) = 7(B) and ¢ : A/7(A) — B/7(B).

In particular, ¢ is an isomorphism between a free R-module of rank r and one of rank s. Hence,
r = s by Theorem Finally, Theorem [4.4.12] applies to the isomorphism between 7(A4) and
7(B) and shows that k = m and R/Rd; = R/Re; foralli =1,... k. O

Exercises 4.4. 1. Let R be a commutative ring such that every submodule of a free R-module is free.
Prove that R is a PID.
Prove that every finitely generated subgroup of the additive group (Q, +) is cyclic.
3. Let R = Z[z] and let M = (2, z) be the ideal generated by 2 and «, considered as a submodule of R.
Show that {2, 2} is not a basis of M. Show that the rank of M is 1 but that M is not free of rank 1.
4. Let R be a PID. Prove that
(a) For any a,b € R, if gcd(a,b) = 1, then R/Rab = R/Ra & R/Rb.
(b) If d = pi* ...p,* where py,...,p are distinct primes and n4,...,n; > 0, then

N

R/Rd = R/Rp{* &--- & R/Rp;*.
5. Let M be the Z-module generated by a, b and ¢ with the relations
4a+3b+3c=0 and 2a—b+3c=0.

Express M as a direct sum of cyclic modules. What are the orders of these modules?

6. Let D be the ring of Gaussian integers Z[i] and M = D? the free D-module of rank 3. Take K to be
the submodule generated by (1,2,1),(0,0,5) and (1, —i,6). Prove that A//K is finite and determine
its order.

7. Let D be the ring of Gaussian integers Z[i]. Determine the structure of D3/K where K is generated
by f1 = (1,3,6), f» = (2 + 3i,—3i,12 — 18i) and f3 = (2 — 3i,6 + 9i, —18i). Show that M = D3/K is
finite (of order 352512). (The order of the ring Z[i]/(a + bi) is a? + b%.)

8. Let D = QJxz] be the polynomial ring in one variable over the field Q of rational numbers. Let K be
the submodule of D? generated by (22 — 1, z, 2% + 3) and (z, x, 2?). Find polynomials g1, ..., g, such
that D3/K =2 D/(g1) ® -+ ® D/(g,).

4.5 Noetherian Rings

In the proof of Theorem [2.4.11] (every PID is a UFD), the fact that “every ideal of R is principal”
is used to argue that there is no infinite strictly increasing chain of ideals in R. A ring with this
property is called a Noetherian ring, in honor of Emmy Noether, who inaugurated the use of chain
condition in algebra. Noetherian rings are of the utmost importance in algebraic geometry and
algebraic number theory. One reason for this is that for any field F, Fxy,...,z,], n > 2, is
Noetherian domain but not a PID. We shall study Noetherian rings in this section.

A partially ordered set X has the ascending chain condition (a.c.c.) if every chain

s1 <89 < ...
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eventually breaks off, that is, sy = sgy1 = ... for some k. This is a finiteness condition in logic
that allows arguments by induction, even when the partially ordered set ¥ is infinite. It is easy to
see that a partially ordered set 3 has the a.c.c. if and only if every nonempty subset S C ¥ has a
maximal element: If ) # S C X does not have a maximal element, then choose s; € S, and for
each si, an element s;1 with s; < sp11, thus contradicting the a.c.c..

Theorem 4.5.1. Let R be a ring. The following three conditions are equivalent.

(i) The set X of left ideals of R has the a.c.c.; in other words, every increasing chain of left ideals
I C I, C ... eventually stops, that is I, = I+ = ... for some k.

(ii) Every nonempty set . of left ideals has a maximal element.

(i) Every left ideal I C R is finitely generated.

If one of these conditions hold, then R is Noetherian (named after E. Noether).

Proof. Here (i) < (ii) is the purely logical statement about partially ordered sets already dis-
cussed, whereas (i) or (ii) < (iii) is directly concerned with rings and ideals.

(i) = (iii). Pick f; € I, then if possible fo € I~ (f1), and so on. At each step, if I # (f1,..., fx),
pick fxy1 € I~ (f1,..., fr). Then by the a.c.c. (i), the chain of ideals

(A1) C (fi,fa) C- C (fryeeos fr) C v

must break off at some stage, and this can only happen if (f1,..., fx) = I for some k. This proof
involves an implicit appeal to the axiom of choice. It is perhaps cleaner to do (i) = (ii) purely in
set theory, then argue as follows.

(i) = (iii). Let I be a left ideal of R and consider the set . of finitely generated left ideals
contained in /. Then {0} € ., so that . has a maximal element J by (ii). But then J = I,
since any element f € I ~ J would give rise to a strictly bigger finitely generated left ideal
JcC(J,f)CI.

(iii) = (i). Let I; C I C ... be an increasing chain of left ideals. Then J = |J, I}, is again an

ideal. If J is finitely generated then J = (fi,..., f,) and each f; € I,, so that setting £k = maxk;
gives J = [} and the chain stops. O]
Remarks. 1. Every PID is Noetherian. Hence, we may consider a Noetherian ring as a gener-

alization of a PID.

2. Most rings of interest are Noetherian this is a very convenient condition to work with. At
first sight, more concrete conditions (such as R finitely generated over k or over Z) might
seem more attractive, but as a rule, the Noetherian condition is both more general and more
practical to work with.

3. The descending chain condition (d.c.c.) on a partially ordered set is defined in a similar
way. A ring whose ideals satisfy the d.c.c. is called an Artinian ring. This is also a very
important notion, but is more special: the d.c.c. for rings turns out to be very much stronger
than the a.c.c. (and implies it). We shall discuss this kind of rings in the next section.

Example 4.5.1. Z is Noetherian but not Artinian since Z O pZ O p?Z O ..., p prime, is a
decreasing chain which does not stop.

Examples 4.5.2. Here are three examples of non-Noetherian rings. Let k be a field.
1. The polynomial ring k[x1,...,z,,...] in an infinite number of indeterminates is obviously
non-Noetherian.
2. Consider the ring A; of polynomials in z,y of the form f(z,y) = a + zg(z,y) with a a
constant and g € k[z,y]; that is, f involves no pure power 3’ of y with j > 0. In other
words,

A = {f(a;,y) =S ayaty’ i 20andz‘>Oifj7é0}
= k[z,zy,zy%, ..., xy",...] C k[z,y].
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It is clear that (z, 2y, zy?, ...) is a maximal ideal of A;, and is not finitely generated. (It
looks as if it should be generated by z, but, of course, y, 2, ... are not elements of the ring
A1.) Thus, A, is not Noetherian.

3. A rather similar example is the ring As of polynomials in z,y,y~
zh(z,y,y~1); that is,

L of the form g(z,y) +

Ag = {f(x,y) :Zaijxiyj:izo, and j ZOifz'zO} = klz,y,z/y,x/y*, ... x/y", ...

In this ring « = (z/y) - y, and x/y = (z/y?) - v, etc., so that the element = does not have a
factorization into irreducibles and

(x) C (a/y) C (z/y*) C -+
is an infinite ascending chain.

Let R be a ring. An R-module M is Noetherian if the submodules of M have the a.c.c., that
is, any increasing chain M; C My C ... C My C ... of submodules eventually stops. Just as
before, it is equivalent to say that any nonempty set of submodules of M has a maximal element,
or that every submodule of M is finitely generated.

B

Theorem 4.5.2. Let 0 L—2>M N 0 be an exact sequence of R-modules. Then
M is Noetherian if and only if L and N are.
Proof. Obviously, the condition is necessary. Suppose M; C M C ... is an increasing chain of

submodules of M; then identifying «(L) with L and taking intersection gives a chain
LNMyCLNM,C...

of submodules of L and applying /3 gives a chain 5(M;) C B(Ms) C ... of submodules of N. Each
of these two chains eventually stops, by the assumption on L and N, so that we need to prove the
following statement: O

Lemma 4.5.3. For submodules, My C My C M, if LN M, = L N M, and B(M;) = B(Ms), then
My = M.

Proof. Indeed, if m € My, then 3(m) € B(Msz) = B(My), so that there is an n € M; such that
B(m) = (n). Then B(m —n) =0, so that m —n € My Nker = M; Nker . Hence, m € M;. O

We record consequences of this theorem in:

Corollary 4.5.4. Let M be an R-modules and N an R-submodule of M. Then M is Noetherian if
and only if N and M/N are.

T
Corollary 4.5.5. 1. If M; are Noetherian modules, i = 1,...,r, then @ M; is Noetherian.

2. If R is a Noetherian ring, then an R-module M is Noetherian ifZa711d only if it is finitely
generated over R.

3. If R is a Noetherian ring and M is a finitely generated R-module, then any submodule
N C M is again finitely generated.

4. If R is a Noetherian ring and ¢ : R — B is a ring homomorphism such that B is a finitely
generated R-module, then B is a Noetherian ring. In particular, a homomorphic image of a
Noetherian ring is a Noetherian ring.
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Proof. (1) A direct sum M; & M, is a particular case of an exact sequence, so that the previous
proves (1) when r = 2. The case r > 2 follows by an easy induction.

(2) If M is finitely generated then there is a surjective homomorphism R" — M — 0 for some
r, so that M is a quotient M = R"/N for some submodule N C R"; now R" is a Noetherian
module by (1), so M Noetherian follows by the implication = of the above theorem. Conversely,
M Noetherian obviously implies M is finitely generated.

(3) This just uses the previous implication: M finitely generated and R Noetherian implies that
M is Noetherian, so that NV is Noetherian, which implies that NV is a finitely generated R-module.
(4) B is Noetherian as an R-module; but left ideals of B are submodules of B as an R-submodule,
so that B is a Noetherian ring. O]

The following result provides many examples of Noetherian rings, and is the main motivation
behind the use of the a.c.c. in commutative algebra. Note that in Hilbert’s day, a “basis” of a
module meant simply a family of generators.

Theorem 4.5.6. [Hilbert Basis Theorem] If R is a commutative Noetherian ring, then so is the
polynomial ring R|x].

Proof. We shall prove that any ideal I C R[z] is finitely generated. For this, define auxiliary sets
Jn C Rby

J, = {a € R : there exists f € I such that f(z) = az" + b, 12" '+ -+ bz + by}

In other words, J, is the set of leading coefficients of elements of I of degree n > 0. Then it is
easy to check that J, is an ideal (using the fact that I is an ideal), and that J,, C J,,1 (because
for f € I, also zf € I), and therefore

JC/HhCJhC...

is an increasing chain of ideals. Using the assumption that R is Noetherian, we deduce that
Jn = Jpy1 = ... for some n.

For each m < n, the ideal J,,, C R is finitely generated, say J,,, = (am,1,.-.,m,r,); and by
definition of J,,,, for each a,, ; with 1 < j <, there is a polynomial f,, ; € I of degree m having
the leading coefficient a,, ;. This allows us to write down a finite set

S = {fmjto<m<n,1<j<rm

of elements of /.

We now claim that S generates I. Indeed, for any polynomial f(z) € I, if f(z) has degree m
then its leading coefficient « is in J,,, hence if m > n, then a € J,,, = Jp, sothata = ) bjan;
with b; € R and f(z) — ) bja™ " f,i(x) has degree < m; similarly, if m < n, then a € J,,, so that
a =Y bjan,; withb; € R and f(z) — > b; fm,i(z) has degree < m. By induction on m, it follows
that f can be written as a linear combination of the finitely many elements in S. This proves that
any ideal of R[z] is finitely generated. O

Corollary 4.5.7. If R is a commutative Noetherian ring and ¢ : R — B is a ring homomorphism

such that B is a commutative finitely generated extension ring of p(R), then B is Noetherian.
Proof. The assumption is that B is a quotient of a polynomial ring, B = R|z1,...,z,]/I for
some ideal /. Now by Hilbert Basis Theorem and an obvious induction, R Noetherian implies
that so is R[z1, ..., z,], and by Corollary 4.5.5] (4), R[z1,...,z,] is Noetherian implies that so is
R[xl,...,xn]/I. ]




134 4. Modules and Noetherian Rings

Exercises 4.5. 1. Let M be a finitely generated R-module where R is Noetherian. Suppose I is an
ideal of R such that for each element a € I, there exists a nonzero element m € M such that
am = 0p;. Show that Iz = {0;,} for some nonzero element = € M.
2. Let M be a Noetherian R-module. Prove that I = {r € R : rm = 0y for all m € M} is an ideal of R
and R/I is Noetherian.
3. Let M be a Noetherian R-module and ¢ : M — M be a surjective module homomorphism. Prove
that ¢ is an isomorphism. [Hint. consider the chain of submodules ker ¢ C ker ¢ C ---.]

4.6 Artinian Rings

In this section, we study deeper commutative ring theory. Our main goal is to show that any finite
commutative ring is a direct product of a finite number of local rings. However, we present results
on more a general ring, called an “Artinian ring”.

The Jacobson radical of a ring R is the intersection of all maximal ideals of R and is denoted
by Jac R. Note that if R is a local ring with unique maximal ideal M, then Jac R = M. Let Rbe a
ring. An element a € R is nilpotent if " = 0 for some n € N. The set of all nilpotent elements in
a commutative ring R is an ideal, called the nilradical of R. It is also clear that every prime ideal
in a commutative ring contains the nilradical.

Theorem 4.6.1. Let J be the Jacobson radical of a commutative ring R.
1. If I is a proper ideal of R, then so is the ideal generated by I and .J.
2. The Jacobson radical contains the nilradical of R.
3. Forx € R, x € J ifand only if 1 — rx is a unit for all » € R. In partucular, if R is a local
ring with unique maximal ideal M, then 1 — m is a unit in R for all m € M.
4. [Nakayama’s lemma] If M is any finitely generated R-module and JM = M, then M = {0}.

5. If M is finitely generated and M = N + IM for some ideal I C J and submodule N of M,

then M = N.
6. Let I be an ideal in the Jacobson radical of R, and suppose that M is finitely generated. If
mi, ..., my have images in M /IM that generate it as an R-module, then my, ..., m, also

generate M as an R-module.

Proof. (1) If I is a proper ideal of R, then [ is contained in some maximal ideal M of R. Since
JCM,IUuJCM.

(2) Let a € R be nilpotent. Then ¢ = 0 for some n € N. Since maximal ideals are prime and
a € M,soa € M.

(3) Suppose 1 — rx is not a unit for some r € R and let M be a maximal ideal containing 1 — rz.
Since 1 ¢ M, rz ¢ M,sox ¢ M. But J C M, it follows that = ¢ J. Conversely, assume that
x ¢ J. Then there is a maximal ideal M such that = ¢ M. Thus, R = (x, M), so 1 = rz + m for
some r € R and m € M. Hence, 1 — rz = m € M which implies that 1 — rz is not a unit in R.
(4) Assume that M # {0} and let n be the smallest positive integer such that M is generated by
n elements, say mq, ..., my. Since M = JM, we have

My =T1M1 + -+ My forsomerl,...,TnGJ-

Thus, (1 — ry)my, = rimi + -+ + rp_1mp—1. By (3), 1 — r, is a unit, so m,, lies in the module
generated by my, ..., m,_1 which contradicts the minimality of n. Hence, M = {0}.

(5) Apply (4) to M/N.

(6) Apply (5) to N =), Rm;. O
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Remark. In the special case of a finitely generated module M over a local ring R with unique
maximal ideal J, the quotient M /JM is a vector space over the field R/.J. Statement (6) implies
that a basis of M/JM lifts to a minimal set of generators of M. Conversely, every minimal set
of generators of M is obtained in this way, and any two such sets of generators are related by an
invertible matrix with entries in the ring.

A ring whose ideals satisfy the descending chain condition (d.c.c.), i.e., whenever Iy O Iy D

. is a decreasing chain of ideals of R, then there is a positive integer m such that I, = I, for

all £ > m, is called an Artinian ring (named after E. Artin). Clearly, every finite ring is Artinian.

Also, it is immediate that every quotient ring of an Artinian ring is Artinian. Similar to Theorem
[4.51] we have the following theorem.

Theorem 4.6.2. R is an Artinian ring if and only if every nonempty set . of ideals has a minimal
element.

An R-module M is said to be Artinian if it satisfies d.c.c. on submodules. Similar to Theorem

[45.2] we have:

Theorem 4.6.3. Let 0 L M N 0 be an exact sequence of R-modules. Then
M is an Artinian R-module if and only if L and N are.

Lemma 4.6.4. Let M be a maximal ideal of the commutative ring R and suppose that M™ = {0}
for some m € N. Then R is Noetherian if and only if R is Artinian.

Proof. Observe that each successive quotient M*/M**1 i =0,1,...,m — 1, in the filtration R D
M D M?D...2>M™ !t D M™= {0} is a module over the field F = R/M. Consider the exact
sequence 0 M R R/M —— 0 of R-modules. Assume that R is Noetherian. By

Theorem 45T} M and R/M is Noetherian. Thus, R/M and M are Artinian by Exercise 4.6 (2).
Hence, it follows from Theorem that R is Artinian. The converse is proved in the same
way. O

Lemma 4.6.5. Let R be a commutative ring and P a prime ideal of R. If I and J are ideals of R
suchthat P> INJ, thenI C Por J C P.

Proof. Assume that / ¢ Pand J ¢ P. Letz € I, ¢ Pandy € J, ¢ P. Thenzy € I N J. Since =
and y are not in P and P is a prime ideal, xy ¢ P which contradicts P D I N J. O

Now, we are ready to prove our main results.

Theorem 4.6.6. Let R be a commutative Artinian ring.
1. There are only finitely many maximal ideals in R.
2. The quotient R/(Jac R) is a direct product of a finite number of fields. More precisely, if
My, ..., M, are finitely many maximal ideals in R, then

R/(JacR) =2 k1 X -+ X ky,

where k; is the field R/M,; for alli € {1,...,n}.

3. Every prime ideal of R is maximal. The Jacobson radical of R equals the nilradical of R and
(Jac R)™ = {0} for some m € N.

4. The ring R is isomorphic to the direct product of a finite number of Artinian local rings.

5. Every Artinian ring is Noetherian.
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Proof. (1) Let . be the set of all ideals of R that are the intersection of a finite number of maximal
ideals. By Theorem [4.6.2] .# has a minimal element, say M; N --- N M,,. Then for any maximal
ideal M, we have

MAM - NM,=M NN M,

soM D MynN---N M,. By Lemma[4.6.5] M; C M for some i. Since M; and M are maximal,
M; = M and hence My, ..., M, are all maximal ideals of R.

(2) Since M; + M; = R for all i # j and Jac R = My N --- N M,, the statement follows from the
Chinese remainder theorem applied to M, ..., M,.

(3) We first show that J = Jac R is nilpotent. By d.c.c., there is some m € N such that J" = J"+i
for all i € N. Assume that J™ # {0}. Let . be the set of proper ideals I such that I.J™ # {0}.
Then J € .¥. Let I be a minimal element of .. Thus, there is some x € I such that zJ™ # {0}.
By minimality of I, we have Iy = (). Since ((z)J)J™ = xJ™ 1 = zJ™, it follows that (z) = (z)J
by minimality of (z). By Nakayama’s lemma, (x) = {0}, a contradiction. Hence, J™ = {0}.

Since o™ € J™ = {0} for all a € J, every element of J is nilpotent. But J contains the
nilradical of R, so these two ideals are equal.

Let P be a prime ideal P of R. Then P contains the nilradical of R, so it contains J. Thus,
P/J is a prime ideal of R/J. By (2), R/J = kj x --- x ky, and thus a prime ideal of R/.J consists
of the elements that are 0 in one of the components. In particular, such a prime ideal is also a
maximal ideal. Hence, P is maximal as desired.

(4) Let My, Mo, ..., M, be all the distinct maximal ideals of R and let J = Jac R and J™ = {0}
as in (3). Then

ﬁM;ﬂ C (ﬁ MZ-) c Jm = {0}.
i=1

i=1
It follows from the Chinese remainder theorem that
R=R/M{" x R/IM3" x --- x R/M]",
and each R/M," is an Artinian ring (because R is) with unique maximal ideal M;/M™.
(5) From (4), it suffices to prove that an Artinian local ring is Noetherian. Assume that R is an

Artinian with unique maximal ideal M. Then Jac R = M and M™ = {0} for some m € N. Thus,
the desired result follows from Lemma [4.6.4] O

Corollary 4.6.7. Every finite commutative ring is a direct product of a finite number of local rings.

ai, a2

Example 4.6.1. Letn > 1. If n = p{'p5* ... p¢r, then
ZInL = Z/p' L X Z)PSPL X - - - X L/ per L.

Each Z/p}'Z is a local ring with unique maximal ideal p;Z/p{*Z for all i € {1,2,...,7}.

Exercises 4.6. 1. Prove that an Artinain integral domain is a field. Hence, Z is not Artinian.
2. Suppose R = F'is a field. Prove that an R-module M is Artinian if and only if it is Noetherian if and
only if M is a finite dimensional vector space over F.
3. Let F be a field and let f(x) be a polynomial in F[x] of degree at least one. Decompose the quotient
ring F[z]/(f(x)) as a direct product of a finite number of local rings.
4. Let R and S be commutative rings. Prove that (R x §)* = R* x S*.
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4.7 Symplectic Geometry

In this section, we see some applications of module theory, especially a free R-module over com-
mutative rings (§4.2), to obtain a structure theorem for finite dimensional symplectic spaces over
a local ring. In addition, we study the symplectic graphs over a commutative ring. This is the
work of the author published in Discrete Mathematics and European Journal of Combina-
torics [33 [34]]. However, we present a new combinatorial approach for obtaining the main theo-
rem (Theorem [4.7.5). In addition, we suggest a nice parallel project on studying the orthogonal
graphs over a finite commutative ring.

4.7.1 Symplectic Spaces

A bilinear form and a symplectic form for an R-module are defined analogously as for a vector
space.

Let R be a commutative ring and V a left R-module. A bilinear form on V is a map S :
V x V — R which is R-linear in both variables. That is,

B(aZ + b7, 2) = aB(%,7) + b3(F, 2) and B(F,af + b2) = aB(Z,7) + bB(Z. )

- = -

forall #,y,2 € V and a,b € R. A bilinear form f is called symplectic if VZ € V, §(Z, &) = 0.
Remark. If a bilinear form 3 is symplectic then

0=B8F+y,2+y) =BT+ By, T) + (7,9 + B(.7) = By, T) + BT, 7))
for all #, i/ € V. That is, any symplectic bilinear form is also skew-symmetric.

For an R-submodule W of V, we write W+ (read “W perp”) for the submodule {Z eV Ve
W, B(Z,%) = 0}, called the orthogonal complement of V.

Example 4.7.1. Consider V' = Zs as a vector space over Zs. The bilinear form 3(z,y) = zy is
skew-symmetric but not symplectic because 5(1,1) = 1 # 0.

A bilinear form 5 : V x V — R is called regular or non-degenerate or non-singular if
1. vf € HOH]R(‘/; R)7 E]:f()?g() € V7 f(f) = /8(507@ and f(f) = ﬁ(‘fv gb)

2. If gy € Vand V¥ € V,B(Z,¢) = 0, then § = 0. Similarly, if ¥ € V and V¥ € V, 8(y,Z) = 0,
then ¢ = 0.

Example 4.7.2. Let p be a prime number and let R be the ring of integers modulo p", Z,~, or the
field of p™ elements, F)», where n € N. For v > 1, let V denote the set of 2v-tuples (ay, ..., as,)
of elements in R. Define 5: V' x V — R by the product

/8(((11)' "aa21/)7(b1)' "abQV)) = (alv"‘>a2V)K(b17' ")bQV)t)

where K = {_(} Ig] and I, is the v x v identity matrix, for all vectors (ay,...,as,),
v 2UuX2v
(b1,...,be,) € V. Then 3 is a non-degenerate symplectic bilinear form.

Let R be a commutative ring and V' a free R-module of rank n where n > 2. Let 8 be a non-
degenerate symplectic bilinear form. We call the pair (V, ) a symplectic space. An R-module
automorphism ¢ on V is an isometry on V' if §(o(Z),o(¥)) = B (#,¥) for all Z,§ € V. The group
of isometries on V is called the symplectic group of (V, 3) over R and denoted by Spy (V).

Let R be a commutative ring and (V, 3) a symplectic space, where V is a free R-module of
rank n > 2. A vector 7 in V is said to be unimodular if there is an f in Hompg(V, R) with f(%)
= 1; equivalently, if ¥ = a1by + -+ angn, where {51, e En} is a basis for V, then the ideal
(a1,...,a,) = R. If Z is unimodular, then the line Rx is a free R-direct summand of rank one.
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A hyperbolic pair {7, 7} is a pair of unimodular vectors in V' with the property that g (¥, 7) = 1.
The module H = R¥ @ Ry is called a hyperbolic plane.

Note that when R is a field, unimodular vectors coincide with nonzero vectors. When R is a
local ring, we have a criterion to determine whether a vector in V' is unimodular as follows.

Theorem 4.7.1. Let R be a local ring and (V, 3) a symplectic space, where V is a free R-module
of rank n > 2 with basis {€1,...,é,}. Avector ¥ = a1€1 + - + a,é, in V is unimodular if and
only if a; is a unit of R for some i € {1,...,n}.

Proof. 1f some q; is a unit in R, then (ai,...,a,) = R, so & is unimodular. Conversely, assume
that 7 is unimodular. Then there exists an f € V* such that 1 = f(Z) = a1 f(€1) + -+ + anf(€n).
Suppose that a; is not a unit in R for all . Since R is a local ring, a; € M for all 4, and thus
arf(€1)+---+anf(€,) € M. By Theorem@d.6.11(3), 0 = 1 — (a1 f(€1) + - - + anf(€,)) is a unit in

R, which is a contradiction. Therefore, a; is a unit of R for some i € {1,...,n}. O

In addition, if R is a local ring, we show that the rank of symplectic space (V, 5) must be even.
Let {Z, ¢y} be a hyperbolic pair of unimodular vectors in V and H = R¥ & Ry the corresponding
hyperbolic plane. Then for z' € V, it is easy to see that the vector W = zZ — 5(Z, §)Z + B(Z, &)y is in
H*', and so 7 can be decomposed as the sum

7 =1+ (B(Z,9)% — B(Z, 2)7)

of vectors in H' and H, respectively. Since § is non-degenerate, H N H+ = {0}. Thus, V =
Heo H.

Notation. If W; and W5 are R-submodule of an R-module V' and (), ws) = 0 for all @; € W)
and Wy € Ws, we write Wy LWs.

Moreover, any unimodular vector 4 may be complemented to a hyperbolic pair as follows.
First note that there is an f € Homp(V, R) such that f(«#) = 1. Since S is non-degenerate, there
isav e Vwith 1 = f(4) = (@, 7). Then {«, v} is a hyperbolic pair. Combining this with the
previous observation, we have the first part of the following results.

Theorem 4.7.2. Let R be a local ring. Let (V, 3) be a symplectic space over R of rank > 2. Then
V splits as an orthogonal direct sum V = H_1LH" for some hyperbolic plane H. Moreover, H' is
a free R-module. Therefore, V is an orthogonal direct sum V = Hy1Hy 1 ... 1 H,, of hyperbolic
planes Hy, H, ..., Hy,. In particular, the rank of V' is even.

Note that H' is a direct summand of the free module V. By Corollary 3.4} it is finitely
generated and projective. Then this theorem follows directly from the next lemma.

Lemma 4.7.3. A finitely generated projective module V over a local ring R is free.

Proof. Let M be the unique maximal ideal in R. Choose ©1,...,7; € V so that the cosets {v} +
MV, ... 0+MV}isabasis for the vector space V/MV over the field R/M. Here, the scalar action
is given by (c+ M) (& + MV) = ci+ MV. Let ¢ : R* — V be defined by ¢ (ry,...,7) = S iy 1i¥;.
By Remark after Theorem [4.6.1] ¢ is onto. Since V is projective, R' = K @& L where K = ker
and L = M. Then K is finitely generated. Since ¢ induces an isomorphism from R!/M R! to
V/MYV, it follows that K/MK & L/ML = V/MV. These are finite dimensional vector spaces
over the field R/M. Comparing dimensions yields K /MK = 0. Thus, K = {0} by Nakayama’s
lemma. Hence, ¢ is an isomorphism. O
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4.7.2 Symplectic Graphs

The general symplectic graph associated with nonsingular alternate matrices over a field is studied
by Tang and Wan as a new family of strongly regular graphs. Meemark and Prinyasart
introduced the symplectic graph Jg, (v for a symplectic space V' over a commutative ring R.
They showed that their symplectic graph is vertex transitive and arc transitive when R = Z,»,
p is an odd prime and n > 1. There are many articles influenced by this definition such as
(301, [31], [24]. Mostly, the work was on strong regularity, automorphism groups, vertex and
arc transitivities, chromatic numbers and subconstituents of symplectic graphs over a finite field,
modulo p”, and modulo pq, where p and ¢ are primes and n > 1. Recently, Meemark and Puirod
studied those topics over finite local rings and obtained results parallel to [42], [32], [30],
[31] and [24]. Following [32]], we recall the definition of the symplectic graph.

Let R be a commutative ring and (V, 3) a symplectic space, where V is a free R-module of
rank 2v, v > 1. Define the graph Gg,, (1) with vertex set is the set of lines { R : 7 is a unimodular
vector in V'} and with adjacency given by

R is adjacent to Ry < B(Z,y) € R™.

We call Gg, (), the symplectic graph of (V, 3) over R.

A strongly regular graph with parameters (v, k, A\, i) is a k-regular graph on v vertices such
that for every pair of adjacent vertices there are \ vertices adjacent to both, and for every pair of
non-adjacent vertices there are y vertices adjacent to both.

Let k be a finite field of odd characteristic and let (V’, 3) be a symplectic space of dimension
2v where v > 1. Tang and Wan showed that the symplectic graph Jg, () is a strongly
regular graph with parameters

|k’2y —1 2u—1 2v—2 2U—2
W’W AR (R = 1), [R5 (K = 1) )

Their proof used orthogonal complements and matrix theory over finite fields.

Let R be a finite local ring with unique maximal ideal M and residue k = R/M. Let V be a
free R-module of rank 2v, v > 1, and let V'’ be the 2v-dimensional vector space over k induced
from V via the canonical map 7 : R — k given by 7 : r — r+4 M. Moreover, if (V, 3) is a symplectic
space, then (V', 3') is a symplectic space, where [’ is given by

B'(x(@), 7 (b)) = 7(B(@,b))

for all @, b € V. Here, we write (@) = (m(a1),w(az), ..., m(az)) for all @ = (a1, ag,...,a) € V.
Note that the relation

RZ ~ Rj & kn(&) = kn(7) (4.7.1)

is an equivalence relation on the vertex set of the graph Gg;, (). Since R is a local ring, it follows
that

=, =, =,

B(@,5) € R* & w(8(@,5) # M & 8/(x(@),w(5)) € k.

This gives (3) of the next theorem.
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Theorem 4.7.4. [Lifting Theorem] Let R be a finite local ring with unique maximal ideal M and
2v _

residue k = R/M. Let k = W and ¥1,%s,. .., T, be unimodular vectors in V such that the

vertex set

V(Gsp,(vry) = {km(Z) :i=1,2,...,Kk}.

1. The set 1 = {R(Z1 + M*), R(Z5 + M2”) -, R(Z + M?)} is a partition of V(Gsp.(v)),
where R(%; + M?) = {R(Z; + m) : m € MQV} for all € {1,2,...,x}. Moreover, for
each i € {1,2,...,k}, any two distinct vertices in R(Z; + M?") are non—adjacent vertices.
For each i, the lifting of the vertices corresponding with elements in kn(&;) to vertices in
R(%; + M?¥) is demonstrated below.

° — ° ° °
k‘ﬂ'(_)l) R(fl—l-’f?l,), me M?

° — ° ° °
k() R(Z + m), m € M

° — ° ) °
k() R(Z, + m), 1 € M

2. |R(T; + M?)| = |M|?~ 1for allie {1,... K}

3. For unimodular vectors @,b € V, we have Ra and Rb are adjacent vertices in V(Gsprv)) If
and only if kx (@) and kx(b) are adjacent vertices in V(Gsp, (v1))-

4. For i,j € {1,2,...,k}, if kn(Z;) and kn(Z;) are adjacent vertices, then R(Z; + m1) and
R(Zj + mia) are adjacent vertices in V(Gsy, . (v) for all miy, miz € M,

Proof. The first part of (1) follows from the relation (4.7.1) and (4) is an immediate consequence
of (3). Note that

B(Z; + My, &5 +mig) = B(Ls, ma) + B(ma, Z5) + By, ma) € M

foralli € {1,2,...,x} and 11,9 € M?". This proves the second part of (1).

Next, let i1, M9 € M and assume that R(Z; + m1) = R(Z; + mg). Then &; + my = (& + ma)
for some A € R*. Thus, (1 — \)#; = Mriy — 1 € M?”. Since &; is unimodular, 1 — X\ € M,
so A = 1+ p for some p € M. Hence, @; + m1 = (1 + p)(&; + mio). Finally, we show that
R(1 + p)(Z +m) = R(& +m) for all u € M, ¥ € V unimodular, and 7 € M?” and we therefore
have (2). Clearly, R(1 + u)(Z + m) C R(Z + m). Since p € M, 1+ p € R*. Then r(Z + m) =
(r(1 4 p)~H (1 + p)(Z + m) for all » € R which gives another inclusion. O

The results for a symplectic graph over a finite local ring are presented in the next theorem.
Our proof here is an application of the lifting theorem with some combinatorial arguments. This
approach is clean and much difference from the one given in [33]]. It explains the reason why we
do not have strong regularity clearer and does not involve counting the number of solutions of
messy equations like in [32] [33].

Theorem 4.7.5. Let R be a finite local ring and let (V, 3) be a symplectic space of dimension 2v,

where v > 1.

R — |M[*
| RX|

2. Every two adjacent vertices of Gg,, (v has |R|* 2 ]RX } common neighbors.

3. Every two non-adjacent vertices of Ggy, .y has |R[*~2|R*| or |R|**~! common neighbors.

1. The symplectic graph Gg,, (v i |R|*~*-regular on many vertices.
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Proof. By Theorem[.7.4] (1) and (2), the number of vertices of %, (1) is given by

k[* —1
K/‘M|2V—1 _ | | ‘M|2l/—1 _
k| =1

(k> = DIM* R[> — |M[*
(k] = 1)[M] | R

Since the graph %, (/) is |k|?¥~!-regular, Theorem [4.7.4] (3) implies that the graph Gspp(v) 18
also regular of degree
|k_’2ufl‘M|2zx71 _ ’R|2V71'

For each pair of adjacent vertices R(%; +71) and R(Z +m2) in the graph %5, (1), the number
of common neighbors is given by the product of the common neighbors of vertices k7 (%;) and
km(#;) and |M|*~! by Theorem .7.4] (4). Thus,

A= K72 (k] = DM = [RI*72RY.

Assume that R(7; + ni1) and R(Z; + m11) are non-adjacent vertices in %, (v). If i # j, then
km(Z;) and k7 (Z;) are non-adjacent vertices in Y, (y), so the number of common neighbors
of R(Z; + m) and R(Z; + msy) is the product of common neighbors of kn(#;) and k7 (Z;) and
|M|?¥~! which equals |R|?*~2|R*| by Theorem #.7.4] (3) and (4). For i = j, it is easy to see
that the number of common neighbors is the degree of regularity of %, (). This proves the
theorem. O

Let R be a local ring with unique maximal ideal M and let (V, 3) be a symplectic space of
rank 2v, where v > 1. By Theorem [4.7.2] V possesses a canonical basis {é1,...,&,} such
that {€},€,4;} is a hyperbolic pair for all 1 < j < v and V is an orthogonal direct sum V =
H,1H,!1...1H,, where H; = Re; ® Ré,; is a hyperbolic plane for all 1 < j <.

Write unimodular vectors @ = a1€1+- - - +ag,€5, and b = bi€} +- - - +ba, €5, for some a;, b; € R.
Then

—,

B(d,b) = p(arer + ...+ a2, €2, 0161 + ... + bay€2,)
v 2v

= Z Z a;b;jB(€;, €;)

i—1 j—1
1%

= Z(aiby+i — Qy1ib;)
i—1

because §(€;, €;) = 0,8(€;,€,4:) = 1 and B(€;,€;) = —p(€),€;) for all i,j € {1,...,2v}. Hence,
the adjacency condition becomes

Rd is adjacent to Rb if and only if Z(aibyﬂ- — ay1ib;) € R,
i=1

Next, let R be a finite commutative ring. By Corollary[4.6.7, R is a product of finite local rings
and we have completely studied our graphs over a finite local ring. Write

R=R1XR2X---XRt

as a direct product of finite local rings R;, i = 1,2,...,t. Consider V = R?, a free R-module of
rank 2v, where v > 1. We have the canonical 1-1 correspondence

T = (21,22, 22) 5 (@7)isy, @9y, @),
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Note that if Z, ¢/ € V, then this correspondence induces the symplectic map S on V' by

B 3) = B((@)ms @ )imrs o @), (Yt s ())
:(Bl(f 7?/ )752($(2),y )v"'aﬁt(l‘(t)ag(t)))

14

= (Z(xgl)yrgl 7 I/+Zy1 72 L; yV-H V'i)‘ly’L(Q))7 T Z( Et)yl(/t-z-l I(/t-z-lyl(t)))

i=1 i=1 i=1
where 70 = (2 77 . #)) e v = R2” and (V), 8;) is a symplectic space of R; of rank
2u, forall j =1,2,...,t. Since R* = Ry x Ry X --- x R}, we have
B(Z,§) € R* Z 2Dy9), — ) 49y € R forall j € {1,2,...,t}. (4.7.2)
i=1

This shows that the adjacency condition does not depend on the bilinear map 3. Recall from the
previous paragraph that when R; is a local ring, the adjacency condition becomes

R;d is adjacent to Rjg if and only if Z(aib,,ﬂ —ay4ib;) € ij. (4.7.3)
i=1

forall j € {1,2,...,t}. Therefore, it follows from Eq. (4.7.3) that
Fspr(v) = spp, (v) @ Gspang, (v@) @ @ gy (v, (4.7.4)

as a graph isomorphism. Here, for two graphs G and H, we define their tensor product G ® H to
be the graph with vertex set V(G) x V(H), where (u,v) is adjacent to (u/,v’) if and only if u is
adjacent to »' and v is adjacent to v’.

From Theorem [4.7.5] (1) and the above discussion, we have the number of vertices of Gsp (V)
is equal to

’R |21/ ‘M ‘21/
V( gSpR H V( gSpR V(J>) )| = H ’Rx
7j=1

and Gg,, (v) is regular of degree ]R1]2” YRy~ L. |R*~ 1 = |R|**~!. Moreover, every two
adjacent vertices of Gspr(V) has | R|?*~2| R*| common neighbors by Theorem [4.7.5] (2). We record
these results in the next theorem.

Theorem 4.7.6. Let R be a finite commutative ring and (V, 3) be the induced symplectic space of
rank 2v, v > 1, discussed above.
1. The symplectic graph Gg, vy is a | R|?¥~'-regular and isomorphic to the graph

gSPRl (V) ® gSpR2 (V(2) R ® gspRt(V(t)).
2. Every two adjacent vertices of Gsy, . (v) has | R|>~2|R| common neighbors.

Remark. Other topics for symplectic graphs over a finite commutative ring such as vertex and
arc transitivity, automorphism groups and the chromatic number can be found in the following

exercises and [33].

Exercises 4.7. 1. Let R be a local ring with unique maximal ideal M and let (V, ) be a symplectic
space of R-dimension 2v, where v > 1. Let @ = a1€; + - -+ + as,€s, and b= bi1€1 + - -+ + bo, €, be
unimodular vectors in V and assume that a; € R* for some i € {1,...,2v}. If Rd is adjacent to Rb,
prove that a;b; — a;b; is a unit for some [ € {1,...,2v} and | # i.
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2. The chromatic number of a graph G is the smallest number of colors needed to color the vertices
of G so that no two adjacent vertices share the same color. Tang and Wan showed that if k is the
field of ¢ elements and V' is the symplectic space of dimension 2v, v > 1, then the chromatic number
of the symplectic graph Gs,, (v+)) is ¢” + 1. Let R be a local ring with unique maximal ideal M and
residue field k£ and let (V, 3) be a symplectic space of R-dimension 2v, where v > 1. Determine the
chromatic number of the symplectic graph Gg,, . (v). (Hint. Use the lifting theorem.)

3. Let G and H be graphs. A function o from V(G) to V(H) is a homomorphism from G to H if o(g1)
and o(g>) are adjacent in H whenever ¢g; and g, are adjacent in G. It is called an isomorphism if
it is a bijection and o~! is a homomorphism from H onto G. Moreover, an isomorphism on G is
called an automorphism. The set of all automorphisms of a graph G is denoted by Aut (G). It is a
group under composition, called the automorphism group of G. Prove that for graphs G and H,
Aut (G) x Aut (H) C Aut (G® H).

4. A graph G is vertex transitive if its automorphism group acts transitively on the vertex set. That
is, for any two vertices of G, there is an automorphism carrying one to the other. An arc in G is an
ordered pair of adjacent vertices, and G is arc transitive if its automorphism group acts transitively
on its arcs. Klingenberg [28] showed that for a local ring R, if {Z, @} and {Z, b} are hyperbolic pairs
of unimodular vectors in V, then there exists an isometry o in Spy (V') which leaves # invariant and
carries @ to b. Let R be a finite local ring and let (V, B) be a symplectic space of dimension 2v. Show
that

(a) Spg(V) acts transitively on unimodular vectors and on hyperbolic planes.
(b) The symplectic graph Gg, . (v) is vertex transitive and arc transitive.
Show further that (b) holds for any finite commutative ring R. (Hint. Use 3.)

Project 23 (Orthogonal graphs). Similar to symplectic graphs, we may study orthogonal graphs over a
finite commutative ring defined as follows.

Let R be a commutative ring and let V' be a free R-module of rank n, where n > 2. Assume that we
have a function 8 : V x V' — R which is R-bilinear, symmetric and the R— module morphism from V" to
V* = hompg(V, R) given by # — f(-, %) is an isomorphism. For & € V, we call §(#, ¥) the norm of Z. The
pair (V, 3) is called an orthogonal space.

Let R be a commutative ring and let (V, 5) be an orthogonal space, where V' is a free R-module of rank
n > 2. Avector ¥ in V is said to be unimodular if there is an f in homp(V, R) with f(Z) = 1; equivalently,
if 7 = all;l + ...+ anZ;n, where {517...,Z;n} is a basis for V, then the ideal (a1,...,a,) = R. If Zis
unimodular, then the line R7 is free R-direct summand of rank one. Moreover, it is easy to see that if ¥
and ¢/ are unimodular vectors in V, then RZ = Ry if and only if ¥ = Ay for some \ € R*.

Define the graph %, (1) whose vertex set V(% (v)) is the set of lines

{RZ : ¥ is a unimodular vector in V and 3(Z, ) = 0}
and its adjacency condition is given by
RZ is adjacent to Ry <= ((Z,y) € R*(or equivalently, 3(Z, ) = 1).

We call % ,(v) the orthogonal graph of (V, 3) over R.
(a) Show that the above adjacency condition is well defined.
(b) If k is a finite field of odd characteristic and VJ is an orthogonal space over k of dimension 2v + 4,
where v > 1 and ¢ € {0,1,2}, then Gu and Wan showed that Go, (v;) is a |k|v+9~1 + 1-partite

graph with partite sets X, Xo, ..., X ;v+s-141 such that | X;| = \‘;2\'”:11 foralli € {1,2,...,|k[*T0~1+

1}. They also had that (Theorem 2.1 of [23]) the orthogonal graph %, (v;) is |k|?¥*+9=2_regular on

(1Bl = D)k +1)
k[ -1

then the graph is a strongly regular graph with parameters

many vertices. Moreover, if v = 1, then it is a complete graph, and if v > 2,

A= |k|2u+5—2 _ |k|2u+5—3 _ |k|u—1 + |k|u+6—2 and p= |k‘2u+6—2 B |/€‘2V+§_37

respectively. Construct the lifting theorem for orthogonal graphs and determine the results similar
to Theorem [4.7.5] for orthogonal graphs over a finite local ring.
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(c) Let R be a finite commutative ring of odd characteristic and (V;, 3) be an orthogonal space of rank
2v+46,v>1and ¢ € {0,1,2}. Write R = Ry X Ry x --- X R; as a direct product of finite local rings

R;,i=1,2,...,t. Prove that the orthogonal graph %, (v;) is a |R|?¥~%*%-regular and isomorphic to
the graph
gORl(V;l)) X gORz(V(;@)) X gORt(V;t))'




5 Field Theory

In Section [2.6] we learn about extensions of a field. Here, we give more details on a construction
of extension fields. We prepare the readers to Galois theory which yields a connection between
field theory and group theory. Applications of Galois theory are provided in proving fundamental
theorem of algebra, finite fields, and cyclotomic fields. We discuss some results on a transcenden-
tal extension in the final section.

5.1 Splitting Fields

Let F' be a field. Given a polynomial f(z) € F|[x] we would like to have at hand an extension
field E of F which in some sense contains all the roots of the equation f(z) = 0. We recall that
f(r) =01if and only if f(z) is divisible by = — r.

n

We say that f(x) splits in an extension field E if f(z) = H c(x —r;), that is, it is a product of

i=1
linear factors in E[x] and ¢ € F'. We shall first study some facts about the roots of f(z) € F[x] as
follows.

Theorem 5.1.1. If f(z) € F[z] and deg f(z) = n > 1, then f(z) can have at most n roots
counting multiplicities in any extension field of F.

Proof. We shall prove the theorem by induction on the degree of f(z). If deg f(xz) = 1, then
f(z) = ax + b for some a,b € F' and a # 0. Then —b/a is the unique root of f(x) and —b/a € F,
so we are done.

Let deg f(x) = n > 1 and assume that the result is true for all polynomials of degree < n. Let
E be any extension field of F'. If f(x) has no roots in F, then we are done. Let r € E be a root
of f(x) of multiplicity m > 1. Then there exists ¢(z) € Ex] such that f(z) = (z — r)"g(z) and
q(r) # 0. Thus, deg gq(z) = n — m. By the inductive hypothesis ¢(z) has at most n — m roots in £
counting multiplicities. Hence, f(z) has at most m+ (n—m) roots in E counting multiplicities. [

Theorem 5.1.2. [Kronocker] If p(t) € F|[t] is irreducible over F, then there exists an extension
field E of F such that [E : F| = degp(t) and p(t) has a root in E.

Proof. Let E = F[z]/(p(x)) where x is an indeterminate. Then F is a field containing {a +
(p(x)) : a € F} as a subfield. But ' = {a + (p(x)) : a € F} by ¢ : a — a + (p(z)), so E
can be considered as an extension field of F' by considering a as a + (p(z)) for all a € F. Then
E = F[z]/(p(z)) = F(t) where ¢ = = + (p(z)) is a root of p(¢t). Since E = F(t) and p(t) is
irreducible over F, [E : F] = [F(t) : F] = degp(t) by Corollary 2.6.5 O

Corollary 5.1.3. If p(t) € F[t] is a nonconstant polynomial, then there exists a finite extension
field E of F containing a root of p(t) and [E : F| < deg p(t).

145
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Proof. Since Ft] is a UFD, p(t) has an irreducible factor in F[t] say p;(t). By Theorem[5.1.2] there
exists an extension field £ of F' such that E contains a root of p;(t) and [E : F] = degpi(t).
Hence, [E : F] < degp(t) and E contains a root of p(t). O

Let F' be a field and f(z) a monic polynomial in F[z]|. An extension field F of F' is a splitting
field of f(x) over F'if

f@)y=(x—mr1)...(x —1p)

in E[z] and
E=F(ri,...,m),

that is, E is generated by the roots of f(x). The next results demonstrate the existence of a
splitting field for a monic polynomial.

Theorem 5.1.4. [Existence of Splitting Fields] Let f(xz) be a monic polynomial of degree n > 1.
Then there exists an extension field E of F such that [E : F| < n! and E contains n roots of
f(z) counting multiplicities. Hence, in E[t], f(x) = c¢(z — r1)...(x — r,) for some ¢ € F and
T1,...,Tn € E, sothat ry,...,r, are nroots of f(z) in E.

Proof. We shall prove the theorem by induction on the degree of f(x). If deg f(z) = 1, then f(z)
has exactly one root in F and [F': F] =1 =1

Let deg f(z) = n > 1 and assume that the theorem is true for the case of polynomials of
degree < n. By Corollary[5.1.3] there exists an extension field Fy of F' such that f(z) has a root,
say r € Ep and [E : F] < n. Since r is a root of f(z), f(x) = (x — r)q(x) for some ¢(z) € FEy|x],
so degg(z) = n — 1. By the inductive hypothesis, there exists an extension field F of Ej; such
that [ : Ey] < (n — 1)! and E contains n — 1 roots of ¢(x). Then F is an extension field of F,
[E: F]=[E: Ey|[Ey: F] <n!and E contains n roots of f(z) counting multiplicities. O

Corollary 5.1.5. Let F be a field and f(x) a nonconstant polynomial over F of degree n. Then
there exists a splitting field F of f(x) over F. Moreover, [E : F] < nl.

Proof. We have seen from Theorem [5.1.4] that there exists an extension field £ of F' such that
flx) =c(x—7r1)...(x —ry), for some ¢ € F and ry,...,r, € E, is a product of linear factors in
E[z] and [E : F] < nl. Hence, E = F(ry,...,ry) is a desired field. O

Examples 5.1.1 (Examples of splitting fields). 1. Let f(z) = 2% + ax + b. If f(x) is reducible
in F[z] (F arbitrary) then F is a splitting field. Otherwise, put £ = Fz]/(f(z)) = F(r1)
where r; = 2+ (f(z)). Then FE is a splitting field since f(r1) =0, so f(z) = (x —71)(z —12)
in Efx]. Thus, E = F(r;) = F(r1,r2). Since f(z) is the minimal polynomial of r; over F,
[E: F]=2.

2. Let the base field F be Z/(2), the field of two elements, and let f(x) = 23 + 2 + 1. Since
1+1+1#0and 0+0+1 # 0, f(x) has no roots in F'; hence f(z) is irreducible in F'[z|. Put
ry =+ (f(x)) in Flz]/(f(z)) so F(r1) is a field and 2° + o + 1= (z +r1)(2? + ax + b)
in F(ry)[z]. (Note that we can write + for — since characteristic is two.) Comparison
of coefficients shows that a = r;, b = 1 + r?. The elements of F(r1) can be listed as
c+dri+er?, c,d,e € F. There are eight of these: 0,1, 71, 147,77, 1473, 71 +7r} and 1+7r,+72.
Substituting these in x2 + 7z +1+7%, we reach (r?)2 +r1(r?) + 1+7rf = r{+ 73+ 1472 =0
since { = ry + 1 and r{ = r? + r1. Hence, 2 + ax + b factors into linear factors in F(ry)[z]
and FE = F(ry) is a splitting field of z® 4+ x + 1 over F.

3. Let F = Q, f(x) = (2? — 2)(2% — 3). Since the rational roots of 22 — 2 and 22 — 3 must be
integral, it follows that 22 — 2 and 2? — 3 are irreducible in Q[z]. Form K = Q(r1),r =
x + (22 — 2) in Q[x]/(2* — 2). The elements of K have the form a + bry,a,b € Q. We
claim that #2 — 3 is irreducible in K[z]. Otherwise, we have rational numbers a, b such that
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(a + br1)? = 3. Then (a? + 2b%) + 2abr; = 3 so that ab = 0 and a? +2b? = 3. If b = 0 we
obtain a?> = 3 which is impossible since v/3 is not rational, and if a = 0,b? = 3/2. Then
(2b?) = 6 and since /6 is not rational, we again obtain an impossibility. Thus, 2% — 3 is
irreducible in K[z]. Now form E = K|[z]/(z* — 3). Then this is a splitting field over Q of
(22 —2)(2* —3)and [E: Q] =[E: K|[K: Q] =2-2 = 4.

4. Let F=Q, f(z) =P — 1, paprime. Wehave 2P — 1 = (z — 1)(zP ' + 2P 2 4 ... 4z + 1)
and we know that 2P~! + 2P~2 + ... + z + 1 is irreducible in Q[z]. Let E = Q(z) where
z=x+ @t 2P 2+ +24+1)inQz]/(zP+ 2P 2+ +2+1). Wehave 1, z,..., 2P}
are distinct. Also (z¥)P = (2P)* = 1 so every z* is a root of z? — 1. It follows that 2P — 1 =

P _,(z—z%) in E[z]. Thus, E is a splitting field over Q of 2” — 1 and [E: Q] = p — 1.

5. Since 2® — 2 = (z — V/2)(x — V2w)(x — V/2w?) where w # 1 and w® = 1, Q(¥/2) is not a
splitting field of f(z) = x® — 2 over Q. A splitting field of f(z) is E = Q(+/2,w). Since
g(x) = 2% + x + 1 is irreducible over Q(v/2) and g(w) = 0, [E : Q(V/2)] = 2,50 [E : F] =
E:Q(2)Q({2): Q] =2-3=6.

6. A splitting field over Z/(p) of 27" — 1, e € N, is Z/(p).

Theorem 5.1.6. [Uniqueness of Splitting Fields] Let n : F' — Fj be an isomorphism of fields
and let n : Fxz] — Fi[z] be the isomorphism which extends n and satisfies n(x) = x. Suppose
f(z) is a monic polynomial in F[z], let fi(x) = n(f(x)) and suppose that E/F and E;/F; are
splitting fields of f(x) and fi(x), respectively. Then there exists an isomorphism n* : E — F;
which extends 7.

Proof. Let f(x) be an irreducible factor of f(z) and let fi(z) = n(f(z)). Let r € E be a root
of f(xz) and let r; € E; be a root of fi(x). Then we have a commutative diagram in which the
vertical arrows are isomorphisms and the horizontal arrows are inclusion maps

F F[r] E
Fla]/f(z)Fla]
n n
Fafa]/ fi(2)Fi[2]
Fl Fl[Tl] El.

The map j7i~! = 7 is an isomorphism of fields extending 7. Also, 7(f(z)/(x —71)) = fi(x)/(z —7)
and E/F[r], E1/F[r1] are splitting fields of f(z)/(x — r) and fi1(x)/(x — r1), respectively.

Now, by induction on deg f(z), 7 : F'[r] — Fi[r1] has an extension to n* : E — E; and this is
the required extension of 7. O

Theorem 5.1.7. Assume f(x) has no multiple factors as an element of F[z]. Under the hypothesis
of Theorem[5.1.6] the number of distinct extensions of n : F — Fy ton: E — Ej isat most [E : F).
Moreover, the number of distinct extensions is equal to [E : F] if and only if f(x) has distinct roots
in F.

Proof. Proceeding as in the proof of Theorem[5.1.6) let f(x) be an irreducible factor of f(z), letd
be the degree of f(z), let f1(z) = n(f(z)), letry,...,r. be the distinct roots of f(z) in E and let
r{,...,r. be the roots of f1(z) in F;. (Note that e < d and e = d if f1(z) has no multiple roots,
but this is not always the case.)
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Next fix a root » = r; of f(x). The argument of Theorem shows that for each root
/

7, ...,r. of fi(x) there is an isomorphism 7; : F[r] — F} [r;] extending n, where 7);(r) = 7.

F—— Fr]

F1 F1 [7"3}( E1

On the other hand, any isomorphism of F[r] into F; must carry r into a root of f1(z), and so must
one of the 7;. Furthermore, as noted above

the number of roots of f(z) = e < d = [F[r] : F].

By induction, the number of ways each 7; can be extended to an isomorphism E — FE; is at most
[E : F[r]]. Thus,

the number of extensions of : FF — Fy ton™ : E — E;
<e[E: F[r]] <[Flr]: F|[E: F[r]] = [E: F].

Now we want to answer the question: When is there equality — that is, the number of exten-
sions = [E : FJ?

Looking at the first step above we see that the number of roots of f(z) = e = d = [F[r] : F] if
and only if f(x) has d = deg f(x) roots — that is if and only if f(z) has distinct roots.

To continue inductively, we now have the set up

F[r] ——FE

.
[

Fy

7’;] —F

The key point is that E is the splitting field over F[r] of the polynomial f(x)/(x — r). This
polynomial has no multiple factor so inductively the number of extensions of 7); to an isomorphism
n*: E — E;isequalto [E : F[r]] if and only if f(x)/(x—r) has distinct roots. Combining this with
the result for f(z) we get the number of extensions of 7 : ' — F} to an isomorphism 7 : E — E;
is equal to [E : F] if and only if f(z) has distinct roots in E. O

Remarks. (1) If f(x) is an irreducible polynomial over a field F' and r is a root of f(z) in some
extension field of F', then
Fla]/ f(2)Flz] = Flr].

However, if f(z) = g(z)h(x) where g(x) and h(x) are irreducible polynomials, then by Chinese
remainder theorem
Fla]/f(x)Flz] = Fla]/g(x) Flz] x Flz]/h(x)F[z]

a direct product of fields. If f(x) = g(x)?, then F[z]/f(z)F[z] even has nilpotent elements.
In general, £//F arises from a succession of simple extensions

FC P 2 Fla]/ fi(x)Fla],
Py C B = Ry[x]/ fa(z) B[],

F.1CF. = Fr,1[$]/fr(ﬂf)Fr,1[11] =F.
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We shall see that in some important cases (but not all), the splitting field £/ F of the polynomial
f(x) can be achieved as a simple extension F' C F[x]/g(x)F[x] = E, but usually g(x) # f(x).

(2) If f(z) and g(x) have the same roots in some extension field £ of F' (f(x),g(z) € Flx]),
then they have the same splitting field. However, one cannot guarantee that the roots of f(x) are
distinct (or simple, or one fold). The basic example is the polynomial

f(z) =2 —a € Fla

where F is a field of characteristic p > 0. If  is a root of f(z) in some extension field E of F[a],
then r? = a and the factorization of f(z) in E|x] is

f(x):xp_a:$p—7‘p:(l‘—r)p.

Exercises 5.1. 1. Construct a splitting field over Q of 2° — 2. Find its dimension over Q.
2. Let f(z) = 2* + 2% + 1. Find the splitting field of f(z) over Q and determine its dimension.
3. Let E//F be a splitting field of over F of f(x) and let K be a subfield of E/F. Show that any
monomorphism of K/F into F/F can be extended to an automorphism of E.
4. If f(x) € Flx] has degree n and K is a splitting field of f(x) over F', prove that [K : F| divides n!.
5. Let F be a field of characteristic p > 0 and let b € F'. Show that either 2P — b is irreducible in F'[z] or
b=aP and 2P — b = (x — a)? for some a € F.

5.2 Algebraic Closure of a Field

We know about the prime field which is the smallest field such that every other field is an extension
of it. However, we does not know if we can algebraically extend our field F' forever to obtain a
field that every polynomial in F'[x| has a root in it. We shall assure it in this section.

A field F is called algebraically closed if every monic polynomial f(z) of positive degree with
coefficients in F has a root in F'.

Theorem 5.2.1. Let F be a field. The following statements are equivalent.

(i) F is algebraically closed.

(i) An irreducible polynomial in F[z] is linear; and hence every polynomial of F[x| of positive
degree is a product of linear factors.

(iii) F has no proper algebraic extension field.

Proof. Since r is a root, that is f(r) = 0, if and only if = — r is a factor of f(z) in F[z], we have
(i) & (ii). Next, we show (i) < (iii). If F is an extension field of F' and a € F is algebraic
over F, then [F(a) : F] is the degree of the minimal polynomial f(z) of a over F, and f(x)
is monic and irreducible. Then a € F if and only if deg f(x) = 1. Hence, E is algebraic over
F and E D F implies there exist irreducible monic polynomials in F[z]| of degree > 2; hence
F is not algebraically closed. Conversely, if F' is not algebraically closed, then there exists a
monic irreducible f(x) € F[z] with deg f(x) > 2, Thus, the field F[z]/(f(x)) is a proper algebraic
extension of F. O

We recall that (Corollary[2.6.7) if E is an extension field of the field F, then the set of elements
of F that are algebraic over F' constitutes a subfield A of F/F (that is, a subfield of E containing
F). Evidently E = A if and only if F is algebraic over F'. At the other extreme, if A = F, then
F is said to be algebraically closed in E. In any case A is algebraically closed in E, since any
element of E that is algebraic over A is algebraic over F' and so is contained in A. This result
shows that if a field F' has an algebraically closed extension field, then it has one that is algebraic
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over F'. We call an extension field £//F an algebraic closure of F' if E is algebraic over F' and F
is algebraically closed.

For example, assuming the truth of the fundamental theorem of algebra (Theorem[5.5.6), that
C is algebraically closed, it follows that the field of A of algebraic numbers is an algebraic closure
of Q, and thus A is algebraically closed.

We proceed to prove the existence and uniqueness up to isomorphism of an algebraic closure
of any field F'. For a countable F' a straightforward argument is available to establish these results.
We begin by enumerating the monic polynomials of positive degree as fi(x), fa(z),. ... Evidently
this can be done. We now define inductively a sequence of extension fields beginning with F, = F’
and letting F; be a splitting field over F;_; of f;(x). The construction of such splitting fields was
given at the end of the previous section. It is clear that every F; is countable, so we can realize all
of these constructions in some large set S. Then we can take E = |J F; in the set. Alternatively
we can define F to be a direct limit of the fields F;. It is easily seen that E is an algebraic closure
of F. We showed that (Theorem there exists an isomorphism of K;/F onto Ky/F. This
can be used to prove the isomorphism theorem for algebraic closures of a countable field by a
simple inductive argument.

The pattern of the proof sketched above can be carried over to the general case by using
“transfinite induction”. This is what was done by E. Steinitz, who first proved these results. There
are several alternative proofs available that are based on Zorn’s lemma. We shall give one that
makes use of the following lemma.

Lemma 5.2.2. If E is an algebraic extension of a field F, then the cardinality of E cannot exceed
the cardinality of F[x].

Proof. Let S be the set of all ordered pairs (f,«) where f(z) € F[z] is nonzero and o € E with
f(a) = 0. Since for each polynomial f(z), the number of « such that (f, ) lies in S is finite, we
have |S| < |F[z]|X¢ = |F[z]|. On the other hand, F maps injectively into S via o — (f,, ) where
fa is the minimal polynomial of «, and thus |E| < |S|. O

Recall that |F[z]| = |F|RNy. If F is infinite, then |F[z]| = |F| and it follows that |E| = |F].
When F is finite, F'[z] is countable, and hence E is either finite or countably infinite.

Corollary 5.2.3. There exist real numbers transcendental over Q.

Proof. There are only countably many polynomials in Q[z]. Since R is uncountable, the above
lemma guarantees that R is not algebraic over Q. O

We can now prove the existence of algebraic closures.
Theorem 5.2.4. Any field F has an algebraic closure.

Proof. We first embed F' in a set .S in which we have a lot of elbow room. Precisely, we assume
that |S| > |F| if F' is infinite and that S is uncountable if F is finite. We now define a set A whose
elements are (F,+,-) where E is a subset of S containing I’ and +, - are binary compositions in
E such that (E, +, ) is an algebraic extension field of F'. We partially order A by declaring that
(E,+,-) > (E',+',”) if E is an extension field of E’. By Zorn’s lemma there exists a maximal
element (E,+,-). Then F is an algebraic extension of F. We claim that F is algebraically closed.
Otherwise we have a proper algebraic extension £’ = F(a) of E. Then |E'| < |S], so we can
define an injective map of E’ into S that is the identity on E and then we can transfer the
addition and multiplication on E’ to its image. This gives an element of A bigger than (E, +, ).
This contradiction shows that E' is an algebraic closure of F. O
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Next we take up the question of uniqueness of algebraic closures. It is useful to generalize the
concept of a splitting field of a polynomial to apply to sets of polynomials.

If ' = {fa(z)} is a set of monic polynomials with coefficients in F, then an extension field
E/F is called a splitting field over F of the set I if

1. every f,(x) € I is a product of linear factors in F[x] and

2. E is generated over F by the roots of the f,(z) € T.

It is clear that if E is a splitting field over F' of T, then no proper subfield of E/F is a splitting
field of T and if K is any intermediate field, then E is a splitting field of I. Since an algebraic
closure FE of F' is algebraic, it is clear that E is a splitting field over F' of the complete set of
monic polynomials of positive degree in F'[z]. The isomorphism theorem for algebraic closures
will therefore be a consequence of a general result on isomorphisms of splitting fields that we
shall now prove. Our starting point is the following result, which is Theorem 5.1.6

Let ) : a — @ be an isomorphism of a field F' onto a field F, f(x) € F[z] be monic of positive
degree, f(z) the corresponding polynomial in F[z] (under the isomorphism, which is 1 on F and
sends = — z), and let E and F be splitting fields over F' and F of f(x) and f(z), respectively.
Then 7 can be extended to an isomorphism of F onto E.

We shall now extend this to a set of polynomials.

Theorem 5.2.5. Let 7 : a — a be an isomorphism of a field F onto a field F,Ta set of monic
polynomials fo(z) € Flx], I the corresponding set of polynomials f(x) € F[z], E and E splitting
fields over I and F of T' and T, respectively. Then 7 can be extended to an isomorphism of E
onto E.

Proof. The proof is a straightforward application of Zorn’s lemma. We consider the set of exten-
sions of 7 to monomorphisms of subfields of £/F into E/F and use Zorn’s lemma to obtain a
maximal one. This must be defined on the whole F, since otherwise we could get a larger one
by applying the result quoted to one of the polynomials f,(x) € I'. Now if ¢ is a monomorphism
of E into E such that ¢|r = 7, then it is clear that ((F) is a splitting field over F' of I". Hence,
¢(E) = E and  is an isomorphism of £ onto E. O

As we have observed, this result applies in particular to algebraic closures. If we take F = F
and n = id, we obtain

Theorem 5.2.6. Any two algebraic closures of a field F' are isomorphic over F.

From now on we shall appropriate the notation F for any determination of an algebraic closure
of F. If A is any algebraic extension of F, its algebraic closure A is an algebraic extension of A,
hence of F, and so A is an algebraic closure of F'. Consequently, we have an isomorphism of A/F
into F//F. This maps A/F into a subfield of F//F. Thus, we see that every algebraic extension
A/F can be realized as a subfield of the algebraic closure F'/F.

Exercises 5.2. 1. No finite field F' is algebraically closed. [Hint. If F = {0, 1, as,...,a,}, consider the
polynomial 1 + z(x — 1)(z —az2) ... (x — ay) € Flz].]
2. Let F be an algebraic extension of a field F' and A an algebraic closure of F. Show that E/F is
isomorphic to a subfield of A/F. [Hint. Consider the algebraic closure A of A and note that this is
an algebraic closure of F'.]
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5.3 Multiple Roots and Separability

Recall the following facts from Subsection 2.6.2] about the multiple roots.

Let R be an integral domain and f(z) € R[z]. If o is a root of f(x), then there exist m € N
and g(z) € R[z| such that f(z) = (x — «)™g(x) and g(«) # 0. m is called the multiplicity of the
root  of f(z) and if m > 1, a is called a multiple root of f(x).

If f(x) =ao+ a1z + -+ apz™ € R[z], we define f'(z) € R[z], the derivative of f(z), to be

f'(x) = a1 + agz + - - - + nayz™ L.

We record the straightforward properties of the derivative of polynomials in the next lemma.

Lemma 5.3.1. If f(x) and g(z) are polynomials over an integral domain R and ¢ € R, then
1. (cf(z)) = cf'(x),
2. (f(z) +g(x)) = f'(x) + ¢'(x),
3. (f(z)g(x)) = f(x)g (x) + f'(x)g(),
4. (f(@)™) =n(f(z))" f'(z) where n € N.

Theorem 5.3.2. Let E be an extension of a field F' and f(z) € F[z].
1. For a € E, ais a multiple root of f(x) if and only if « is a root of both f(x) and f'(x).
2. If f(x) and f'(x) are relatively prime, then f(x) has no multiple root.
3. If f(x) is irreducible over F' having a root in E, then
f(z) has no multiple root in E if and only if f'(z) # 0.

Proof. (1) is clear.

(2) Since f(z) and f'(x) are relatively prime, there exist h(z) and k(x) in F[z] such that 1 =
f(x)h(z) + f'(x)k(x). If « € E is a multiple root of f(z), by (1), f(a) =0 = f'(a),s0 1 =0, a
contradiction.

(3) Since f(z) is irreducible, f'(z) # 0 and deg f'(z) < deg f(x), we have f(z) and f’(x) are
relatively prime, so f(z) has no multiple roots. Conversely, if f/(x) = 0, then f(a) = 0 = f'(«)
for some « € E since f(xz) has a root in E. Hence, by (1), « is a multiple root of f(x). O

Let F be a field. A polynomial f(z) € Fx] is separable if every root (in some splitting field
over F') of its irreducible factor is not a multiple root. If F is an extension of F' and o« € F'is
algebraic over F, then « is separable over F if its minimal polynomial over F' is separable.

Let F C K C FE be field extensions. Note that if « is separable over F, then « is separable
over K since mq k() | mq r(x). Here m,, () stands for the minimal polynomial of « over the
indicated field.

Examples 5.3.1. 1. Consider f(z) = z2+1. Over Q, we have f(x) is irreducible and separable
but over Z/(2), we have f(x) = 22 + 1 = (z + 1)? is not irreducible but is separable since
the only irreducible factor is « + 1 which is separable over Z/(2).
2. Let K be a field of characteristic p and F' = K(y) be the field of rational functions over K
with indeterminate y. Since K [y| is UFD, y is irreducible element in K [y], so the polynomial
f(z) = 2P — y in Fx] is irreducible over F by Eisenstien criterion. Since f/(x) = 0 and f(x)
has a root, say « in some splitting field F of F, « is a multiple root of f(z), so f(z) is not
separable over F'. However, if we consider f(z) = 2 — y € Elz], we have f(z) = (z — a)P
and its irreducible factor in F[z] is only  — o which is separable over F, so f(x) is separable
over I.

Suppose that F' is a field of characteristic zero and f(z) is a monic irreducible polynomial
over F, say f(z) = ag + a1z + --- + ap_12" ' + 2™ Then f'(x) = a1 + 2asx + --- + naz""!. The
key point is that n # 0, so f/(z) # 0. Since deg f'(x) < deg f(x) and f(x) is irreducible, f(z) and
f'(z) are relatively prime, so all roots of f(x) are simple. Thus, we have shown:
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Theorem 5.3.3. Let F be a field of characteristic zero. Then every polynomial f(x) € Flx] is
separable.

We call an algebraic extension field F of a field F' a separable extension if the minimal
polynomial of every element of E is separable. Hence, if F' is of characteristic zero, then every
algebraic extension is a separable extension. A field F' is perfect if every polynomial f(x) over F
is separable. Thus, all fields of characteristic zero are perfect.

Remark. Suppose F'is a field (or even a commutative ring) of characteristic p > 0. Then the
identities
(ab)? = aPb? and (a+b)P =aP + b’

show that the map ¢ : F' — F defined by ¢(a) = a” is a ring homomorphism. Since F is a field,
© has to be one-to-one. But ¢ does not have to be onto - for example

@ (Z2/pZ)(x) = (Z/pL)(x)

is not onto; the image is (Z/pZ)(xP). However, if I is finite of order p”, then a?" = a foralla € F,
so ¢ is onto and ¢" is the identity map, called the Frobenius’ automorphism.

Theorem 5.3.4. Let F be a field of characteristic p > 0, and let a € F.
(1) Ifa € FPand a = 7P, then 2P —a = (z — r)P.
(2) If a ¢ FP, then zP — a is irreducible.

Proof. (1) is trivial.

(2) In a splitting field for F', 2P — a = (z — r)? (r may not be in F). Any proper factor of 2z — a
(after being made monic) has the form (x — r)* where 1 <i < p — 1. Thus, if 27 — a has a proper
factor over F, then r* € F for some 1 < i < p— 1. But then v’ and » = a € F, so r € F since
(i,p) = 1. Hence, a = rP € FP. O

Theorem 5.3.5. Let F be a field of characteristic p > 0. Then F' is perfect if and only if F' = FP.

Proof. Suppose F' # FP and choose a € F ~ FP. By Theorem [5.3.4] 2P — a is irreducible. But
2P — a does not have distinct roots in a splitting field of F'. Hence, F' is not perfect.

Conversely, assume that F' is not perfect. Then there is an irreducible polynomial f(z) over
F which does not have simple roots. By Theorem [5.3.2] this means that f(x) and f’(z) are not
relatively prime. Since f(z) is irreducible and deg f’'(z) < deg f(x), f'(x) = 0. Thus, f(z) is a
polynomial in 2?7, i.e.,

f(z) =ao+ apxp + C52p$2p + -+ a(m_l)px(m—l)p + 2P,
We shall claim that some a;, ¢ F?. For if each aj, € F?, say a;, = (b;)?, then f(x) = g(x)P where
g(x) =bo+ brz+ -+ bpga™ " 2™

which contradicts the irreducibility of f(z) over F. This establishes the claim. Hence, a;, ¢ F?
and F' # FP. O

Corollary 5.3.6. Every finite field is perfect.

Proof. The characteristic of a finite field F' is a prime p. The monomorphism a — a? of F is an
isomorphism since F' is finite. Hence, F' = F? is perfect by Theorem [5.3.5] O
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We shall end this section by proving the “primitive element theorem” which is a classic of field
theory. We first recall that an extension field E of a field F is said to be a simple extension of F’
if E = F(«) for some a € E. Such an element « is called a primitive element.

Theorem 5.3.7. If F is a field and G is a finite subgroup of the multiplicative group of nonzero
elements of F, then G is a cyclic group. In particular, the multiplicative group of all nonzero
elements of a finite field is cyclic.

Proof. If G = {1}, then G is cyclic. Assume that G # {1}. Since G is a finite abelian group,

GZZ/(m)® - L/ (my)

k
where k > 1,m; > 1and m; | --- | my. Since mk(z Z/(m;)) = 0, u is a root of the polynomial
i=1
x™ — 1 € Flz] for all u € G. By Theorem [5.1.7] this polynomial has at most my, distinct roots in
F, we must have k = 1 and G = Z/(m,) which is a cyclic group. O

Theorem 5.3.8. [Primitive Element Theorem] Let E be a finite separable extension of a field F.
Then there exists o € E such that E = F(«). That is, a finite separable extension of a field is a
simple extension.

Proof. If F is a finite field, then F is also finite. Let o be a generator for the cyclic group of all
nonzero elements of £ under multiplication. Clearly, E = F'[a], so « is a primitive element in this
case.

We now assume that F' is infinite and prove our theorem in the case that £ = F(3,7). The
induction argument from this to the general case is obvious. Let mg p(x) and m, r(z) be the
minimal polynomials over F' of 5 and v, respectively. Assume that mg (x) has distinct roots 3 =

B1,- .-, Bn and m, p(x) has distinct roots v = 1, ..., yp, in F where all roots are of multiplicity 1,
since FE is a separable extension of F'. Since F is infinite, we can find a € F' such that
o+ Bi — B
Y=

for all 7 and j, with j # 1. That s, a(y —v;) # 8; — 5. Letting o = 8+ ay, we have o = 5+ ay #
/81' + avj, SO
o — ayj # Bi

for all ¢ and all j # 1. Consider h(z) = mg p(a — ax) € F(a)[z]. Now, h(y) = mg p(8) = 0.
However, h(;) # 0 for j # 1 by construction, since the (; were the only roots of ms r(x). Hence,
h(z) and m. p(z) have a common factor in F'(«)[z], namely the minimal polynomial of v over
F (o), which must be linear, since + is the only common root of m., p(x) and h(x). Thus, v € F(«),
and therefore = a — a7y is in F'(«). Hence, F/(3,7) = F(«). O

Exercises 5.3. 1. Suppose that F C K C F and that F is separable extension of F'. Prove that E is

separable over K and K is separable over F.

2. Let F be of characteristic p and let « € F. Show that f(z) = 2P — z — a has no multiple roots and
f(zx) is irreducible in F[z] if and only if a # ¢? — ¢ for any ¢ € F.

3. Find a primitive element of Q(i, v/2) over Q.

4. Let K = Fq5 be the field with 5 elements and let F' = Z/(5) be the prime subfield of K. Determine
the cardinalities of the following two sets.
(a) The set of elements of K which generate K as a field over F.
(b) The set of elements of K which generate the group of nonzero elements of K as an abelian group
under multiplication.
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5. Let F be a field and let F be its algebraic closure. If a monic polynomial p(z) € Flz] is irreducible
over F' and has distinct roots ay, as, . .., ax € F, prove that the multiplicities of «; are equal, that is,

p(z)=(r—a)™(x—a2)™ ... (x —ay)™

for some m € N.

5.4 Automorphisms of Fields and Galois Theory

If F' is a field, the set of automorphisms of F, Aut F, forms a group under composition of func-
tions.

Examples 5.4.1 (Examples of automorphism groups). 1. Any automorphism satisfies p(1) =
1,50 p(n) =nforalln € Z and ¢(n/m) = n/m if n,m € Z and m # 0 in F. This implies
that the fields Q and F, = Z/(p) have only the identity map as an automorphism. That is,
Aut (F) = {idp} if F = Q or [F,,. Moreover, any field £ is an extension of Q or F,, (so called
the prime subfield) and any automorphism ¢ : F — F leaves the prime subfield pointwise
fixed.

2. The only automorphism ¢ : R — R is the identity map. For, we have known that ¢(q) = ¢
for all ¢ € Q. Note that ¢(a) = ¢((v/a)?) = (¢(v/a))? > 0 for all a > 0. Thus, if a < b,
then p(a) < p(b). Let z € R. Suppose ¢(z) # z. Then ¢(x) < z or p(x) > x. If p(x) < =z,
then there exists a ¢ € Q such that ¢(x) < ¢ < z. Thus, ¢ = ¢(q) < ¢(x), a contradiction.
If © < ¢(z), then there exists a ¢ € Q such that z < ¢ < (), so p(z) < ¢(g) = ¢, a
contradiction. Hence, ¢ = id g.

3. Complex conjugation: ¢(z) = Zz is an automorphism of C of order two. In fact, AutC
is uncountable, but the other automorphisms are “indescribable” and exist only via Zorn’s
lemma. However, the group of automorphisms of C which fix all elements of R is a group
of order two.

4. Let F be a field and let £ = F(t) where ¢ is transcendental over F'. As shall be indicated in
the Exercise [5.4] below, u € E is a generator of E/F if and only if it has the form

at + f3
u = s ad — By # 0.
Since an automorphism of E/F sends generators into generators, it follows that every au-
tomorphism ¢ : £ — F is given by

. _at—i—ﬁ
p(la)=aforalla e F and ¢(t) = ey

where «, 8,7, € F and ad — 3y # 0. Note that if ¢ € F and ¢ # 0, then

a f ca cf
[7 6] and [CV 65}

give rise to the same automorphism of F'(¢). A computation shows composition of functions
corresponds to matrix multiplication. The net result is that

Aut F(t) & GLy(F)/F* = PGLy(F),

where F'* is the set of matrices al, a # 0.
5. If F'is a subfield of K, let

Aut pK ={p € Awt K : ¢(a) =aforalla € F}.

The group structure of Aut pF'(z,y) is known, but very complicated. For n > 3, almost
nothing is known about Aut pF(x1,...,2,).
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The above examples show that Aut F' is in general very complicated and probably impossible
to describe. Galois theory proceeds in a different direction. One takes a subgroup H of Aut F—we
shall be almost concerned with finite H—and looks the set

Fl ={acF:pla)=aforallpc H}.
It is easy to see that F'¥ is a subfield of F'. Moreover, if K is a subgroup of H, then
1CKCH
FOFKEDFH,

The fundamental result of Galois theory is that of F is separable over F¥/| then there is a one-
to-one correspondence between subgroups of H and subfields of F' which contain F¥. Such
correspondences are inclusion reversing and are called “Galois correspondences”.
Let E be an extension field of a field F'. The Galois group of E over F denoted by Gal(E/F')
is the group
{p e Aut E: ¢(a) =aforalla € F}.

Let GG be a subgroup of Aut F where F is a field. Then the field of G-invariant of E or the fixed
field of G acting on E is the field

{a € E: p(a) =aforall p € G}.

It is denoted by E¢ or Inv G.

Theorem 5.4.1. (1) If Aut E D G D G, then EG1 C EC2,
) IfE D Fi D Fy, then Gal(E/Fl) C Gal(E/Fg)

(3) If G = Gal(E/F), then EC D F.

(4) If F = EC, then Gal(E/F) 2 G.

Proof. These are immediate consequences of the definitions. O

We shall now apply these ideas to splitting fields. Using the present terminology, Theorem
5.1.7 can be restated as follows. If E is a splitting field over F of a polynomial f(z), then
Gal(E/F) is finite and we have the inequality |Gal(£/F)| < [E : F]. Moreover, |Gal(E : F)| =
[E : F|if f(x) has distinct roots. We therefore have the following important preliminary result.

Lemma 5.4.2. Let E/F be a splitting field of a separable polynomial contained in F'[z|. Then

|Gal(E/F)| = [E : F].

Our next attack will be from the group side. We begin with an arbitrary field F and any finite
group of automorphisms G acting in £. Then we have the following

Lemma 5.4.3. [Artin] Let G be a finite subgroup of Aut E and let F = E©. Then

[E: F] <|G|.
Proof. Let |G| = n and write G = {g1 = 1,92,...,9n}. We have to show that [E : F| < n, or
equivalently:

(%) Iif 1,...,241 € F, then there exist uy, ..., u,41 € F not all zero, such that

UITy + -+ Upp1Tpg1 = 0,
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that is, x1, ..., 2,41 are linearly dependent over F.
Consider the following n x (n + 1) matrix with entries in £

T To .. Tpt1
M 92(:761) g2(x2) .. ga(@ni1)
gn(.xl) gn(r2) .. gn(Tny1)
This matrix has rank < n, so there is a nonzero (n + 1) x 1 vector ¥ = (vy, ..., v,+1)" with entries

in F such that M7 = 6(n+1)><1' We wish to find such a vector where entries lie in F. Among
all such vectors with entries in E, choose one in which the number of nonzero coordinates, r, is
minimal. By renaming the elements x4, ..., x,1+1, we may suppose that the nonzero coordinates
are the first r of them; by multiplying the vector by v, ! we may suppose that the last nonzero
coordinate is equal to 1. Thus,

Mv = 6(n+1)><1 where o= (1)1,. ey Up—1, 1,0,. . .,O)t.

Claim. If h € G and h(7) = (h(v1), ..., h(v,—1),1,0,...,0), then Mh(7) = 0.
Proof of Claim. The inner product of the j-th row of M with A(?) is:

z = gj(xl)h(vl) +-+ gj(xrfl)h(vrfl) + gj(xr) -1
Apply the automorphism h~! to z,

h™'z=h7lgj(@)h(vr) + -+ h7 gj(ar1)h(v—1) + h ™ gj(a,) -1
= gi(r1)v1 + -+ + gi(Tr—1)vr—1 + gi(w,) - 1 =0,

since h~'g; = g; for some i. This proves the claim.
Now we consider, for any h € G

7 — h(?) = (v1,...,v-1,1,0,...,0)" = (h(v1),..., h(v,—1),1,0,...,0)
r—1

(%,...,%0,...,0)%

Since M (7 — (7)) = 0 and ¥ — h(¥) has at most r — 1 nonzero entries, 7 — i (%) = 0 by the minimal
choice of r. This means that forallh € Gandi=1,...,r — 1, we have h(v;) = v;. Thus, all the v;
liein E¢ = F and (u1,...,uns1) = (v1,...,0,_1,0,...,0) is a set of elements of F which satisfies
(). O

Recall that an algebraic extension field F of a field F' is a separable extension if the minimal
polynomial of every element of FE is separable. We call an algebraic extension field F of a field F’
a normal extension if every irreducible polynomial in F[z] which has a root in E splits into
linear factors in F. This is equivalent to saying that £ contains a splitting field for the minimal
polynomial of every element of E. Normality plus separability, called a Galois extension, mean
that every irreducible polynomial of F[x| which has a root in F is a product of distinct linear
factors in E[z]. Also, by the results of the last section, if E is algebraic over F, then F is necessarily
separable over F' if the characteristic is zero or if the characteristic is p > 0 and F? = F.

We are now ready to derive our main results, the first of which gives two abstract character-
izations of splitting fields of separable polynomials and some important additional information.
We state this as
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Theorem 5.4.4. Let E be an extension field of a field F. Then the following conditions on E/F
are equivalent.
() E is a splitting field over F of a separable polynomial f(z).
(ii) F = E© for some finite group G of automorphisms of E.
(iii) F is finite dimensional Galois (normal and separable) over F.
Moreover; if E and F are as in (i) and G = Gal(E/F), then F = E% and if G and F are as in (ii),
then G = Gal(E/F).

Proof. (i) = (ii). Let G = Gal(E/F). Then EC¢ is a subfield of E containing F. Also it is clear that
E is a splitting field over E“ of f(x) as well as over F and G = Gal(E/E%). Hence, by Lemma
5.4.2, |G| = [E : F]and |G| = [E : E®]. Since E D EY D F, we have [E : F] = [E : EC][EY : F].
Hence, [EY : F] = 1, and so E“ = F. We have prove also that ' = E“ for G = Gal(E/F'), which
is the first of the two supplementary statements.

(ii) = (iii). By Artin’s lemma, [E : F] < |G|, and so F is finite dimensional over F. Let f(x)
be an irreducible polynomial in F'[z] having a root r in E. Let {r = ry,72,..., 7} be the orbit of
r under the action of G. Thus, this is the set of distinct elements of the form o(r), o € G. Hence,
if 0 € G, then the set {o(r1),0(r2),...,0(rm)} is a permutation of {ry,ra,...,ry,}. We have
f(r) = 0 which implies that f(r;) = 0. Then f(z) is divisible by x — r;, and since the r;, 1 <1i < m,
are distinct, f(x) is divisible by g(z) = [[;“,(x — ;). We now apply to g(z) the automorphism
of E[z], which sends z — x and a — o(a) for a € E. This gives og(z) = [[[2,(z — o(r;)) =
[, (x — r;) = g(x). Since this holds for every o € G we see that the coefficients of g(z)
are G-invariant. Hence, g(z) € F[z]. Since we assumed f(z) irreducible in F[x] we see that
f(x) = g(x) = [[(x — r;), a product of distinct linear factors in E[x]. Thus, F is separable and
normal over F' and (iii) holds.

(iii) = (i). Since we are given that [E : F] < co we can write £ = F(ry,79,...,7;) and each
r; is algebraic over F. Let f;(z) be the minimal polynomial of r; over F. Then the hypothesis
implies that f;(z) is a product of distinct linear factors in E[x]. It follows that f(x) = Hle fi(x)
is separable and F = F(r1,ro,...,7%) is a splitting field over F' of f(z). Hence, we have (i).

It remains to prove the second supplementary statement. We have seen that under the hy-
pothesis of (ii) we have [E : F] < |G|, and that since (i) holds, we have |Gal(E/F)| = [E : F].
Since G C Gal(E/F) and |G| > [E : F| = |Gal(E/F)|, equivalently G = Gal(E/F). O

The above proof also yields

Corollary 5.4.5. If E/F is the splitting field of f(z) € F[z] and r1,...,r, are distinct roots of
f(z)in E, then G = Gal(E/F) may be identified with a subgroup of S, the group of permutations
of {r1,...,r,}. However, it is not always the case that Gal(E/F) is the full group of permutations
of the roots of f(x).

There are two observations underlying the above corollary.

1. Each o € G permutes 71, ..., 7,.

2. o € (G is determined by its action on 1, ..., r, because r1,...,r, generate E as a field over
F,ie, E=F[ri,...,rn) =F(r1,...,r).

Example 5.4.2 (Elementary symmetric functions). If K is a field, then the polynomial ring
K|xy,...,z,]is an integral domain. The quotient field of K[z, ..., z,]is denoted by K (z1, ..., x,)
and is called the field of rational functions in 1, ..., x, over K. In the field extension

K C K(z1,...,2p)

each x; is easily seen to be transcendental over K. In fact, every element of K (z,...,z,) not in
K itself is transcendental over K (Prove!).
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Let S,, be the symmetric group on n letters. A rational function ¢ € K(x1,...,x,) is said to
be symmetric in z1, ..., z, over K if for every o € S,,,
Q0($1, Zo, ... 7xn) = SD('CCU(l)axU@)? ) xa(n))‘

Trivially, every constant polynomial is a symmetric function. More generally, the elementary
symmetric functions in z1, ..., z, over K are defined to be the polynomials:

n
er=x1+x2+ -+ xy= E 5}

€9 = E Tidj3

1<i<j<n

€L = E Ljy Ljy - Ty 5

1<i1 << <n

€p = T1T2...Tp.

The verification that the e; are indeed symmetric follows from the fact that they are simply the

coefficients of ¢ in the polynomial p(t) € K[z1,...,zy][t], where
pt) =t —z)(t —x2) ... (t—xp) =t" — et 4 egt™ 2 — o (=1)"le, gt 4 (—1)"e,.
If o € Sy, then the assignments z; +— x,(;y, 7 = 1,2,...,n and
fQ@1, . zn)/g(z1, o sxn) = f(2), -0 Tom)/9(@o(1)s - -+ s To(n))

define a K-automorphism of the field £ = K(z1,...,z,) which will also be denoted o. The
map S, — Gal(F/K) given by o — o is clearly a monomorphism of groups, whence S,, may be
consider as a subgroup of the Galois group Gal(E/K). Clearly, the fixed field F' = E" consists
precisely of symmetric functions; that is, the set of all symmetric functions is a subfield of F
containing K. Therefore, by Theorem [5.4.4] F is a Galois extension of F' with Galois group
Gal(E/F) = S,, and dimension |S,,| = n!.

Example 5.4.3. Let K be a field and z1, 22, 23 be indeterminates over K, set
€1 = X1 + T2 + T3,69 = L1 + T2X3 + T3X1,€3 = T1T2X3

and consider the fields
F = K(ey,es,e3) C K(x1,79,23) = E.

The relevant subfields of F are indicated in the diagram

1)
F= K 617627 3)

\ ;

The fields F'(z1), F'(z2) and F'(z3) are all isomorphic (over F), but they are distinct subfields of E.
Moreover, E is a splitting field for f(t) = t3 — e1t? + eat — e3 but F(z1), F(z2) and F(x3) are not.

/

29) —— K(x1,29,23) = E

g



160 5. Field Theory

We know that G = Gal(E/F) = S3 where S3 is identified with the group of permutations on
3 letters. We next calculate E¥ when H is a subgroup of G = Gal(E/F) = Ss. The following is a
diagram of the lattice of subgroups of S3 and there indices.

S3
((12)) ((13)) ((23)) A3
\X //

{(W}

We have already calculated that £ = E¢ = I and of course E{()} = E. It is not hard to verify
that
E2) = Flzg], XU = Flg,], E(®) = Flgy].

It is somewhat more difficult to verify that £43 = F[A] where
A = (xl — :ZZQ)(SCQ — $3)($3 — a;l).

Note that 0(A) = Aif o € Az, but o(A) = —Aif 0 € S5 \ As.
We already know that

[Flz1] : F] = [Flzg] : F] = [Flas] : F]=3

and one can verify that [F[A] : F] = 2. Thus, we get the following diagrams of all (by Galois
Theory) subfields of F containing F’

F=FE%
3 2
3 3
Flas] = E((2) Flao] = E((3) Flzi] = E((23)) FIA] = EAs
2 2
E = gt}

The indices are the same as in the lattice diagram for S3, but inclusions are reversed. Recall
that F is the splitting field of a separable polynomial

f(t) = —x1)(t = x2)(t — 3)

for any field in the above diagram. More generally, it is clear that if M/L is a splitting field for
f(t) € Litjand M O N D L, then M/N is a splitting field for f(¢), regarded as a polynomial in
NJt].

Furthermore, for each field L in the above diagram, we have L = E for some subgroup H of
G = Ss and Gal(E/L) = H. On the other hand, things are not so nice for the extensions L/F. For
example, Gal(F[z;]/F) = 1foralli = 1,2,3 and Gal(F[A]/F) = Z/(2) = (p) where the action of
@ is p(A) = —A. Here A? € F and F[A] is the splitting field of the polynomial t> — A2 over F, so
it is Galois. However, we may conclude that the fields F'[x;], F'[z2] and F[z3] are not the splitting
fields of any polynomials over F.

The previous example illustrates the fundamental theorem of Galois theory: if E/F is the
splitting field of a separable polynomial f(¢) € F'[t], then the map

H+— E%Y={acFE:p(a)=aforallyc H}
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is a 1-1 correspondence between
subgroups of Gal(E/F') «— subfields of £

which reverses inclusions. In addition, H is a normal subgroup of Gal(E/F) if and only if E¥ is
the splitting field of some separable polynomial over F (i.e., E is normal over F), and if H is
normal in Gal(E/F), then

Gal(E" /F) =~ Gal(E/F)/H.

In our example, the only proper normal subgroup of S5 is A3, and
Gal(E“3 /F) = Gal(F[A]/F) = Zy = S3 /A3 = Gal(E/F) /As.

We now formally establish Galois’ fundamental group-field pairing as follows.

Theorem 5.4.6. [Fundamental Theorem of Galois Theory] Let F be a finite dimensional Galois
extension of a field F' (i.e., the conditions of Theorem holds) and let G = Gal(E/F). Let
I' = {H}, the set of subgroups of G, and %, the set of intermediate fields between E and F (the
subfields of E/F). Then the map H ~ E" and K — Gal(E/K), H € T, K € %, are inverses
to each other. In particular, they are one-to-one correspondences between I' and .. Moreover, the
pairing I' < ¥ has the following properties:

1. Hy D H, ifand only if E* C B2,

2. |H =[E:Efland [G: H) = [E¥ : F] = [E® : EC].

3. H is normal in G if and only if E¥ is normal over F. In this case,

Gal(E® /F) = G/H.

This is the main theorem. Most of our remaining field theory will be consequences of it.

Proof. Let H be a subgroup of G = Gal(E/F). Since F = E¢, F C E¥ and E¥ is thus a subfield
of E containing F. Also, £/E" is Galois. Applying the second supplementary result of Theorem
B.4.4to H in place of G we see that Gal(E/EY) = H. By Lemma[5.4.2] |H| = |Gal(E/E™)| =
[E : Ef]. Now let K be any subfield of E/F. Then Gal(E/K) C G = Gal(E/F), so Gal(E/K)
is a subgroup of G. It is clear also that F is a splitting field over K of a separable polynomial.
Hence, the first supplementary result of Theorem [5.4.4] applied to the pair £ and K shows that
K = EGA(E/K)  We have now shown that the specified maps between I' and ¥ are inverses.
Also, we know that if H; D Ho, then Eft C EH2. Moreover, if Eft C EH2, then we have also
that H; = Gal(E/E") D Gal(E/E") = H,. Hence, (1) holds. The first part of (2) was noted
before. Since |G| = [E : F] = [E : EH|[E" . F] = |H|[E¥ : F] and |G| = |H|[G : H], evidently
[Ef : F] =[G : H]. This proves (2).

If H € T, then E""™" = p(EH) for all n € G. This is clear since the condition o(z) = z is
equivalent to (non~!)(n(x)) = n(x). It now follows that H is normal in G if and only if n(E¥) =
EH for every € G. Suppose H is normal in G. Then every € G maps E* onto itself and so its
restriction 7 = 7| z# is an automorphism of £/ /F. Thus, we have the restriction homomorphism
n — 7 of G = Gal(E/F) into Gal(E /F). The image G is a group of automorphisms in £# and
clearly (E#)% = F. Hence, G = Gal(Ef /F). The kernel of the homomorphism 7 — 7 is the set of
n € G such that n|gs = idgws. By the pairing, this is Gal(E/E*) = H. Hence, the kernel is H and
G = Gal(E"/F) = G/H. Since F = (E¥)%, E¥ is normal over F by Theorem[5.4.4l Conversely,
suppose E'! is normal over F. Let a € E and let f(x) be the minimal polynomial of a over F.
Then f(z) = (x—a1) ... (z—ap) in E¥[z] where a = a;. If n € G, then f(n(a)) = 0 which implies
that n(a) = a; for some i. Thus, n(a) € E¥. We have therefore shown that n(Ef) = EH. Hence,
H is a normal subgroup of GG. This completes the proof of (3). O
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Example 5.4.4. Let E = Q[v/2,/3] be a splitting field of f(z) = (2 — 2)(z% — 3). Then E is
Galois over Q. Let G = Gal(E/Q). Then |G| = [E : Q] = 4. Since Q(v/2) is a splitting field
of z? — 2, it is Galois over Q and its Galois group consists of 2 elements, namely o; = id and

: v/2 — —+/2. Each automorphism extends to an automorphism of E in two different ways;
\f 3 — /3 or v/3 — —/3. Then the four elements of G are 7, = idg, ™ : V2 — V2,V3 — —V/3,
73:v2 = —v/2,v/3+— v3and 74 : V2 — —v/2,V/3 — —/3. Each of these elements except 7| has
order 2. Thus, G = Zy x Zs. Hence, the subgroup-intermediate subfield correspondence for the
fundamental theorem of Galois theory is shown in the lattice diagrams

{ide}
(12) (73) (7a) Qv2) = B QV3] = B =BT
G
Exercises 5.4. 1. Let E = F(t) where ¢ is transcendental over F' and write any non-zero element

of £ as u = f(t)/g(t) where (f(t),g(t)) = 1. Call the maximum of degrees of f and g the degree
of u. Show that if x and y are indeterminates then f(z) — yg(x) is irreducible in F|[z,y| and hence
is irreducible in F(y)[z]. Show that ¢ is algebraic over F(u) with minimal polynomial the monic
polynomial which is a multiple in F(u) of f(x) — ug(x). Hence, conclude that [F'(¢) : F(u)] = 1, and
F(u) = F(t) if and only if degu = 1. Note that this implies

at +b
ct+d

where ad — be # 0. Therefore, deduce that Gal(E/F) is the set of maps h(t) — h(u) where u is of

the form indicated.

Let F C K C F and FE Galois over F'. Prove that F is Galois over K.

Show that every element of K (x1, ..., z,) which is not in K is transcendental over K.

4. Show that in the subgroup-intermediate subfield correspondence given in the fundamental theorem
of Galois theory, the subfield corresponding to the intersection of two subgroups H; and Hs is the
subfield generated by the composite field E#1 EH2  the smallest subfield of E generated by £
and E2, and the intersection of two intermediate fields K; and K, corresponds to the subgroup
generated by Gal(E/K;) U Gal(E/K3).

5. Use the fact that any finite group G is isomorphic to a subgroup of .S,, (Cayley’s theorem) to prove
that given any finite group G, there exist fields £ and E/F such that Gal(E/F) = G

6. Let E = Q(r) where r3 472 — 2r — 1 = 0. Verify that 7’ = r2 — 2 is also a root of 2> + 2% — 2z —1 = 0.
Determine Gal(F/Q). Show that F is normal over Q.

7. Let a = /2 ++/2 in R, f(x) the minimal polynomial of o over Q and F is a splitting field of f(z)
over Q.

(a) Compute f(z) and [E : Q].
(b) Find G = Gal(£/Q) and draw a lattice diagram for the subgroup-intermediate subfield corre-
spondence for the fundamental theorem of Galois theory.

8. Let (Z/(p))(t) where ¢ is transcendental over Z/(p). Let G be the group of automorphisms generated
by the automorphism of E such that ¢ + ¢ + 1. Determine F = E¢ and [E : F).

W

5.5 Some Consequences of Galois Theory

In this section, we shall derive some consequences of Galois theory including another proof of the
fundamental theorem of algebra.
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Theorem 5.5.1. Let K be a finite dimensional separable extension of a field F. Then there are
only finitely many fields L such that K D L D F.

Proof. Since K/F is finite separable, by primitive element theorem, KX = F[«a] for some o € K.
Let E be the splitting field of m,, r(z). Then E is Galois over F' and £ C K C F. By fundamental
theorem of Galois theory, the number of intermediate fields between E and F' is the number of
subgroups of Gal(F/F'). Hence, the number of intermediate fields between K and F' is at most
the number of subgroups of Gal(E/F). O

Remark. If G = Gal(E/F), then K = E¥ for some subgroup H of G and the fields L such that
K D L D F are in 1-1 correspondence with the subgroups J of G such that G O J D H.

The primitive element theorem and the previous theorem both fail for inseparable extensions
as shown in the following example.

Example 5.5.1. Let F be an infinite field of prime characteristic p and let u and v be indetermi-
nates over F'. Consider
F(u,v) 2 F(u?, o)
2

It is easy to see that [F'(u,v) : F(uP,vP)] = p°. On the other hand, if z € F(u,v), then 2P €
F(uP,vP), so
F(u?,09)(2) : F(u?,o”)] < p.

Hence, there is no z such that F'(u,v) = F(uP,vP)(z), that is, no primitive element.
On the other hand, the nonexistence of a primitive element shows that the fields

F(uP,vP)(u + aw),

for a € F, are all distinct. To see this, assume that F(u?, v?)(u+ av) = F(u?,v?)(u+ pv) = E for
some « # (3 in E. Then u + av and u + v in E, so

a(u+ pv) — Bu+av) = (a— plu € E.

Since aw — 8 # 0, u is in E which implies that v is also in E. Thus, £ = F(u,v), a contradiction.
Hence, there are infinitely many fields L such that F'(u,v) D L D F(uP,vP).

Let us now recall some concepts from group theory. Suppose a group G acts on a set S. The
action is transitive if for any s,t € S there is a g € G such that gs = t.

Remark. The action of G being transitive simply means that the action of G on S has only one
orbit. Assuming G acts transitively on S. let s € S and let

H={geG:gs=s}
be the stabilizer of s. Then S can be identified with the set of left cosets
{gH : g € G},

with G acting by left multiplication. Note that the subgroup H depends on the choice of s and
choosing a different s will give a conjugate of H. More precisely, if s € S and x € G, and

H = stabilizer of s = {g € G : gs = s}
then
xHxz~! = stabilizer of s = {g € G : g(xs) = xs}.
(If gs = s, then (zgx—1)(zs) = xs.)
A basic example of this phenomenon is the action of S,, on {1,2,...,n}. The stabilizer of

ie{l,2,...,n}is Sym{l,...,i—1,i+1,...,n} which may be identified with S,,_;, but S,,_; has
n conjugates in S,,.
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Theorem 5.5.2. Let E be the splitting field over F of a separable polynomial f(x) € F|x] which is
irreducible over F. Then Gal(E/F') acts transitively on the roots of f(z). Hence, Gal(E/F) may
be identified with a subgroup of Sym{ri,...,r,} which acts transitively on {ry,...,r,}, the roots

of f(x) in E.
Proof. This is implicit in the proof of Theorem[5.1.6l For, if r and s are roots of f(z) in E, then
F(r)2 Flz]/(f(x)) 2 F(s) with r—x+ (f(z))—s

by an isomorphism which fixes F' pointwise. Let n : F(r) — F(s) be this isomorphism. By
Theorem[5.1.6], 7 extends to an isomorphism 7 : £ — E. Then /) € Gal(E/F) and 7(r) = s, which
is what we need to prove. O

Remarks. 1. The hypothesis that f(z) be irreducible over F' is essential. For, example, if
f(x) = fi(x)... fr(z) where fi(z),..., fr(z) are distinct irreducible polynomials, then all
one can say is that Gal(F/F') permutes the roots of each f;(x) among themselves. It is still
true that Gal(E/F') can be identified with a subgroup of the group of permutations of the
roots, but not a transitive one.

2. Assume that f(x) is irreducible and separable over F' of degree n, E/F is a splitting field
for f(z) over F and r is one root of f(z). Then the fundamental theorem of Galois theory
gives the following picture

E {id g}
Fr] Gal(E/Fr))=H
F Gal(E/F).

Thus, F[r] = E where H is a subgroup of index n in G.

The basic Theorems[5.1.4] and [5.1.6] give the existence and uniqueness of splitting fields. That
is, if F' is a field and f(x) is a monic polynomial in F/[z], then
1. A splitting field F for f(x) exists. E is generated over F' by the roots of f(x) and f(z) splits
into linear factors in E[x].
2. The splitting field E/F is unique up to isomorphism over F. In other words, if E'/F is
another splitting field for f(x) over F, then there is an isomorphism

0:E—FE

which is identity on F.

What does this means if we are searching for the splitting field of some f(x) € Q[z]?

It means that we can realize E as a subfield of C. More precisely, f(x) is a product of linear
factors in C[z], say f(z) = (z—aq) ... (z—ay) and we can take E to be the field Q(ay, ..., o) C C.
This could be very helpful because it allows us to work in a concrete and explicit field.

The fundamental theorem of algebra (every f(x) € C[z] is a product of linear factors) is usually
proved in complex analysis and there is also a topological proof. Here we present a proof based
on Galois theory and the intermediate value theorem from real analysis or calculus. We shall start
with some basic results.

Theorem 5.5.3. Let f(x) € R[z| be a polynomial of odd degree. Then f(x) has a root in R.
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Proof. It is enough to prove for a monic polynomial

-1

fx) =2" +ap_12""" + -+ a1z + ag

with a; € R and n is odd. If a = |ag| + -+ + |an—1], then it is easy to see that f(a) > 0 and
f(—a) < 0. By intermediate value theorem (because f(x) is continuous), there exists » € R such
that f(r) = 0. O

Consider « + i with o, 8 € R. If v = /a2 + 32, then
V(v +a)/2+ i/ (v —a)/2)? = a+ Bi.

Hence, we have proved

Theorem 5.5.4. Every complex number has a square root.

Theorem 5.5.5. If K is a field containing C, then [K : C] # 2.

Proof. Suppose conversely that [K : C] = 2 and let K = C + Cu for some u € K. Then u satisfies
a polynomial
flx)=2% bz +c

of degree two over C, since 1, u, u? are linearly dependent over C. The roots of f(z) are

—b+Vb? —4ac
2

which lie in C, since every element of C has a square root in C. Thus, v € C, a contradiction. [J

Recall that a finite p-group G is nilpotent, so by Exercise [3.3] a maximal subgroup M of G is
normal and [G : M] = p, i.e., if G is a nontrivial finite p-group, then G has a normal subgroup of
index p.

Theorem 5.5.6. [Fundamental Theorem of Algebra] Let f(x) € C[z]. Then f(x) is a product of
linear factors in Clz].

Proof. Let —: C — C denote the complex conjugation. Then g(z) = f(z)f(x) € R[z]. Let E be a
splitting field for g(x)(z% + 1) over R and identify C with the subfield of E generated by the roots
of 2 4 1. Since the characteristic is zero, all polynomials are separable, so E is the splitting field
of a separable polynomial. Hence, F is Galois over R by Theorem [5.4.4]

Let G = Gal(E/R), |G| = 2*m, where m is odd, and let P be a Sylow 2-subgroup of G.

Consider the diagram of fields

Thus, EX = {a € E : p(a) = « forall p € P} is an extension of R of odd degree m, by the
fundamental Galois correspondence. If u € E¥, the minimal polynomial ¢(x) of u over R is an
irreducible polynomial in R[z] of odd degree, so it has a root in R by Theorem [5.5.3] Since ¢(x)
is irreducible, it has degree one. Hence, E = R and G = P, so |G| = 2°. By the fundamental
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theorem of Galois theory, C = EY where H is a subgroup of G of index 2. If H # {1}, it has a
subgroup K of index 2, so

R—2 C=pgH_ %2 EK_ R

Thus, [EX : C] = 2 which contradicts Theorem[5.5.51 Hence, |G| =2, H = {1} andC = E = E.

Therefore, C is a splitting field for g(z)(z? + 1) = f(z)f(z)(2? + 1) over R, so g(x)(z* + 1) (and
hence f(z)) splits into linear factors in C|x]. O

The fundamental theorem of algebra was first rigorously proved by Gauss in 1816 (his doctoral
dissertation in 1798 provides a proof using geometric considerations requiring some topological
justification). There was a proof due to Laplace in 1795. However, Laplace’s proof was deemed
unacceptable because he assumed the existence of a splitting field for polynomials (i.e., that the
roots existed somewhere in some field), which had not been established at that time. The elegant
above proof was given by Artin.

5.6 Finite Fields

Let k£ be a field of ¢ elements. Then (k,+) is an abelian group, so ¢ - 1 = 0. Thus, F is of
characteristic prime p > 0 and p | ¢, so it contains Z/pZ as a subfield and it is a finite extension
of Z/pZ. Tts cardinality |k| = ¢ = p? is a power of p, with d = [k : Z/pZ]. This also indicates that
the additive group of k is a direct sum of d copies of cyclic group of order p. We shall restate the
following fact (Theorem [5.3.7).

Theorem 5.6.1. k* is cyclic of order ¢ — 1.
Some immediate consequences of the above theorem are as follows.

Corollary 5.6.2. The field k consists of the solutions to x? — x = 0 in an algebraic closure of Z/pZ
containing k.

Corollary 5.6.3. There is an element o € k such that k = (Z/pZ)|c], that is, k is a simple
extension of the prime field Z/pZ.

Corollary 5.6.4. For each positive divisor r of ¢ — 1(= |k*|) there are exactly ¢(r) elements in k*
of order r.

Corollary 5.6.5. Let p be a prime and d a positive integer. Then, up to isomorphism, there is
exactly one field of order q = p°.

Proof. Let E be a splitting field of f(t) = " — t over 7,/pZ in an algebraic closure of Z/pZ. By
Theorem [5.1.6] E is unique up to isomorphism. It consists of the roots of " = ¢ in the algebraic
closure of Z/pZ. Thus, |E| is the number of roots of t»" — ¢. Since f'(t) = —1, f(t) is separable, so
|E| = p?. Thus, we have constructed a field of order ¢ = p¢, namely E, the splitting field of f(t)
over Z/pZ. O

For ¢ = p?, we may write F, for the (unique up to isomorphism) field of ¢ elements. Also, we
may write [, for Z/pZ.
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Corollary 5.6.6. Given any positive integer d, there exists an irreducible polynomial of degree n
over I,

Proof. By Corollary[5.6.3] F,. = F,[a] for some o € F 4. Let f(t) be the minimal polynomial of «

over [F,. Then Fa = F)[a] = Fy[t]/(f(t)) shows deg f(t) = [F,a : Fp] = d. O

Next, we shall study finite extensions of a finite field. For simplicity, k£ stands for the finite
field F,. Let k,, be a degree n field extension of k. If k,, is an intermediate field of degree m
over k, then k, is a vector space over k,,, so m divides n. Conversely, any degree m extension of
k within an algebraic closure of k£ with m | n is a subfield of &, by Corollary [5.6.2] since m | n
implies (¢"™ — 1) | (¢" — 1).

Consider the map o on k,, which sends x to x%. From

ox+ty)=(r+y)!=2+y" =0(z) +0o(y) and o(zy) = (vy)? = 29Y? = o(x)o(y),

we see that o is an endomorphism. Furthermore, o(z) = 29 = 0 implies z = 0. So ¢ is one-to-one.
As k,, is finite, we have shown that ¢ is an automorphism of k,,. Finally, o(z) = 2?7 = z for x € k,
this shows that ¢ € Gal(k,/k), called the Frobenius’ automorphism. Let r be the order of o.
Then

o' (z) =27 =xforallz ek,
implies » = n since k, is cyclic of order ¢ — 1. Hence, Gal(k,,/k) contains the cyclic group (o) of

order n. Since |Gal(k,/k)| < [k, : k] = n, Gal(k,/k) = (o) and so the field k,, is Galois over k.
We record this in

Theorem 5.6.7. The field k,, is Galois over k with the Galois group Gal(k,,/k) cyclic of order n,
generated by the Frobenius’ automorphism o.

Note that an element = € k,, lies in k if and only if it satisfies ¢ = z, in other words, if and
only if it is fixed by the Frobenius’ automorphism, or equivalently, by the group Gal(k,,/k). Using
G = Gal(k,/k), we define two important maps, called trace and norm, denoted by Tr, ,, and
Ny, /x> respectively, from k&, to k as follows:

Try, i 2 @+ Z T(z) = Zai(x),
i=1

TeG

I H T(z) = Haz(x)

TG

One check easily that the images of trace and norm maps are in k. It is clear that Try, /. is a
homomorphism from the additive group &, to the additive group k and Ny, /;, is a homomorphism
from k) to k. Next we investigate their images. We shall first need

Lemma 5.6.8. If E is an extension field of a field F, then the automorphisms in Gal(E/F) are
E-linearly independent F-linear transformations.

Proof. Suppose otherwise. Let a171 + - -+ + a,7. = 0 be a shortest nontrivial linear relation with

a,...,ar, € E*and 1,...,7, € Gal(E/F). Then r > 2 and 7; are distinct. Let y € F be such that
71(y) # 2(y). From >"._, a;7; = 0 we get

Z““@'(W) = Zaﬂz‘(y)n(x) =0
i=1 i=1
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forallz € E,s0 ) ,_, a;7i(y); = 0. This yields another nontrivial relation

T T T
Y am(y)m =) Y ami =Y ai(ni(y) — mi(y))m =0,
i=1 i=1 i=2
which is shorter than the relation we started with, a contradiction. O

Theorem 5.6.9. [Hilbert Theorem 90]
1. The norm map Ny, /i, from k¢ to k> is surjective with the kernel consisting of z /o (), x € k.
2. The trace map Try,, /i, from ky, to k is surjective with the kernel consisting of x —o(x), x € k.

1=

kernel of the norm map for all z € kX. Further, z/0(x) = y/o(y) if and only if zy~! € k*, hence
the elements = /o (z) with z € k, form a subgroup of £° of order (¢" —1)/(¢—1). Thus, it is equal
to the whole kernel if and only if the norm map is surjective. To see N,/ is onto, observe that

Proof. (1) Since Ny, /i(0(z)) = [Tie, o' (z) = [Ti2; 0'(x) = Ny, /k(2), so z/o(x) lies in the

n
. 2 n—1 2., .. n—1 n_ _
Nii(@) =[] o' @) = -2 27 o a? = gltarera™™ - a1 /a=D)
=1

for all z € k,;. Hence, any generator x of k, has N, /. (z) of order g — 1.

(2) Since elements in Gal(k,/k) are k-linear maps, the image of Try, /. (k,) is a vector space
over k, hence Try .(k,) = 0 or k. If Try , = 0, then >, 0; = 0, which is a nontrivial
linear relation among elements of Gal(k,/k), so impossible by Lemma Therefore, Ty,
is surjective. Then its kernel has order ¢"~'. Clearly, Tr;, /x(co(x)) = Try, sx(z) so that kernel
contains x — o(x) for all x € k,,. Further, v — o(z) = y — o(y) if and only if x — y € k, so the group

{z —o(x) : « € k,} has order ¢"/q, thus is equal to the kernel. O

Remark. The Hilbert Theorem 90 for norm and trace maps is usually proved using first cohomol-
ogy group of the Galois group (a la Noether). When the base field is finite, we may use counting
argument, as shown above.

Given z € k,, it defines a k-linear transformation L, on k, by = + zx, that is, multiplication
by 2. The trace and determinant of L, are defined as the trace and determinant of any n x n
matrix representing L. They are in fact given by Try, /. and Ny, /. of z. More precisely, we have

Theorem 5.6.10. Let z € k,, and define L, as above. Then
1. Tr L, = Try, /1(2) and det L, = Ny, /().
2. Suppose k(z) = ky. Let f(t) = t" + ait" ! + -+ + a,_1t + a,, be the minimal polynomial
of z over k. Then
a) = —Trkn/k(z) and a, = (—1)”Nkn/k(z).

Proof. We shall prove (1) and (2) under the assumption (2) and leave (1) for the case k(z) being
a proper subfield k, as an exercise. For each 7 € Gal(k,/k), 0 = 7(f(2)) = f(7(2)), hence
7(z) is also a root of f(z). Further, if 7 and 7’ are two different elements in Gal(k, /k), then
7(z) # 7'(2) (otherwise they would agree on k(z) = k,). This shows that z has n distinct images
under Gal(k,/k) and they are the roots of f(¢). Therefore,

—ay = the sum of roots of f(t) = Try,, /(%)

and
(=1)"a,, = the product of roots of f(t) = Ny, /i(2).
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This proves (2). For (1), we know that L, satisfies f(¢) = 0. As f(t) is irreducible over k£ and
[kn : k] = n, f(t) is the characteristic polynomial of L,. The companion matrix attached to L, is

[0 —anp
1 0 —Aap—1
1 0 —Cp—9
0 :
L 1 _0/1 .
which has trace = —a; and determinant = (—1)"a,,. This proves (1). O

Exercises 5.6. 1. Let kg = F56 be the field with 15625 elements and let k = F5 be its prime subfield.
(a) Determine the cardinality of the set of elements of kg which generate kg as a field over k.
(b) Draw a lattice diagram for the subgroup-intermediate subfield correspondence for the funda-
mental theorem of Galois theory of kg /k.
2. Let k be a finite field with finite extensions k,, and k,,,, of degrees m and mn, respectively. Show
that

Tr,,. & = T, e 0 Try, gk, and Ny =Ng o poNg

m "

3. Let z € k,,. Suppose k(z) = k,, is a proper subfield of k,,. Prove that
Tr L. = Try, /i(2) = (n/m)Try, /1(2) and detL, = Nkm/k(z)"/m.

4. (a) (Normal Basis Theorem) There exists an element z € k,, such that the set {7(z) : 7 € Gal(k, /k)}
is a basis of k,, over k. [Hint: Consider the minimal polynomial of the Frobenius’ automorphism o.]
(b) For z in (a), we have Tty /k(z) # 0. [Hint: Express an element in k,, as a k-linear combination
of {7(2)}. Then show Try, ,(kn) = kTry, /1(2).]

Project 24 (Primitive elements in a finite field). The polynomial p(z) = 22 — 2 is irreducible in Zs[z]. Then
Z[x]/(x* — 2) is a field with 25 elements and we denote it by Fo5. We shall investigate a way to find a
primitive element for o5 in this project. Let o« = x + (p(z)).

(a) Prove that the order of « is 8 and the order of o 4 1 is 12.

(b) Use (a) to obtain a primitive element (the element of order 24) in Fo5. (Hint. Theorem [T.4.12] is

useful.)
(c) Find a primitive element for the fields Zo[z]/(z* + z + 1), Z3[z]/(2® + 22 + 1) and Z[z]/(2* — 2).
(d) Write an algorithm to obtain a primitive element for finite fields.

Project 25 (Paley Graph). Let ¢ be an odd prime power and consider the finite field F, of ¢ elements. For
the additive group (F,, +), let P(q) be the Cayley graph Cay(F,, (F})?), called the Paley graph (named
after Raymond Paley). Here, (F;)* = {2* : z € F};}
(a) Prove that —1 is in (F})? if and only if ¢ = 1 (mod 4). (Hint. Use Theorem [5.6.11)
(b) Deduce that the Paley graph is undirected if and only if ¢ = 1 (mod 4).
(c) Assume that ¢ =1 (mod 4). Then the Paley graph P(q) is a regular graph. What is its degree? Prove
also that if « and y are adjacent the number of common neighbors of = and y is (¢ — 5)/4 and if =
and y are adjacent the number of common neighbors of = and y is (¢ — 1) /4.
(d) Can we generalize the definition of the Paley graph to a finite local ring and a finite commutative
ring? (Hint. See Example [3.5.11] and Meemark and Suntornpoch [35].)
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5.7 Cyclotomic Extensions

In this section, we shall study other important examples of Galois extension, called cyclotomic
fields, and compute their Galois groups. Note that “Cyclotomy” is Greek for the art of dividing a
circle into equal parts.

Theorem 5.7.1. Let K be a field of characteristic 0 and let E be a splitting field of 2™ — 1 over K.
Then Gal(FE/K) is isomorphic to a subgroup of AutZ/(n) = (Z/(n))*. In particular, Gal(E/K)
is abelian.

Proof. Since (2™ — 1)’ = na"~! # 0, the roots of 2™ — 1 (in E) are distinct, say
2" —1=(zx—-1)(z—a2)...(x — ap).

Then A= {z€ F:2" =1} ={1,as,...,a,} is a finite subgroup of E*, so it is cyclic of order n by
Theorem[5.3.7l Any automorphism of £, § : E — E induces an automorphism ¢ : A — A, so there
is a group homomorphism from Gal(E/K) to Aut A defined by 6 — 6| 4. This homomorphism is
1-1 since any automorphism of £/ K is completely determined by its action on the roots of 2™ — 1.
Hence, Gal(E/K) is isomorphic to a subgroup of Aut A = AutZ/(n). O

We call a Galois extension field £//F abelian [cyclic] over F' if Gal(E/F) is abelian [cyclic].
Hence, the above theorem provides an example of abelian extension.

Our next objective is to show that if E is a splitting field of 2™ — 1 over Q, then Gal(E/Q) =
AutZ/(n) = (Z/(n))*. We first recall some properties of the cyclic group of order n. Let Z/(n) =
(a). Then

1. For each divisor d of n, Z/(n) has a unique subgroup of order d, generated by a

2. All subgroups of Z/(n) are as in (1). Thus, the number of subgroups of Z/(n) is equal to
the number of divisors of n.

3. Ifz,y € Z/(n), then

n/d_

() = (y) <= o(x) = o(y)
<= 0(z) = y for some § € AutZ/(n)
<= z and y lie in the same orbit under the action of AutZ/(n).

An element w in a field K is an nth root of unity if w™ = 1, it is a primitive nth root of unity
if o(w) = nin K*, thatis, w” = 1 and w™ # 1 if 1 < m < n. In the complex numbers C, the nth
roots of unity are the powers of

w = e?™/" = cos(2m/n) + isin(2r/n) and w' = 2™/ = cos(2nt/n) + isin(2xt/n).

Thus, Q[w] is the splitting field of 2™ — 1 over Q, so [Q[w] : Q] is the degree of the minimal
polynomial of w over Q. We know that the set U of the nth roots of unity is a cyclic group of
order n under multiplication. Hence, the number of primitive nth roots of 1, that is, the number
of generators of U, is ¢(n).
For a positive integer d and z an indeterminate, the dth cyclotomic polynomial, ®,(z) is the
product
O4(z) = H{(x —¢) : ¢is a primitive dth root of unity}.

If n € Gal(Q[w]/Q) and z is primitive nth root of unity, then 7(z) is primitive. Hence,
n(Pn(z)) = P,(z) and so ¢, (x) € Q[z]. It is clear that ®,(z) | (™ — 1) and, in fact, since
any nth root of unity has an order d | n we see that

2" =1 =[] ®alx). (5.7.1)

dn
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Remark. The formula (5.7.I) provides us with an algorithm for calculating the polynomial ®,,(x).
To begin with we have
(I)l (.I') =xr—1

and assuming we already know the ® () for proper divisors d of n then (5.Z.1) gives us ®,(x).
For example, for a prime p, ®(x)®,(x) = 2P — 1, so we get

Pp(x) =aP a2+ a1
Then ®3(x) = z + 1 and ®3(z) = 22 + x + 1, so

By() z! -~ 1 24
)= ———"—"F-=2
! Oy () o (z)

20 -1
(b == = 2 — 1

o) = S @@~ T
12
—1

@12(3?) x = 334 — xz + 1.

T By (2)0y(2)Ps(2) Dy () D ()

Next, we observe that ®,(z) has integer coefficients. This holds for n = 1 and assuming it
holds for every ®4(z), d < n, we have 2" —1 = &, (2)g(x) where g(z) = []4,,.4<,, Pa(x) is a monic
polynomial with integer coefficients. The division algorithm gives integral polynomials ¢(x) and
r(z) with degr(z) < degg(z) such that 2™ — 1 = ¢(x)g(x) + r(x). Since ¢(x) and r(x) are unique
in Z[z] and 2™ — 1 = ®,,(z)g(z) in Q[z], we see that ®,,(z) = ¢q(z) € Z|x].

We shall now prove

Theorem 5.7.2. The nth cyclotomic polynomial ®,,(x) has integer coefficients and is an irreducible
polynomial in Q[z].

Proof. Suppose that ®,,(z) = h(x)k(x), where h(x),k(z) € Z[z] and h(z) is irreducible in Z[z],
hence, in Q[z] (Gauss’ lemma). We may also assume that h(z) and k(z) are monic and so
deg h(z) > 1. Let p be a prime integer not dividing » and let ¢ be a root of i(x). Since (p,n) = 1, 67
is a primitive nth root of unity. Assume that 4”7 is not a root of h(x). Then §? is a root of k(z); con-
sequently § is a root of k(zP). Since h(z) is irreducible and has § as a root also, (h(z), k(zP)) # 1
and thus h(x) | k(zP). It follows (as mentioned earlier) that k(zP) = h(x)l(x), where [(z) is monic
with integral coefficients. Since 2" — 1 = ®,,(x)g(z), we have 2" — 1 = h(z)k(z)g(x). We now
pass to congruences modulo p or, which is the same thing, to equations in (Z/(p))[x]. This gives

2" — 1= h(x)k(z)g(r) (5.7.2)

where, in general, if f(z) = apz™ + a1+t ap, € Z[:f], then f(z) = agz™ +az™ ' +-- -+

am,@; = a; + (p) in Z/(p). Similarly, we have k(x?) = h(z)I(x). Now, using a? = a for any a € Z,
we see that

f(az)P = (apz™ + alxm—l + -t am)?

_ _ —1 _
= aha?™ 4+ alePm Y o gk,

for any f(x) € Z[z]. Thus, k(z)? = k(2P) = h(x)l(z) which implies that (h(x), k(z)) # 1. Then
(5-7:2) shows that 2™ — 1 has multiple roots in its splitting field over Z/(p). Since the derivative
(2" —1) = nz" ! and 7 # 0, we have (2" —1, (z"—1)") = 1, contrary to the derivative criterion for
multiple roots. This contradiction shows that ¢? is a root of h(x) for every prime p fn. A repetition
of this shows that " is a root of h(x) for every integer r prime to n. Since every primitive nth root
of 1 has the form 6", (r,n) = 1, we see that h(x) is divisible by every = — ¢’, §’ primitive. Hence,
h(z) = ®,(x) and @, (x) is irreducible in Q[z]. O
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As an immediate consequence of Theorem [5.7.2] we get

Theorem 5.7.3. Let w be a primitive nth root of unity. Then
1. ®,,(z) is the minimal polynomial of w over Q.
2. [Qw] : Q] = deg ®,,(x) = ¢(n), the Euler’s ¢-function.
3. Qlw] is the splitting field of ®,,(x) over Q.
4. Gal(Qw]/Q) = (Z/(n))*.

Proof. (1), (2) and (3) are obvious. To prove (4), recall that by Theorem [5.7.1] Gal(Q[w]/Q)
is isomorphic to a subgroup of (Z/(n))*. Since [Q[w] : Q] = ¢(n) = [(Z/(n))*|, it must be
isomorphic to all of (Z/(n))*. O

Theorem [5.7.3]implies that Gal(Q[w]/Q) is isomorphic to the multiplicative group U,, of units
of the ring Z/(n). If n is a prime then we know that this is a cyclic group of order p—1. Moreover, if
n = pitps? ... pS, p; distinct primes, then U, is isomorphic to the direct product of the groups Ue; .
In addition, we know the structures of U, from the knowledge of primitive roots in number theory

as follows.

Theorem 5.7.4. [Structure of U]
1. U, and Uy are cyclic and if e > 3, then Use is a direct product of a cyclic group of order 2 and
one of order 2¢72.
2. If p is an odd prime, the multiplicative group U, of units of Z/(p°®) is cyclic.

Example 5.7.1. If w = ¢*™/72 is a primitive 72"¢ root of unity, then
Gal(Qw]/Q) = Ury = Z/(2) X Z/(2) x Z/(6).

A finite-dimensional field extension of Q is called a cyclotomic field if it is a subfield of Q[w]
for some root of unity w.

Theorem 5.7.5. Let K be a cyclotomic field. Then K is Galois over Q and Gal(K/Q) is abelian.

Proof. Consider Q ¢ K C Q[w] for some nth root of unity w. By the fundamental theorem of
Galois theory K = Q[w]” for some subgroup H of G = Gal(Q[w]/Q) = (Z/(n))*. Since G is
abelian, H is normal in G, so the fundamental theorem says that K is Galois over Q with Galois
group G/ H, an abelian group. O

Remark. A deep theorem of Kronecker and Weber says that the converse of Theorem [5.7.5] is
true, namely, “if K is Galois over Q and Gal(K/Q) is abelian, then K is a cyclotomic field, that is,
K C Q[w] for some root of unity w.”

Example 5.7.2. Let w = ¢2™/7! be a primitive 71% root of unity. Then
G = Gal(QLu]/Q) = Un = 7/(70) = 7/(2) x Z,(5) x Z/(7).

Let H = Z/(2) x Z/(5) be the subgroup of G of order 10. Then H is normal in G and conse-
quently we have Q[w]” is a Galois extension over Q of degree [Q[w]” : Q] = [G : H] = 7 and

Gal(QLw] /Q) = G/H = Z/(7).

We now have enough tools to find the Galois groups of splitting fields of irreducible separable
polynomials 2™ — a. Note that (2™ — a)’ = nz""!, so 2™ — a is separable over a field F if and only
if char F' /n. In particular, if F' contains a primitive nth root of unity, then char F' fn.
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Theorem 5.7.6. Let F be a field which contains a primitive nth root of unity w, i.e., char F' not
divide n. Let a € F, f(x) = 2™ — a, E the splitting field for E over F and r a root of f(x) in E.
Then

(1) The factorization of f(z) in E[x] is

" —a=(x—7r)(z—wr).. . (z—w"r)

and E = Fr].
(2) Let d be the least positive integer such that v = b € F. Then d divides n and

2 —b=(z—r)(z—er)...(x —e¥1r)
is the minimal polynomial of r over F where ¢ = w™/%, a primitive dth root of unity. In addition,
[E : F| = dand Gal(E/F) = Z/(d). The automorphism « : E — E defined by a(r) = er
generates Gal(E/F).

Proof. (1) Since r,wr,...,w" 7 are all roots of 2" — a, (z — r)(z — wr)...(z — W™ 'r) must
divide ™ — a. Since both polynomials are monic of degree n, they must be equal. Also, w € F
by hypothesis, so F'[r] contains all the roots of 2™ — a and is generated over F' by them. Hence,
E = F[r] by the definition of splitting field.

(2) Since d is the generator of the group {m € Z : ™ € F'} and n is in this group, d divides n.
Certainly, r is a root of % — b € F[z]. If 27 — b had a proper factor of degree ¢, 0 < ¢ < d, looking
at its constant term would show that ¢ € F, contradicting the minimality of d. Thus, 2% — b is
irreducible. Hence, [E : F| = [F[r] : F] = d, so |Gal(FE/F)| = d. On the other hand, one sees that
a'(r) = e'r, so a is an element of Gal(E/F) of order d. Therefore, Gal(E/F) = (a) = Z/(d). O

For the sake of clarity, we reformulate Theorem slightly to emphasize the case where
f(x) is irreducible, which is the important one.

Theorem 5.7.7. Let F be a field which contains a primitive nth root of unity w and let a € F.
Then x™ — a is irreducible if and only if no divisor d of n, d # 1, such that a = b® for some b € F.
If 2™ — a is irreducible and E/ F is its splitting field, then [E : F] = n and Gal(E/F) = Z/(n).

Example 5.7.3. Let f(z) = 2™ — p € Q[z] where p is prime. (The essential point is not that p is
prime, but that it is not a proper power.) By Eisenstein’s criterion f(z) is irreducible over Q. If
we let r = {/p denote the positive real nth root of p and w = e?™/" a primitive nth root of unity,
then the factorization of f(x) in Clz] is

" —p=(z—r)(z—wr)... (z—" ).

Now let E = Q[r,wr,...,w" 7] be a splitting field for f(z), and let ¢ € Gal(E/Q). Then ¢
permutes {r,wr, ..., w" 1r} and ¢ is completely defined by its action on the set {r,wr, ..., w" 1r}.
This gives rise to an embedding

Cal(E/Q) < S, = Sym{r,wr,...,w" 1}
Note that w = (wr)r~!, so w € E. This makes it clear that
E = Qlr,wr,...,w" 'r] = Qw,r] = Qu][r].

Thus, E is generated over Q by two elements w and r. We also know that F can be generated over
Q by a primitive element. However, using such an element would not simplify the description of

Gal(E/Q).
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Now consider ¢ € Gal(E/Q). Then

p(w) = w' and o(r) = Wi

for some 1 < i < n—1such that ged(i,n) = 1 and 0 < j < n— 1. The choice of i and j completely
determines ¢ and it turns out that all of the above choices do determine automorphisms of E.

Thus,
|Gal(E/Q)| =n - é(n).

To describe Gal(E/Q) more precisely, let Qw] = E*, and for 0 < j < n — 1, let Q[uw’r] =
EXi, Since Q[w] is Galois over Q, H is normal in Gal(E/Q). Moreover, by Theorem [5.7.7}
H = Gal(E/Q|w]) = (1) =2 Z/(n) is cyclic of order n with generator 7 defined by

T(w)=w and 7(r)=wr.

The group K; are more difficult to describe explicitly, but they are all conjugate in Gal(£/Q)
and isomorphic as abstract groups to Gal(Q[w]/Q) = (Z/(n))*. We have the following diagram
of subgroups of Gal(F/Q) which does not include all subgroups.

Gal(E/Q)

N

The corresponding invariant fields are
N /

As a group, Gal(E/Q) is a semi-direct product H x K; for any i.

We conclude this section with the statement of the following theorem on the Galois group of
splitting fields of irreducible separable polynomials =™ — a without proof.

Theorem 5.7.8. Let F|w] be a splitting field for 2™ — 1 over F where w is a primitive nth root of
unity. Suppose that a € F and f(x) = ™ — a is irreducible over F and let E be a splitting field
for f(x) over F. Let d be the largest divisor of n such that b = a for some b € F[w] (possibly
d=1). Let G = Gal(E/F) and H = Gal(E/F|w]). Then H is cyclic of order d and normal in G,
Gal(F|w]/F) = G/H is isomorphic to a subgroup of (Z/(n))* and G is isomorphic to a semi-direct
product of H by G/H.

Using the cyclotomic polynomials, we now present the proof of Wedderburn’s theorem as
follows.

Theorem 5.7.9. [Wedderburn, 1909] A finite division ring is a field.
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Proof. Let D be a finite division ring. Then the center of D, denoted by F), is a finite field (see
Exercises 2.1). Assume that |F'| = ¢. Since D is a vector space over F, |D| = ¢" for some n € N.
Also, for an element d € D, the set C(d) = {r € D : rd = dr} is a division ring containing F’
and |C(d)| = ¢™ for some m < n, which is strictly less than if d ¢ F. Thus, the class equation
(Corollary [[.3.8) for the multiplicative group D ~ {0} is

n _ . . . . > qn -1
a —1—|F\{ML+Z;D\{M.OMJ\{NJ—q—1+;;¢m_1,
where dy,ds, ... ,ds represent the conjugacy classes of D ~ {0} which contains more than one

element and |C(d;)| = ¢ for some m; < n for all i. Because each (¢" —1)/(¢™ —1) = [D~ {0} :
C(d;) ~ {0}] is an integer, m, is a proper divisor of n. Thus, the quotient
" —1
O, (z)(x™mi — 1)

is a polynomial in Z[x]. Substitute ¢ for x, we see that ®,,(¢) divides (¢" — 1)/(¢™ — 1). It follows
from the class equation that ®,,(¢) divides ¢ — 1 because it divides all the other terms. Then
|®,,(¢)| < ¢—1. On the other hand, since 1 is the closest point, on the unit circle {z € C : |z| = 1},
to the positive integer ¢, we have that for every primitive nth root of unity w’,

lg—w/|>q—1>1,

and the first inequality is strict unless w’ = 1, that is, unless 1 is a primitive nth root of unity which
means n = 1. So the product |®,,(q)| of the |¢—w’|’s is greater than or equal to ¢ — 1, with equality
only if n = 1. Because |®,(q)| is both at most ¢ — 1 and at least ¢ — 1, we get |®,(q)| = ¢ — 1
and hence n = 1. Therefore, |D| = ¢ = |C(D)|, so D = C(D) which implies D is commutative as
desired. O

Given a field F' and a polynomial p(x) € F[z], we say that p(x) is solvable by radicals over F
if we can find a finite sequence of fields F} = F(wy), F» = Fi(w2), ..., Fy = Fi_1(wg) such that
wit € F,wy? € F, ..., w." € Fi_1 and all roots of p(x) lie in Fy.

If K is the splitting field of p(z) over F, then p(x) is solvable by radicals over F' if we can find
a finite sequence of fields as above such that K C Fj. An important remark, and one we shall use
later, in the proof of Theorem [5.7.10] is that if such an F}, can be found, we can, without loss of
generality, assume it to be a normal extension of F'. We leave its proof as an exercise.

Theorem 5.7.10. [Galois] Let F be a field which contains a primitive nth root of unity for every
positive integer n. If a polynomial p(x) € F[z]| is solvable by radical over F, then the Galois group
over F of p(x) is solvable.

Proof. Let K be the splitting field of p(x) over F. Since p(x) is solvable by radicals, there exists a
finite sequence of fields

F=FICkh-= F(wl) C Fy= Fl(WQ) C...CF,= Fk_l(wk),

where wi' € F,w)? € Fi,...,w,* € Fj,_; and K C Fj, such that F}, is normal over F. As a normal
extension of F', Fy, is also a normal of any intermediate fields, hence Fj is a normal extension of
each F;. Theorem [5.7.6]implies that F; is a normal extension of F;_; and Gal(F;/F;_) is abelian
for all i. Thus, by the Galois correspondence, Gal(F}/F;) is a normal subgroup in Gal(F/F;_1).
Consider the normal series

Gal(Fk/Fg) D) Gal(Fk/Fl) D) Gal(Fk/Fg) DD Gal(Fk/Fk_l) D) {1}

Since Gal(Fy/F;_1)/Gal(Fy/F;) = Gal(F;/F;_1) is abelian for all i, Gal(F}/F') is solvable. It
follows that Gal(K/F') = Gal(Fy,/F)/Gal(F},/K) is solvable by Theorem 3.2.4] (2). O
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We make two remarks without proof.

1.

2.

The converse of Theorem [5.7.10] is also true; that is, if the Galois group of p(x) over F' is
solvable, then p(z) is solvable by radicals over F.
Theorem [5.7.10] and its converse are true even if ' does not contain roots of unity.

Recall that for n > 5, S,, is not solvable. Thus we have

Corollary 5.7.11. The general polynomial of degree n > 5 over Q is not solvable by radical.

Exercises 5.7. 1. Prove the following statements. (a) If p is a prime number, then @, (z) = ®, (2P

k—1
).
(b) If n > 1 is odd, then ®5,(z) = @,,(—2x).
D, (2P) if
(o) If p is a prime number, then ®,,(z) = { b, (x)’ itp fo,
O, (xP), if pn.

. Let w = ¢>™/18 be a primitive 18th root of unity.

(a) Find the minimal polynomial of w over Q.

(b) Draw a lattice diagram for the subgroup-intermediate subfield correspondence for the funda-
mental theorem of Galois theory of Q[w]/Q.

Give an example of field F containing the field of rational numbers Q such that E is Galois over Q
and Gal(F/Q) is a cyclic group of order five.

Let K be a finite separable extension over F' and FE its normal closure (smallest normal extension
over F' containing K).

(a) Prove that [F : F] is finite. (b) If Gal(E/F) is abelian, show that K is normal over F'.

If p(x) is solvable by radicals over F’, prove that we can find a finite sequence of fields

FCF = F(w1) C Fs, = Fl(wg) C...CF, = Fk_l(wk),

where wi' € F, wy? € F, ..., w* € F,_; containing all the roots of p(x) such that Fj, is normal
over F.

Assume that 2P — a, a € Q, is irreducible in Q[z]. Show that the Galois group of ¥ — a over Q is
isomorphic to the group of transformations of Z/(p) of the form y — ky + [ where k,l € Z/(p) and
k #£0.

Project 26 (Insolvability of a quintic). Consider g(x) = 32° — 15z + 5. By Eisenstein’s criterion, g(z) is
irreducible over Q.

(@
(b
(0

(d)
(e)

Use the intermediate value theorem to show that g(«) has a real root between —2 and —1 and also
has a real root between 0 and 1 and between 1 and 2.

Use Rolle’s theorem to assure that there is no other real roots. Hence, the other two roots of g(z) are
non real complex numbers, say a + bi and a — bi.

Let K be the splitting field of g(x) in C. Show that Gal(X/Q) is isomorphic to Ss.

Since S5 is not solvable, deduce that g(z) is not solvable by radical by Galois (Theorem [5-7.10).
Give another example of irreducible polynomial in Z[z] of degree five that is solvable by radical,
compute the Galois group of its splitting field over Q and show that this group is solvable.

5.8

Normal Bases

Let E be an extension field of a field F'. We have known from Lemmal5.6.8] that the automorphism
in Gal(E/F) are E-linearly independent F-linear transformations.
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Theorem 5.8.1. If E//F is a finite Galois extension with Galois group G = {1,09,...,0,}. Then
{u1,ug,...,u,} is a basis for E/F if and only if

U1 U Up,
det Uz{ul) JQ(UQ) Ug(un) 7&0'
on(ur) op(uz) ... opuy)

Proof. Call the above matrix M and suppose that det M = 0. Since M € M, (FE), there are
a1, a9,...,q, € E, not all zero, such that

[Oél a9 ... an]M:6.
This translates to 0(u;) = 0(u2) = - - - = 6(uy) = 0 where
0=a1l+ago9+ - +ano,: E— FE.

But # : E — FE is a F-linear map, so 6 is the zero map, since it vanishes on wuq,us, ..., uy.
Since 1,09, ..., 0, are linearly independent over K, Lemma [5.6.8] says that § # 0, so we have a
contradiction.
Conversely, if uy,us, ..., u, are not a basis for E/F, then there are 1, 5,..., 8, € F, not all
zero, such that
w1 B +u2fo + - -+ upfB, = 0.

Then for any o; € G,
oi(u1)B1 + oi(u2)fBo + - - + 0i(un)Bn = oi(u1B1 +uzfe + - - + upfy) =0,
soM[B1 B2 ... Bn]T = (0. Hence, det M = 0. O

Note that if |K| = ¢, then a? —a =0 for all « € K, so f(x) = 27 — z is a nonzero polynomial
but it is a zero function. The next theorem says that such a polynomial cannot exist if K is infinite.

Theorem 5.8.2. Let F be an infinite field and F C E. If f(x1,...,x,) is a nongero polynomial in
E[z1,...,xy,)], then there exist ay, ..., a, € F such that f(aq,...,ay) # 0.

Proof. We shall use induction on n. For n = 1, since f(z1) has only finitely many roots and F is
infinite, there is o; € F' such that f(a;) # 0. Assume that the statement holds for n, and let

flx1, ..y xng1) = folzr, .oy zn) + fi(zn, .o on)Tner + -+ fe(xn, ..o xn)xflﬂ.
Since f # 0, at least one of fy(z1,...,2y),..., fi(x1,...,2,) is nonzero, so there are ay, ..., a, €
F such that f(au,...,an, 1) # 0 in E[z,41]. By the one variable case, there is a,,+1 € F such
that f(au,...,an, ant1) # 0. O

Theorem 5.8.3. Let F' be an infinite field and E/F Galois with Galois group G = Gal(E/F) =
{1,09,...,0,}. Suppose that 0 # f(x1,...,zn) € Flx1,...,x,] where x1,...,x, are indetermi-
nates over F. Then there exists u € E such that f(u,o2(u),...,on(u)) # 0.

Proof. Let {u1,...,uy,} be a basis for F/F. By Theorem [5.8.7] the matrix
(75} u9 e Uy,
o2(U1 o2(U2 e o2(U

I CACREATS 51 .

on(ur) op(uz) ... onluy)
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is invertible. This means that the map on Elz1,...,z,] defined by

g(x1,.. . xn) = glures + - 4 UpTpy oo on(ur)zr 4 -+ op(Up)Tn)
is an isomorphism. Thus,

h(z1, ... xn) = flurzr + -+ Un@py - oy op(ur) ey + -+ - + op(up)Ty)

is a nonzero polynomial in E|xi,...,2z,]. By Theorem [5.8.2] there are ay,...,a, in F such that
h(ay,...,a,) # 0. Let u = uja; + - - - + upay, this translates to

0+# h(ar,...,an) = furar + -+ upan, ..., opn(ur)ar + -+ + op(up)ay)
= f(u,o2(u),...,on(u)),

since o;(u1)ar + - -+ + 0i(up)an, = oi(urar + - - - + upa,) = o;(u). O

Consider E = Q[i] is a Galois extension over Q. Its Galois group is of order two and consists
of the identity map and the complex conjugation. A basis over Q for it is {1,7}. This basis is
not invariant under the Galois action, namely after acting by the complex conjugation, we obtain
{1, —i}. We are showing the existence of a basis for a finite Galois extension which forms a single
orbit under the action of the Galois group. For example, for Q[:], we may use {1 +i,1 —i}. In the
case of finite fields, this means that each of the basis elements is related to any one of them by
applying the Frobenius’ automorphism repeatedly.

Let E//F be Galois with Galois group G = Gal(E/F) = {o1,...,0,}. Anormal basis for E/F
is a basis of the form {oj(u),...,0,(u)} for some v € E. Eisenstein conjectured the existence
of a normal basis in 1850 for finite extensions of finite fields and Hensel gave a proof for finite
fields in 1888. Dedekind used such bases in number fields in his work on the discriminant in
1880, but he had no general proof. (See the quote by Dedekind on the bottom of page 51 of
Curtis’s “Pioneers of Representation Theory: Frobenius, Burnside, Schur, and Brauer”.) In 1932
Noether gave a proof for some infinite fields while Deuring gave a uniform proof for all fields
(also in 1932). This basis is frequently used in cryptographic applications that are based on the
discrete logarithm problem such as elliptic curve cryptography. Hardware implementations of
normal basis arithmetic typically have far less power consumption than other bases.

Theorem 5.8.4. [Normal Basis Theorem] Let E/F be a Galois extension with Galois group G =
Gal(E/F) = {o1,...,0n}. Then E/F has a normal basis.

Proof. We shall assume that F is infinite and leave the finite case as an exercise (see Exercise [5.6)).
Let v € E. By Theorem[5.8.1] {01 (u),02(u),...,0,(u)} is a basis for £/ F if and only if

o?(u)  oroa(u) ... oro4(w)
et 020:1 (u) o3(u) ... og0,(u) L0,
ono1(u) opoa(u) ... o2(u)

Note that the entries in each row or column of the above matrix, call M, are a permutation of
the elements oy (u),...,0,(u). In other words, each o;(u) occurs exactly once in each row and
column of M. Thus,

M =o1(u)A1 + -+ op(u)A,

where each A; is a permutation matrix (a matrix with a single entry 1 in each row and column
and the remaining entries zero). Since det A; = +1, we see by inspection that if x4, ..., z, are
indeterminates over F

f(z1,...,xp) =det(z141 + - - + 2, An) = 2] £ --- £ 2, + other terms
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In particular, f(z1,...,2,) is a nonzero polynomial in F[z]. By Theorem 5.8.3] thereisa u € F
such that f(oy(a),...,on(u)) # 0. This translates to

0% F(or(d),...,on(w) = det(o1 (@)A1 + - - + on(@)An) = det M.

Hence, o4 (),...,0,(u) is a desired normal basis for E/F. O

Exercises 5.8. 1. Determine a normal basis for the field Q(v/2, v/3) over Q by using the Galois group

in Example [5.4.4]
2. Determine a normal basis for the cyclotomic field Q(e?™*/?) over Q where p is a prime number.

5.9 Transcendental Extensions

Most of extension fields seen in the previous section are algebraic. In this section, we shall present
some results on transcendental extension. The final theorem, namely Liiroth’s theorem, has many
applications in algebraic geometry and function field theory.

Let I be a subfield of a field £ and let x1, 29, . . . be independent indeterminates over E. An el-
ement z € E is transcendental over F if the homomorphism F[z,] — E defined by f(z1) — f(2)
is one-to-one. We call z € F algebraic over F' if it is not transcendental over F'. A finite set
{#1,...,2n} C E is algebraically independent over F' if the homomorphism Flzi,...,z,] = E
defined by f(z1,...,2n) — f(z1,...,2y) is one-to-one. (Note that the empty set is algebraically
independent since F' <— FE is one-to-one.) An arbitrary subset Z of FE is algebraically inde-
pendent over F if all of its finite subsets are algebraically independent. A subset Z of F is
algebraically dependent if it is not algebraically independent.

Remarks. 1. If z is transcendental over F, then F[z] = F[x;], so F[z] is not a field and F[z] is
infinite dimensional over F.
2. If z is algebraic over F, then F[z] = F[z1]/(f(x1)) where f(z;) is the minimal polynomial
of z over F. Thus, F[z] = F(z) is a field and F'[7] is finite dimensional over F'.

Example 5.9.1. Let F' C F(y,z) C E where y and = are independent indeterminates over F. Then
{y?, 2%} is an algebraically independent set but {y?, yz, 22} is not (for, if f(z1, 72, 23) = 173 — 23,
then f(y?,yz, 22) = 0).

Let F' be a subfield of a field E. F is algebraic over F' if each element of F is algebraic over F'.
E is purely transcendental over F if it is isomorphic (by an isomorphism which is the identity
on F) to F({x,}) where {z,} is a (possibly infinite) set of independent indeterminates.

Theorem 5.9.1. Let F be a subfield of a field E.
1. There exists a subset X of E (possibly X is empty) such that
(a) X is algebraically independent over F.
(b) X is maximal among algebraically independent sets, in the sense: If X C Y C E and
X #Y, then Y is not algebraically independent.
2. F(X) is purely transcendental over F and E is algebraic over F(X).
E

algebraic

F(X)
purely transcendental

F
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Proof. (1) Let ¥ = {X C E : X is algebraically independent}. Since the empty set is alge-
braically independent, .#” is nonempty. Let { X, }oca be achainin.”. Let {z1,...,2,} C Uyen Xa-
Then Vi,3a; € A,z € X,,. Since {X, }aen is a chain, we may rearrange «; so that there exists
J € Asuch that 2; € X, for all i. Since X, is algebraically independent, so is {z1, ..., 2, }. Thus,
Uaeca Xa is an upper bound of this chain in .. By Zorn’s Lemma, .#” has a maximal element, say
X. Hence, F(X) is purely transcendental over F'. The maximality of X implies that £ must be
algebraic over F'.

(2) The definition of algebraically independent means that /'(X) is purely transcendental over F'.
Consider z € E. If z € X C F(X), then z is algebraic over F'(X). If z ¢ X, the set X U{z} is alge-

braically dependent, so for some n there is a nonzero polynomial f(z1,...,Zn, Znt1) (@1, ..., Tyl
are indeterminates over F) and ay,...,a, € X such that f(ay,...,a,,z) = 0. The polynomial
f(z1,...,2pn, xyy1) cannot be a polynomial in only x4, ..., x,, since {a1, ..., a,} is an algebraically

independent set. Write

fxr, o xn, pgr) = fo(wr, oo osmn) + flo, o mp)epn + -+ fr(o, oo mp)y, g
Thus, f(ai,...,an,Tpt1) € F(X)[xn41] is a nonzero polynomial having z as a root, so z is alge-
braic over F'(X). Hence, F is algebraic over F'(X). O

Remark. There is no uniqueness for the field F(X). For example, if E = F(t) where ¢ is an
indeterminate, then we can take X = {p(t)/q(t)} where p(t)/q(t) is any element of E which
is not in F'. In this case [E : F(p(t)/q(t))] = n where n = max{degp(t),degq(t)} (Theorem
[5.9.3). However, we shall see shortly that the number of elements in the set X is independent of
particular set X.

Let F' be a subfield of E. A maximal algebraically independent (over F') subset of E is called
a transcendence basis for E/F.

Remark. By Theorem [5.9.1] a transcendence basis for F/F exists. It may be empty, which hap-
pens precisely when E is algebraic over F. Also, F is purely transcendental over F if it has a
transcendence base B such that £ = F'(B).

Theorem 5.9.2. Let F be a subfield of E. Then any two transcendence bases for E/F have the
same cardinality.

We call the number of elements of transcendence bases of F the transcendence degree of
E/F. For example, an algebraic extension has transcendence degree zero; F'(x) has transcen-
dence degree one over F'; in general, F'((x,)aeca) has transcendence degree |A| over K.

The purely transcendental extension fields £/ F, especially those having a finite transcendence
degree, appear to be the simplest type of extension fields. It is clear that such a field is isomor-
phic to the field of fractions F'(x1,...,z,) of the polynomial ring F[z,...,z,] in indeterminates
x1,...,x,. Even though these fields look quite innocent, there are difficult and unsolved problems
particularly on the nature of the subfields of F(x1,...,x,)/F. The one case where the situation
is quite simple is that in which F has transcendence degree one. We shall consider this case and
close this chapter.

Let E = F(t), t transcendental, and let w € E,¢ F. We can write u = f(¢)/g(t) where
f(t),g(t) € F[t] and (f(t),g(t)) = 1. If n is the larger of the degrees of f(¢) and ¢(¢), then we can
write

ft)=ap+art+---+ant™ and g(t) = by + byt + - - + byt™,

a;,b; € F, and either a,, or b, # 0. We have f(t) — ug(t) =0, so
(an — ubp)t" + (an—1 — ubp_ )" 1 -+ 4 (ag — ubg) =0 (5.9.1)

and a,, — ub,, # 0 since either a,, # 0 or b, # 0 and u ¢ F. Thus, (5.9.1) shows that ¢ is algebraic
over F'(u) and [F'(t) : F(u)] < n. We prove the following more precise result.
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Theorem 5.9.3. Let E = F\(t), t transcendental over F, and let u € F(t),¢ F. Write u =
f(t)/g(t) where (f(t),g(t)) = 1, and let n = max{deg f(t),degg(t)}. Then u is transcendental

over F, t is algebraic over F(u), and [F(t) : F(u)] = n. Moreover, the minimal polynomial of ¢
over F(u) is a multiple in F(u) of f(x,u) = f(x) — ug(x).

Proof. Put f(z,y) = f(z) — yg(z) € F[z,y|, x,y indeterminates. This polynomial in = and y
is of first degree in y and it has no factor h(x) of positive degree since (f(x),g(z)) = 1. Thus,
it is irreducible in F[z,y]. Now ¢ is algebraic over F(u) so if u were algebraic over F, then
t would be algebraic over F', contrary to the hypothesis. Hence, u is transcendental over F.
Then Flz,u] = F[z,y] under the isomorphism over F' fixing x and mapping v into y and hence
f(z,u) is irreducible in F[z,u]. It turns out that f(z,w) is irreducible in F'(u)[x]. Since f(t,u) =
f(t) —ug(t) = 0, it follows that f(z,w) is a multiple in F(u)[z] of the minimal polynomial of ¢
over F(u). Therefore, [F'(t) : F(u)] is the degree in = of f(x,u). This degree is n, so the proof is
complete. O

We can determine all of the subfields E/F for E = F(t), t transcendental: These have the
form F'(u) for some u. This important result is called the Liiroth’s Theorem. Liiroth proved it in
case K = C in 1876. It was first proved for general fields K by Steinitz in 1910, by the following
argument.

Theorem 5.9.4. [Liiroth] If E = F(t), t transcendental over F, then any subfield K of E/F,
K # F, has the form F(u), u transcendental over F.

Proof. Let v € K,¢ F. Then we have seen that ¢ is algebraic over F'(v). Thus, ¢ is algebraic
over K. Let f(x) = 2™ + k"' + --- + k, be the minimal polynomial of ¢ over K, so the
k; € K and n = [F(t) : K|. Since ¢ is not algebraic over F, some k; ¢ F. We shall show
that K = F(u),u = k;. We can write u = g(t)/h(t) where g(t), h(t) € F]t], (g(t),h(t)) = 1 and
m = max{deg g(t),deg h(t)} > 0. Then, by Theorem[5.9.3] [E : F(u)] = m. Since K D F(u) and
[E : K] = n, we evidently have m > n and equality holds if and only if K = F(u). Now ¢ is a root
of the polynomial ¢g(z) — uh(x) € K|x]. Hence, we have a ¢(x) € K|z] such that

g9(x) —uh(z) = q(z)f(z). (5.9.2)

The coefficient k; of f(x) isin F'(t), so there exists a nonzero polynomial ¢((¢) of least degree such
that co(t)k; = c;(t) € F[t] for 1 <i < n. Then ¢o(t)f(x) = f(z,t) = co(t)s™ +c1(t)x™ L+ -+ +
cn(t) € Flz,t], and f(x,t) is primitive as a polynomial in z, that is, the ¢;(¢) are relatively prime.
The z-degree of f(z,t) is n. Since k; = g(t)/h(t) with (g(¢),h(t)) = 1, the t-degree of f(x,t) is
> m. Now replace v in (5.9.2) by g(¢)/h(t) and the coefficients of ¢(x) by their expressions in ¢.
There exist, therefore, p(t) and ¢(x,t) € F[x,t] such that

e(O)lg(@)h(t) — g(t)h(x)] = f(z,t)q(,t).

Since the coefficients ¢o(t), c1(t), ..., c,(t) of f(x,t) have no common factor, we know that (¢)
divides ¢(z,t). Hence, we may assume ¢(t) = 1. It turns out that there exists a polynomial
¢ (x,t) € Flx,t] such that
g(x)h(t) = g(H)h(x) = f(x,t)q (2, 1).

Since the ¢-degree of the left-hand side is < m and that of f(z,t) is > m, it follows that this
degree is m and ¢/(z,t) = ¢/(x) € F[z]. Then the right-hand side is primitive as a polynomial in =
and so is the left-hand side. By symmetry the left-hand side is primitive as a polynomial in ¢ also.
Hence, ¢'(z) = ¢’ € F. Thus, f(z,t) has the same z-degree and ¢-degree so m = n, which implies
that K = F(u). O




182 5. Field Theory

Exercises 5.9. 1. Prove that there is no intermediate field K with Q C K g C with C purely transcen-
dental over K.
2. Prove that a purely transcendental proper extension of a field is never algebraically closed.
3. Let E = F(t,v), where t is transcendental over F' and v? + t?> = 1. Show that E is purely transcen-
dental over F.

Project 27 (More on Liroth’'s theorem). Prove more general fact that if ¥ C L C F and E is finitely
generated over F' (finite transcendence degree), then L is also finitely generated over F'. We can ask more
generally about minimal numbers of generators of finitely-generated extensions. For instance, suppose
K C L C K(z1,...,z,) where the x; are algebraically independent over K. If L/K has transcendence
degree 1, then L = K(«), This was proved for K = C by Gordan in 1887, and for arbitrary K by Igusa
in 1951. If C ¢ L C C(«y,...,x,) where L/C has transcendence degree 2, then L = C(a, 5). This was
proved by Castelnuovo in 1894. All known proofs are difficult. The result is not true in general for other
types of fields K, such as Q or R. Finally, there are fields L with C C L C C(x1,x2, z3) such that L/C has
transcendence degree 3 but cannot be generated by three elements.
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algebraic closure, constant term,
algebraic element, [76] content,
algebraic extension, [76] coset, left or right, [14]
algebraically closed field, cycle, 23]
algebraically dependent, cycle structure,
algebraically independent, [I79] cyclic extension,
alphabet set, cyclic group, 8]
alternating group, cyclic module, [108]
arc, [T43] cyclotomic field, [I72]
arc transitive, 143 cyclotomic polynomial, [71]
Artinian module,
Artinian ring, defining relation,
ascending chain condition (a.c.c.), degree of a field extension, [75]
associate, degree of a polynomial,
associative, degree of a regular graph,
atom, [59] degree of an algebraic element, [76]
automorphism group, derivative,
automorphism group of graphs, [T43] derivative of a polynomial,
automorphism of graphs, [T43] derived length,
automorphism of groups, derived series,

derived subgroup,
basis, descending chain condition (d.c.c.),
bilinear form, [I37] diagram chasing,
binary operation, dihedral group,
binomial theorem, [46] direct product of groups, [34]
Burnside theorem, direct sum, [104] [107]
butterfly lemma, directed path,

disjoint cycle, 24
canonical projection, [I8] [54] divide, 2]
Cauchy theorem, divisible module,
Cayley digraph, division algorithm, [I]
Cayley theorem, division algorithm of polynomials, [67]
center of a p-group, division ring, [47]
center of a group, [0 division ring of real quaternions,
center of a ring, [51] dual group, [44]
central series,
centralizer, 0] eigenvalues and eigenvectors of a graph G,
chain ring, Eisenstein’s criterion, [71]
character, [43] elementary row/column transformations, [121]
characteristic of a ring, elementary symmetric functions,
characteristic subgroup, embedded, [54]
chromatic number, [143] empty word,
coefficient, endomorphism of groups,
cokernel, [T04] energy of a graph,
commutative, entire, [47]
commutative ring, [45] epimorphism of groups,
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Euclidean algorithm, 5]

Euclidean domain,

Euler ¢-function, [6]

even permutation,

exact,

exact diagram, exact sequence, [T04]
exponent of a group, 37]

external weak direct product of groups, [34]

factor group, [I8]

factor module, [T04]

factor ring, [54]

field, @7

field extension, [75]

field of fractions,

field of invariant, fixed field, [I156]
field of rational functions, [I58]
finitely generated free module,
finitely generated module,

free group, 07

free module,

Frobenius’ automorphism, [[53]
fundamental theorem of algebra, [I63]
fundamental theorem of arithmetic,
fundamental theorem of Galois theory, [161]

Galois extension,

Galois group, [156

Galois ring,

Gauss’ lemma, [72]

ged-graph,

general linear group, [6] 47}
generator, [8]

greatest common divisor (ged), 2
group,

group action,

group algebra, [51]

group of symmetries, [7]

group of units, [47]

group ring, [51]

groupoid,

Hilbert basis theorem,
homomorphism of groups,
homomorphism of rings,
hyperbolic pair, 138
hyperbolic plane,

ideal generated by,

ideal, left or right,

ideal, two-sided ideal,

identity,

independent modules,
indeterminate,

index of subgroup, [14]

injective hull, injective envelope,
injective module,

inner automorphism,

integers modulo n, [ [@

integral domain, 7]

internal direct product of groups,
internal direct sum,

internal direct sum of groups, [34]
internal weak direct product of groups, [34]

inverse,

inverse modulo, [

irreducible element,

isometry, [137]

isomorphic (series), [§1]
isomorphism of graphs,
isomorphism of groups,
isomorphism theorems of groups, [I8]
isomorphism theorems of rings, [54]

Jacobson radical, [I34]
Jordan-Holder theorem,

kernel,

kernel of a module homomorphism, [T04]

Kronocker’s theorem, [T45]

Liiroth’s theorem, [I81]

Lagrange theorem, [T4]

leading coefficient,

least common multiple (Icm), [5}
left regular representation, [I3]

line, [I37]

linear fractional transformation,
linearly dependent,

linearly independent,

local ring, 57

lower central series,

Lucas’ congruence, [34]

maximal ideal,

maximal normal subgroup,
metabelian group, [92]
minimal polynomial, [76]
module, [T03]

module homomorphism, [T04]
modules over a PID,
monic polynomial,
monoid,

monomorphism of groups,
multiple root,
multiplicity,

Nakayama’s lemma, [T34]
negative Pell’s equation,
nilpotent element, [55] [T34]
nilpotent group,
nilradical, 134
Noetherian module,
Noetherian ring, [131]

norm, [L67]

norm map on Z[v/d],
normal basis,

normal basis theorem,
normal closure of a group, [08]
normal extension, [I57]
normal series,

normal subgroup, [8]
normalizer,

odd permutation,

orbit,

orbit-stabilizer theorem,
order of a group,
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order of an element,
orthogonal complement, [I37]
orthogonal graph, [T43]

p-group,

Paley graph,

partition,

Pell’s equation,

perfect field, [53]
permutation, [7]

Poincaré upper half plane, [I3]
polynomial,
presentation of a group,
prime element,

prime field, [74]

prime ideal, [57]

prime number,

primitive,

primitive element, [T54]

primitive element theorem, [T54]

primitive root of unity,
principal ideal,

principal ideal domain (PID), 53]

principal ideal ring,
principal series,
projective linear group,
projective module,

projective special linear group,
purely transcendental extension,

quaternion,
quotient field,
quotient group,
quotient ring, [54]

rank of a free group,
rank of a module, [I11]
reduced word,
refinement, [81]

regular n-gon,

regular module, [I03]
retraction,

Riemann sphere, [I3]

ring, 5]

ring of Gaussian integers,
ring of polynomials,

ring of quadratic integers,
root of unity,

rotation group,

section,

semi-direct product, [I7]
semigroup,

separable element,
separable extension,
separable polynomial,
short exact sequence, [T04]

short exact sequence of groups,

simple extension, [76] [154]
simple group, 27} B3]
skew field, @71

solvable by radicals, [T75]
solvable group,
special linear group,

spectrum of a ring, [57]

split (polynomial), [T45]
split exact sequence,
splitting field,
stabilizer,

strongly regular graph,
subgroup, [7]

subgroup generated by, [8]
submodule, [T04]
submodule generated by,
subnormal series, [8]
subring, 45]

subring generated by, [45]
sum, [107]

syllable,

Sylow p-subgroup,
Sylow theorems,
symmetric group, [7]

symmetric rational function,

symplectic bilinear form, [137]
symplectic graph,
symplectic group, [137]

torsion element, [127]
torsion free, [127]

torsion subgroup,
torsion submodule, [127]
torsion-free rank,
trace, [167]

transcendence basis,
transcendence degree,

transcendental element, [76]

transposition,
transvection,
trivial G action, [13]
trivial character, [43]

unimodular, [I37]
unipotent matrix,

unique factorization domain (UFD),

unit, [46]
unitary Cayley graph, [[01]
unity of a ring, 45

universal mapping property of a free group,
universal mapping property of a free module, [I08]

upper central series,

valuation map,
vector space, 103
vertex transitive, [I43]
von Dyck’s theorem,

Wedderburn’s theorem, [49] [I74]

well-ordering principle, [T
Wilson’s theorem,
word,

zero, [45]

zero divisor, [47]
zero ring, [46]
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