1 Vector Spaces

1.1 The Algebra of Matrices over a Field

Definition. By a field F’, we mean a non-empty set of elements with two laws of combination,

which we call an addition + and a multiplication - satisfying:

(F1) To every pair of elements a,b € F there is associated a unique element, called their sum,
which we denote by a + b.

(F2) Addition is associative: (a +b) + c=a + (b+ ¢).

(F3) Addition is commutative: a +b = b + a.

(F4) There exists an element, which we denote by 0, such that a + 0 = a for all a € F.

(F5) For each a € F there exists an element, which we denote by —a such that a + (—a) = 0.

(F6) To every pair of elements a,b € F there is associated a unique element, called their
product, which we denote by ab, or a - b.

(F7) Multiplication is associative: (ab)c = a(bc).

(F8) Multiplication is commutative: ab = ba.

(F9) There exists an element different from 0, which we denote by 1, such that a - 1 = « for all

a€F.
(F10) For each a € F, a # 0, there exists an element which we denote by a~!, such that
-1
a-a - =1.

(F11) Multiplication is distributive with respect to addition: (a + b)c = ac + be.

Remark. Note thatin a field ', 0 + 0 = 0.

We write Q for the set of rational numbers, R for the set of real numbers and C for the set
of complex numbers. These sets are fields. The rigorous definition and treatments on fields can
be found in any abstract algebra courses including 2301337 Abstract Algebra I. The definition of
field was presented once in Linear Algebra I. In this course, F' always denotes any of Q, R, C
or other fields. Its members are called scalars. However, almost nothing essential is lost if we
assume that F' is the real field R or the complex field C.

Example 1.1.1. A non-empty subset F' of C such that for any z,y € F, z —y € F and 2y € F
and for any non-zero z € F, 1/z € F is also a field. It is called a subfield of C. For example,
Qi) = {a+bi:a,be Q} is a subfield of C.

Example 1.1.2. Let p be a prime and I, = {0,1,...,p — 1}. For a and b in F,,, we define

a + b = the remainder when we divide a + b with p, and
ab = the remainder when we divide ab with p.

Then (FF,, +, -) is a finite field of p elements. Note that if p = 2, we have 1 + 1 = 0.
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Definition. Let F' be a field. An m x n (m by n) matrix A with m rows and n columns with
entries over F' is a rectangular array of the form

al 1 ... al] .. a/ln
A= |a; Qg Qin |
_aml “ e a/mj “ .. amn_

where a;; € F foralli € {1,2,...,m} and j € {1,2,...,n}. We write M,,,(F) for the set of
m x n matrices with entries in ' and we write M, (F') for M,, ,(F') the set of square matrices of
order n.

Remark. As a shortcut, we often use the notation A = [a;;] to denote the matrix A with entries
a;j. Notice that when we refer to the matrix we put parentheses—as in “[a;;]”, and when we refer
to a specific entry we do not use the surrounding parentheses—as in “a;;.”

Definition. Two m x n matrices A = [a;;] and B = [b;;] are equal if a;; = b;; for all i €
{1,2,...,m}and j € {1,2,...,n}.

Definition. The m x n zero matrix 0,,, € My, ,(F) is the matrix with 0p’s everywhere,

000 --- 0
000 - 0
Omxn: . .
000 --- 0

When m = n we write 0,, as an abbreviation for 0,,y,.
The n x n identity matrix [,, € M, (F') is the matrix with 1’s on the main diagonal and 0’s
everywhere else,

1 0 0 0

01 0 0
In: .

0 0 O 1

Definition. Let A = [a;;] and B = [b;;] be m x n matrices and a scalar r € F'. The matrix A+rB
is the matrix C' € M,, ,,(F') with entries C' = [¢;;] where

Cij = Q5 + ’I“bij.

Theorem 1.1.1. Let A, B and C be matrices of the same size, and let r and s be scalars in F. Then

(@ A+B=B+ A (e)r0=0and 0A =0
Bb)(A+B)+C=A+(B+0C) H1A=A
(0)A+0=A4 (@ (r+s)A=rA+sA

dr(A+B)=rA+rB (h) r(sA) = (rs)A = (sr)A = s(rA)
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Definition. Let A be an m x n matrix with columns dy,ds,...,d, and ¥ is a column vector
in F". The product of A and ¥ denoted by A% is the linear combination of the columns of A
using the corresponding entries in & as weights. That is,

x1
AZ = [dy dy - @) | . | =211 + 22d2 + -+ - + Tpdn.
Tn,
If B is an n x p matrix with columns by, bo, . .. ,Z;p, then the product of A and B, denoted by
AB, is the m x p matrix with columns Al;l, Ab,, . .. ,Agp. In other words,
AB=A 51 62 gp} = |:A51 Agg Agp:|

The above definition of AB is a good for theoretical work. When A and B have small sizes,
the following method is more efficient when working by hand. Let A = [a;;] € M, (F) and
B = [bj;] € M,,,(F). Then the matrix product AB is defined as the matrix C' = [¢;;] € My, ,(F)
with entries

n
Cij = E aibyj,
=1

that is,
aiy a2 v Gln cin o Clp
biy -+ by - by
by -+ baj - by
a1 A2 Qin . . . = | G
O S
|Am1 Am2 - Gmn 1Cm1 " Cmp]

If A is a square matrix of order n, then we write A* for A--- A.
—

k copies

Theorem 1.1.2. Let A be m x n and let B and C have sizes for which the indicated sums and
products are defined.

(@ AB+C)=AB+ ACand (B+C)A=BA+CA

(b) r(AB) = (rA)B = A(rB) for any scalar r

(C) AOnXk = Omxk and OkaA = Orxn

(d) 1,,A=A=AI,

(e) A(BC) = (AB)C

Remarks. Properties above are analogous to properties of real numbers. But NOT ALL real
number properties correspond to matrix properties.

1. It is not the case that AB always equal to BA.

2. Even if A # 0 and AB = AC, then B may not equal to C. (A must have an inverse!)

3. It is possible for AB = 0 even if A # 0 and B # 0. E.g., [(1) 8] [(1) 8} = {8 8]
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Definition. The transpose of an m x n matrix A is the n x m matrix obtained from A by
interchanging the rows and columns. We denote the transpose of A by A”. That is, if A =
[@j]mxn, then AT = [bji]nxm wWhere bj; = a;; for all ¢, j. Moreover,

T
X1
)
T
=1 =z z2 o
Tm
andsoif A= (@, d --- @y, then
ay
T
AT = |
an

Theorem 1.1.3. Let A and B denote matrices whose sizes are appropriate for the following sums
and products.

(@ (AT = A (© (rA)T =rAT for any scalar r

® (A+B)T =AT+ BT  (d) (AB)T = BTAT

1.2 Axioms of a Vector Space

Definition. A vector space V' over a field F' is a nonempty set of elements called vectors, which
two laws of combination, called vector addition (or addition) and scalar multiplication, sat-
isfying the following conditions.
A Vu,ve V,u+veV. (SM1) Va € F,Vu € Viau € V.
(A)Vu, v e V,ui+7=170+1. (SM2) Ya € F,Vu,v € V,a(td + 7¥) = at + at.
(A3) Vi, v € Vu—l—(v—i—w) = (U+7)+wW. (SM3) Va,be F,Vi €V, (a+b)u = at + bi.
AW eV,VieV,i+0=1d=0+1. (SM4) Ya,b € F,Vi € V, (ab)i = a(bid).
AS)VieV,3d eV,i+d =0=a +d. M5 VieV,li=1 (1€ F).
We call 0 the zero vector and @ the negative of 7.

Theorem 1.2.1. Let V be a vector space over a field F. Then
1. (Cancellation) Yu,v,w € Vi + W =¥+ W = @ = v and
Vi, v, W e V,i+u=w+7=u="1

2. The zero vector and the negative of u are unique. We shall denote the negative of u by —u.
3. VoeV,—(-v) =17
4. Vi e V,00 = 0.
5. YaeF, a0 = 0.
6. Ya € F,VU € V,(—a)¥ = —(a?) = a(—7). In particular, (—1)v = —(17) = —v.
7.¥Ya € FNTeV,at=0= (a=0V7=0).
Examples 1.2.1. 1. For any field F' and n > 1, we have F" is a vector space over F’ where

(‘/Elu"'axn)—’_(yl)"wyn) = ($1+yl,~'-7$n+?/n)
and
a(xy,...,zy) = (ax1,...,axy)

forall (z1,...,zn),(y1,...,yn) € F"and a € F
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2. Letm,n € N, F'is a field and M,, ,,(F') the set of all m x n matrices over F'. Then M,, ,(F)
is a vector space over F' under the usual addition and scalar multiplication of matrices.

3. [The space of functions from a set to a field] Let S be a nonempty set and F' a field. Let
FS ={f| f:S — F}. Then F? is a vector space over F by defining f + ¢ and af for
functions f, g € F¥ and a scalar ¢ € F as follows:

(f+9)@) = f(t) +9(t) and (cf)(t) = cf ()

for all t € S. The zero function from S into F' is the zero vector of F' and the negative of
f €Vis—fdefined by (—f)(t) = —f(t) forall t € S.

4. [The sequence space] Let FN = {(x,) : (x,)is asequencein F'}. Then FY is a vector
space over F' under the usual addition and scalar multiplication of sequences. That is, for
sequences (a,,) and (b,) in F" and a scalar c € F,

(an) + (bn) = (an + by) and c(ay) = (cay).

Its zero is the zero sequence (z,) where z, = 0 for all n and the negative of (a,,) is the

sequence (b,,) given by b,, = —a,, for all n.
5. Let n be a non-negative integer and F,,[z] be the set of polynomials over F’ of degree at most
n. That is,

Fyolz] = {ag + a1z + agz® + -+ + apa™ 1 a; € F foralli € {0,1,2,...,n}}.
We define the addition and scalar multiplication by

p(x) + q(z) = (ag + bo) + (a1 + b1)z + (ag + ba)z® + - + (an + bp)z"
and c(p(x)) = (cao) + (car)x + (caz)xz® + - - - + (can)z"

for all polynomials p(x) = ag+aiz+asx®+- - -+a,z" and ¢(z) = bg+byz+bex®+- - -+b,z™ in
F,[z] and ¢ € F. Then F},[z] is a vector space over F. Observe that for each positive integer
n, we have F,,_i[z] C F,[z].

6. [The space of polynomials over a field] Let F'[z] be the set of all polynomials over F. That
is,

Flz] = {ao + a1z + asx® +--- +a,z™ :n >0and a; € F foralli € {0,1,2,...,n}}.

Then F[z] = U F,[z]. If we use the addition and scalar multiplication defined for F,,|x],
n>0

then F[z] is a vector space over F. The zero polynomial 0(z) = 0 + 0z + 022 + - - - is its

zero vector and for f(x) = cg + c1x + -+ + ¢, z™ € Fx], the negative of f(z) is (—f)(z) =

(—co) + (—e1)a + -+ + (e )a™

Theorem 1.2.2. Let (Vi,+1,-1), (Va,+2,2),. .., (Va, +n, -n) be vector spaces over a field F.
For (¥, Vs, ..., Uy), (W, W, ..., W,) €V and c € F, we define the addition and scalar multiplica-
tionon V=V, x Vo x --- xV, by

(171,172,...,17n)+(w1,w2,...,wn) = (171 +1 wl,ﬁz —i—g?ﬁg,...,’ﬁn —|—nu7n)
and C_’1,1_)’2,...,’[_)’71):(0'1?71,0'2172,...,0'n17n).
Then V is a vector space over F with the zero vector 0 = (01,02,...,0,) and the negative of

(Uh, Vo, ...,Ty) is (—V1, —Va,...,—Uy). V is called the direct product of V;, V5, ..., V.
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1.3 Subspaces

Definition. Let V be a vector space over a field F'. A subspace of V' is a subset of IV which
is itself a vector space over F' with the operations of vector addition and scalar multiplication
of V.

Theorem 1.3.1. Let W be a nonempty subset of V. Then the following statements are equivalent.
(i) W is a subspace of V.
(i) Vu,v e W,Vce F,i+v €W and ci € W.
(iii) Vu,v € W,Ve,d € F,cu+dv e W.
@(iv) Yu,v e W,¥c € F,cu+v e W.

Examples 1.3.1. 1. For any vector space V over a field F, we have {0y} and V are subspaces
of V, called trivial subspaces.
2. For a non-negative integer n, we have F,[z] is a subspace of F'[z].
3. Leta € F and V,, = {(x1,22) : ¥1 = axs}. Then V, is a subspace of F2.
4. Let BA(R) = {(a,) € RV : (a,) is a bounded sequence},
C(R) = {(a,) € RY : (a,) is a convergent sequence} and
Co(R) = {(a,) € RN :qa, — 0asn — oo}
Then Bd(R), C(R) and Cy(R) are subspaces of RY.
5. Let C%(—o00,00) = {f € R¥ : f is continuous on (—o0, o0)}.
Then C°(—o0, ) is a subspace of RE,
Let W = {f:R — R| f” = f}. Then W is a subspace of R¥.
7. Let Wi = {p(x) € Flz] : p(1) = 0} and Wy = {p(z) € F[z] : p(0) = 1}.
Then W, is a subspace of F'[x] but W5 is not.
8. Let A € M,,,(F). Then NulA = {# € F" : AZ = 0,,} is a subspace of F", called the null
space of A.

o

Theorem 1.3.2. Let V' be a vector space over a field F. The intersection of any collection of
subspaces of V' is a subspace of V.

Definition. For non-empty subsets S1,.5,,...,S5, of VV, we define

n
S1+Sy+---+ S :ZSi:{a;1+x2+---+xn:x1651,372652,...,xn€5n}.
i=1

Theorem 1.3.3. If W4, ..., W,, are subspaces of V, then Wy + - -- + W, is a subspace of V.

Remark. Wj + W5 is the smallest subspace of V' containing W; and W5, i.e., any subspace con-
taining W, and W, must contain W7 + Wo.

Definition. Let V' be a vector space over a field F'.
A vector v is said to be a linear combination of v, ..., 7, € V if

dai,...,an € F, U0 =a101 + -+ + anUn.
Definition. Let S C V. The subspace of V' spanned by S is defined to be the intersection of

all subspaces of V' containing S. We denote this subspace by Span S.
For ¢1,...,7, € V, we call Span{#i, ..., 0,} the subspace of V spanned by 1, ..., 7).
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Since () C {5\/} which is the smallest of all subspaces of V', we have Span = {6\/}. Moreover,
if W is a subspace of V, then Span W = W. In particular, Span(Span S) = Span S.

Remark. Let S be a non-empty subset of V' and let W be a subspace of V' containing S. Note that
forcy,...,cy, € Fand 4, ...7,, € S, we have vy, ..., € W and so

vl + -+ ety € WL

Thus, Y := {c101 + - + eyl : €1,..., ¢ € Fand v4,..., 0, € S for some m € N} C W for all
subspaces W of V' containing S. Hence, Y C Span S.

Theorem 1.3.4. Span S is the smallest subspace of V' containing S. That is, any subspace of V
containing S must also contain Span S. Moreover, Span () = {0} and

Span S = {c1T1 + -+ + U : C1,- .., Cm € Fand v, ...,y € S for some m € N} if S # ().
In particular,

Span{ti,..., 0} ={cath + -+ cptp:c1,...,¢p € F}.

Definition. Let A= [d@; @ ... dn] beanm x n matrix over a field F. Then @; € F™ for all
i=1,2,...,nand Span{ay, ds, ..., d,} is a subspace of F™, called the column space of A. We
denote this space by Col A.

By Theorem [1.3.4] we have

Col A = {c1d1 + cota + - -+ + cpdyp : €1,C2, ..., cn € F}.

Definition. Let V and W be vector spaces over a field F'. A function 7': V' — W is said to be a
linear transformation if the following conditions are satisfied:

(i) Vu,v e V,T(u+ v) =T(u) + T(v) and

(ii) Ya € V,Ve € F,T(cu) = ¢T'(4).

Theorem 1.3.5. Let V and W be vector spaces over a field F and T : V. — W a linear transfor-
mation. Then T'(Oy) = Ow and Vo € V, T(—7) = —T(%).

Theorem 1.3.6. The following statements are equivalent.
(i) T is a linear transformation.
(i) Vu,v € V,Ve e F,T(a+ v) =T (@) + T(¥) A T(ct) = T ().
(iii) Vu,v € V,Ve,d € F,T(cti 4 dv) = cT'(4) + dT(v).
(iv) Vi, 7 € V,VYc € F,T(ct + ) = cT'(@) + T(?).

Definition. Let V and W be vector spaces over a field F and 7' : V — W a linear transforma-
tion. Recall that the image or range of 7' is given by

imT =rangeT ={we W :30 e V,T (V) =w} ={T(7) : 7€ V}.
The kernel of T is defined by

ker T = {T €V :T(%) =0w}=T"({0w)).

Theorem 1.3.7. The kernel of T is a subspace of V' and the image of T is a subspace of W.
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Example 1.3.2. Let A= [d@; d» ... day] beanm x n matrix over a field F.
Then the matrix transformation 7" : F™* — F™ given by

T (%) = A%
is a linear transformation. Its kernel is
Nuld = {Z e F": AZ = 0,,}

the null space of A, and its image is

imT ={AZ:Z € F"} ={x1d1 + -+ xpdy : ¢1,...,2, € F} = Col A,
which is the column space of A.
Remark. Since the image of T': ¥ — A% the column space of A,

Tisonto < im7T = F™ & Col A = F'™.
If Col A = F'™, we say that the columns of A span .
Example 1.3.3. Let T': R[z] — R be defined by
T(p(x)) = p(1)

for all p(z) € R[z]. Show that T is an onto linear transformation and find its kernel.

Example 1.3.4. Let V be the space of differentiable functions on (—oo,o0) with continuous
derivative. Define a function T': V — C%(—o0, 00) by

for all f € V. Show that T is an onto linear transformation and find its kernel.

Definition. Let V be a vector space over a field F. Vectors iy,s,...,u, in V are linearly
independent if

Vei,60,...,0q € F iy +cotis+ -+ cptl, =0=>c1=co=--+-=¢, =0.
If there is a linear combination ¢yt + cotis + ... ¢, U, = 0 with the scalars ¢1, co, ..., ¢, not all
zero, we say that iy, i, . . . , i, are linearly dependent.

Example 1.3.5. Determine whether the set of vectors

{(1,1,1),(0,1,1),(0,0,1)}
is dependent or independent in R3.

Example 1.3.6. Determine whether the set of vectors
. 221 . Joo1] . 111
“o o0 1" oo 1" o 0 1
is dependent or independent in M 3(R).

Remarks. 1. The empty set is linearly independent.
2. If Oy is in S, then S is linearly dependent.
3. The singleton {0y} is linearly dependent and {4} is linearly independent unless @ = 0y
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Theorem 1.3.8. Let V be a vector space over a field F and S; C So C V. Then
1. SpanS; C Span So.
2. If S is linearly dependent, then Sy is linearly dependent.
3. If Sy is linearly independent, then S is linearly independent.

Example 1.3.7. Consider the space of continuous functions C°[-1, 1].
Determine whether the functions 1, z, 2% are dependent or independent.

Remark. Observe that the question of dependence and independence of sets of functions is re-
lated to the interval over which the space is defined. Consider the same interval [—1, 1] with the
functions f, g and h defined as follows:

flx)=1,-1<x <1,

0 if—-1<z<0, 0 if-1<z<0,
gl@) =< and h(z) = .
r ifo<zx<l. 22 ifo<z<l.

These functions are linearly independent. However, if we restrict these same functions to the
interval [—1, 0], then they are dependent because

0-f(x)+1-g(x)+0-h(z)=0

for -1 <z <0.

Theorem 1.3.9. Let T : V — W be a linear transformation. Then T is 1-1 < ker T = {0y }.

1.4 Bases and Dimensions

Definition. Let V' be a vector space over F'. A subset B C V is a basis for V if B is linearly
independent and Span B = V.

Theorem 1.4.1. Let V be a vector space over a field F and B = {v1,...,0,} C V linearly
independent.
1. If ¥ € Span B, then there exist unique ci, . . .,c, € F such that

U=cv1 + -+ ¢cpUn.

2. If Bis a basis for V, then every vector in V can be expressed uniquely as a linear combination
Of’L71, o ,17”.

3. Let W be a vector space over a field F and w, . . ., w, € W (not necessarily distinct). If B is a
basis for V, then there is a unique linear transformation from V to W such that T'(v;) = w;
forallie{l,...,n}.

Examples 1.4.1. 1. Find a linear transformation 7" that satisfies the following conditions
(i) T:C— Ryfz] with T(1 —i) =222 and T(1 +4) = 1 —z,
(i) T : Ro[z] — R? with T(1) = (2,1),T(1 — x) = (0,1) and T'(z + x?) = (1, 1).
2. Let T': Ry[z] — R3 be a linear transformation with

T2-2z)=(1,-1,1) and T(1+=x)=(0,1,-1).

Find T'(—1 + 2z).
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Lemma 1.4.2. 1. Ifu,vy,...,0, € Sand @ = ¢101+- - -+ ¢p Uy, then Span S = Span (S~ {u}).
2. If S'is a linearly independent subset of V and @ ¢ Span S, then S U {u} is linearly indepen-
dent.

Theorem 1.4.3. Let V be a vector space over F.
1. If B is a linearly independent subset of V which is maximal with respect to the property of
being linearly independent (i.e., VB C S, S # B = S is not linearly independent), then B is
a basis of V.
2. If B is a spanning set for V which is minimal with respect to the property of spanning (i.e.,
VS C B,S # B = Span S G V), then B is a basis of V.

Theorem 1.4.4. [Replacement Theorem] Let V' be a vector space that is spanned by a set G
containing exactly n vectors. Let L be a linearly independent subset of V' with m vectors. Then

1. m<n,

2. there exists a subset H of G with n — m vectors such that L U H spans V.

Example 1.4.2. Extend {(1,1,1)} to a basis of R?.

Corollary 1.4.5. If a vector space V has a finite spanning set {1, ..., 0,}, then
1. {¢4,...,T,} has a subset which is a basis,
2. any linearly independent set in V' can be extended to a basis,
3. V has a basis,
4. any two bases have the same finite number of elements, necessarily < n.

Definition. If a vector space V has a finite spanning set, then we say that V is finite-
dimensional, and the number of elements in a basis is called the dimension of V', written
dim V. If V has no finite spanning set, we say that V' is infinite-dimensional.

Examples 1.4.3. 1. The vector space {0} has dimension zero with basis (.
2. The vector space F", n > 1, is of dimension n with standard basis {(1,0,...,0),(0,1,...,0),
...,(0,0,...,1)}. Similarly, M,, ,(F) is of dimension mn where m,n € N.
3. The vector space F},[z] is of dimension n + 1 with standard basis {1, z,2?%,...,2"}.
The vector spaces F and F[z] are infinite-dimensional. A basis for F[z]is {1,z,22,...}.
If we consider C as a vector space over C, it has dimension one with basis {1}. But if we
consider C as a vector space over R it has dimension two with basis {1,7}.

ok

Remark. The above corollary is valid for a “finite” dimensional vector space. For a general (fi-
nite/infinite dimensional) vector space V, consider ¥ = {L C V : L is linearly independent}.
Then () € . Partially ordering .¥ by C. We now show that every chain in .¢ has an upper
bound. Let ¥ be a chain in .#. Consider |J¥. Let vy,...,9, € |J¥¢ and ci,...,¢, € F be such
that ¢, 4 - -+ + ¢n0, = Oy Suppose @; € L; for some L; € ¢ forall: € {1,...,n}. Since ¢
is a chain, we may suppose that L, C ... C L,,. Thus, v1,...,%, are in L,, which is a linearly
independent set. This implies ¢; = --- = ¢, = 0. Hence, | % is a linearly independent set, so | J ¢
is in .. By Zorn’s lemma—*“If a partially ordered set P has the property that every chain (i.e.,
totally ordered subset) has an upper bound in P, then the set P contains at least one maximal
element.”, . contains a maximal element, say . This is a maximal linearly independent subset
of V. By Theorem [I.4.3] (1), B is a basis for V. Hence, every vector space has a basis. Note that a
basis for FN exists in this way and is not constructible explicitly.

Corollary 1.4.6. If V is a finite-dimensional vector space with dim V' = n, then any spanning
set of n elements is a basis of V, and any linearly independent set of n elements is a basis of V.
Consequently, if W is an n-dimensional subspace of V, then W = V.
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Corollary 1.4.7. If V is a finite-dimensional vector space and U is a proper subspace of V, then U
is finite-dimensional and dim U < dim V.

Theorem 1.4.8. If W, and Ws, are finite dimensional subspaces of a vector space V over a field F,
then Wy + W is finite dimensional and

dim(W1 4F Wg) = dim W7 + dim W5 — dim(W1 N WQ).

Example 1.4.4. Consider two subspaces of R®

a
a—>b
W, = b | eR’:a,beR ) and Wy =
a+b
0 d

eR’:¢,decR

o O QU0

e

Find bases for W7, W5 and Wy N W5. Determine the dimension of Wy + Ws.

Definition. Let V and W be vector spaces over a field and 7': V' — W a linear transformation.
If V is finite dimensional, the rank of 7', denoted by rank 7', is dim(im 7") and the nullity of 7',
denoted by nullity 7', is dim(ker 7).

Theorem 1.4.9. Let V and W be vector spaces over a field F and T : V' — W a linear transfor-
mation. If V is finite dimensional, then

rank 7"+ nullity 7' = dim V.

Theorem 1.4.10. Let V and W be finite dimensional and T' : V. — W a linear transformation
and dim V' = dim W. Then T is one-to-one < T is onto.

Corollary 1.4.11. IfV is finite dimensional, S and T are linear transformations from V to V, and
T o S is the identity map, then T = S~1.

From Theorem [1.4.1] we have known that the representation of a given vector ¢ € V in terms
of a given basis is unique.

Definition. Let V be an n-dimensional vector space over a field F' with ordered basis B =
{1,...,0,} and ¥ € V. Then Vv € V,3(c1,...,¢,) € F™", 0 = ¢ty + - - - + ¢pUy. The vector

is called the coordinate vector of ¥ relative to the ordered basis 5.
Theorem 1.4.12. For ¥,w € V and ¢ € F, we have [0 + W|p = [U]p + [W]|g and [ct]p = c[V]s.

Definition. A one-to-one linear transformation from V' onto W is called an isomorphism. If
there exists an isomorphism from V' onto W, then we say that V is isomorphic to W and we
write V = W.
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Note that & is an equivalence relation.

Theorem 1.4.13. Let V be an n-dimensional vector space over F.
If B is a basis for V, then the map v — (U] is an isomorphism from V onto F". Hence, V. = F™.

Therefore, the theory of finite-dimensional vector spaces can be studied from column vectors
and matrices which we shall pursue in the next chapter.

Corollary 1.4.14. If V and W are finite dimensional, then dimV = dim W < V =2 W.

Exercises for Chapter 1. 1. Let V = RT the set of all positive integers. Define a vector addition and

N

11.

12.

13.

14.

15.

16.

17.

18.

a scalar multiplication on V" as
v@w=vw and a®v=10v"

for all positive real numbers v and w, and a € R. Show that (V, @, ®) is a vector space over R.
Let V be a vector space over a field F. For ¢ € F'and @ € V, if ¢0 = @, prove that ¢ = 1 or ¥ = Oy .

. Which of the following are subspaces of M (R)?

() {A € My(R) : det A = 0} (b) {A € My(R): A= AT}

(@ {Ac My(R): A=—-AT} (d) {A € My(R) : A2 = A}

Which of the following are subspaces of R?

(a) All sequences like (1,0,1,0,...) that include infinitely many zeros.

) {(a,) € RN : 3ng € N,Vj > no,a; = 0}.  (c) All decreasing sequences: a; 1 < a; for all j € N.
(d) All arithmetic sequences: {(a,) € RN : Ja,d € R,Vn € N,a,, = a + (n — 1)d}.

(e) All geometric sequences: {(a,) € RN : Ja,r e R,¥n € N,7 # 0 A a,, = ar"1}.

. Which of the following are subspaces of V' = [0, 1]?

(@ {feV:f0)=0} ®) {f eV :Vze[0,1], f(x) = 0}

() All increasing functions: Va,y € [0,1],2 <y = f(z) < f(y).

Let V and W be vector spaces over a field " and T : V — W a linear transformation.
(a) If V1 is a subspace of V, then T(V;) = {T'(Z) : £ € V4 } is a subspace of W.

(b) If W, is a subspace of W, then T=}(W;) = {Z € V : T(Z) € W1} is a subspace of V.
If L, M and N are three subspaces of a vector space V such that M C L, then show that

LAN(M+N)=(LNM)+(LNN)=M+ (LNN).

Also give an example, in which the result fails to hold when M g L. (Hint. Consider V,, of F2.)
Let Sy and S3 be subsets of a vector space V. Prove that Span(S; U S3) = Span S7 + Span S.
If U1, 172, vg eV such that ¥; + 05 + vz =0, prove that Span{ﬁl, 172} = Span{ﬁg, ’Ug}

. LetS={#,...,v,}and ¢1,...,¢, € F ~ {0}. Prove that:
(a) Span S = Span{c171,...,c,Un}
(b) S is linearly independent < {c¢; @4, ..., ¢, ¥, } is linearly independent.
If {y,71,...,0,} is linearly independent, show that {+ ¢4,...,% + ¥, } is also linearly independent.

Determine (with reason or counter example) whether the following statements are TRUE or FALSE.
(a) If W7 and W5 are subspaces of V, then W U W, is a subspace of V.
(b) If {#, ¥, U3} is a basis of R?, then {#), ¥ + U, T + U2 + ¥3} is a basis of R3.

Determine whether the following subsets are linearly independent.

(@ {(1,4,—1),(1+14,0,1 — i), (i,—1,—4)} in C? (b) {z,sinx,cosx} in C°(R)

Let V be a vector space over a field F. Let v, vs, ..., v, be vectors in V.

If W € Span{¥y, Vs, ..., Uy} ~\ Span{¥s, ..., U, }, then ¥; € Span{w, vs,...,0,} ~ Span{ts, ..., ¥, }.

Prove that if U and V are finite dimensional vector spaces, then dim(U x V) = dimU + dim V.
Find a basis and the dimension of the following subspaces of Ms(R).

(@ {Ae MyR): A= AT} (b) {A € My(R): A= —AT}

(©) {4 € My(R) : VB € My(R), AB = BA}

Let B € My(R) and W = {A € My(R) : AB = BA}.

Prove that W is a subspace of M3(R) and dim W > 2.

Find a basis for the subspace W = {p(x) € Rs[z] : p(2) = 0} and extend to a basis for Rs[x].
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19.

20.

21.

22.

23.

24.

25.

Let W7 = Span{(1,0,2), (1,—2,2)} and W, = Span{(1,1,0),(0,1,—1)} in R?.

Find dim(W; N W) and dim(W; + Ws).

If T:V — W is a linear transformation and B is a basis for V, prove that Span T'(B) = imT.

Let T : Ro[z] — Rs[x] be given by T'(p(z)) = zp(x).

(a) Prove that T is a linear transformation and determine its rank and nullity.

(b) Does T~ exist? Explain.

Suppose that U and V are subspaces of R'?, with dimU = 7 and dim V = 8.

(a) What is the smallest and largest possible dimensions of U N V? Explain.

(b) What is the smallest and largest possible dimensions of U + V? Explain.

If V and W are finite-dimensional vector spaces such that dim V' > dim W, then there is no one-to-
one linear transformation 7" : V. — W.

Let U and W be subspaces of a vector space V. If dim V' = 3, dimU = dim W = 2 and U # W, prove
that dim(UNW) = 1.

Let U and W be subspaces of a vector space V such that U N W = {0}.

Assume that , @, are linearly independent in U and oy, ws, w5 are linearly independent in W.

(a) Prove that {uy, iy, W, Wy, ws} is a linearly independent set in V.

(b) If dimV = 5, show that dimU = 2 and dimV = 3.
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2 Inner Product Spaces

2.1 Inner Products

We shall need the following properties of complex numbers.

Proposition 2.1.1. Let z = a + bi where a,b € R.
1. Rez = a (real part) and Im z = b (imaginary part)
2. The conjugate Z = a — bi, and the absolute value |z| = v/a? + b2. Moreover, 2z = |z|%
3. z=zand |z|=0&a=b=0.
4. If z,w € C, then z + w = Z + w and zw = zZw.

Definition. Let FF = R or C and let V' be a vector space over F. Let & and v be vectors in V.
An inner product or scalar product on V' is a function from V' x V' to F, denoted by (-, -), with
following properties:

(IN1) Vu,0,w €V, (U + v, W) = (U, D) + (¥, D).

(IN2) Vu,v € V,Vc € F,(ct,v) =c

(IN3) Vu,v €V, (u,v) = (U, ). Here, - is the complex conjugation.

(IN4) Vi € V, (i,4) > 0 and [(&, @) = 0 = @ = 0].

A vector space over F, in which an inner product is defined, is called an inner product space.

Remarks. 1. Forall @,7 € V, (0,4) = 0 = (@,0) and (@, 7) = 0 < (7, @) = 0.
2. If F =R, then (IN3) reads Vu, v € V, (4, 0) = (¥, ).

Example 2.1.1. Consider the complex vector space C" of n-tuples of complex numbers. Let
U= (u1,ug,...,u,) and ¥ = (vi,ve,...,v,). We define

<ﬁ, ’17> = U1V + w22 + ...+ upvy,.
Show that this is an inner product.

Remark. If we consider, on the other hand, R"™ the space of n-tuples of real numbers, we have a
real-valued scalar product (@, ¥) = ujv; + ugva + ... + uyv, and the verification of the properties
is exactly like Example [2Z.1.T] where all conjugation symbols are removed.

Example 2.1.2. Consider V' = C°[a, b] the vector space of real-valued continuous functions de-
fined on the interval [a, b]. Let

b
(9) = [ f@)glo) o
Show that this defines an inner product.

We can add to the list of properties of the scalar product by proving some theorems, assuming
of course that we are dealing with a complex vector space with a scalar product.

15
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Theorem 2.1.2. 1. va,ﬁ,we
2. Yu,v € V,Ve € F, (U, cv) =
3. (VueV,(u,v) 0 17:
4. (VEE V., (u,v) = <u,u7)) =

Remark. Letcy,co € F and 4,7 € V. Then
(c1U + co¥, 1 + ca¥) = c161(U, U) + c182(H, U) + c1e2(U, @) + c2c2(0, V).
Moreover, if (i, ) = 0, then (7, 4) = 0, so

<Clﬁ+ coU, U + 6217> = 6151<ﬁ, ’l_i> + 6202< > |Cl| <ﬁ, u) + |02|2<ﬁ, 17).

The quantity (@, @) is non-negative and is zero if and only if @ = 0. Therefore, we associate
with it the square of the length of the vector.

Definition. For ¢ € V, we define the length or norm of ¥ to be ||7|| = /(¥, ¥).

Some of the properties of the norm are given by the next theorem.

Theorem 2.1.3. If V is an inner product space over F, then the norm || - || has the following
properties:

1. VieV,|d|>0and|d| =0 d@=0

2. Vi € V,Va € F,||at]| = |al||d|

3. Vu,v € V,|(u,v)| < ||dll||d]| (the Cauchy-Schwarz inequality)

4. Vu,v eV, ||u+ v|| < ||u]| + ||v] (the triangle inequality).

Example 2.1.3. Let f be a real-valued continuous function defined on the interval [a, b]. Prove

that
/ f(z)dx

2.2 Orthonormal Bases

< (b—a)M, where M = m[a>§ |f ()]
re|a

Definition. Let V' be an inner product space over F. Two nonzero vectors # and ¢’ are orthog-
onal if (#,¥) = 0. A vector @ is a unit vector if ||u|| = 1.

Definition. A subset S of V is called an orthogonal set if Vi,v € S,4 # ¥ = @ and ¢ are
orthogonal. Moreover, S is called an orthonormal set if S is orthogonal and Vv € S, ||v]] = 1.

Example 2.2.1. 1. The standard basis of F"*,n € N is an orthonormal set.
2m

2. Let V = C°[0, 27| with inner product (f, g) = f(x)g(z) dx. Then
0

1 1 1 1
COS T, —= sin x, —= cos 2, sin 2z, ... }
{x/ﬂ NG VT VT RV

is an orthonormal set.
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Let V be an inner product space.

Lemma 2.2.1. Let S = {#,...,%,} be an orthogonal set.
n
1. Yau,...,an € FYk € {1,...,n}, <Z aiﬁi,ﬁk> — a2
i=1

(¥, T;) B

n
2. V¥ € Span S,U—Z A

Theorem 2.2.2. If S is an orthogonal set, then S is linearly independent.

Theorem 2.2.3. [Gram-Schmidt Process] Let v, ¥, ..., ¥, € V be linearly independent. Then
Vm € {1,...,n},3,...,d,, € V such that {w,...,w,} is an orthogonal set and it is a basis
for Span{v, ..., Uy}

Proof. We prove this theorem by induction on m > 1.
If m = 1, {¢1} is an orthogonal set. Choose w; = v;. Then Span{w;} = Span{v;}. Let

k € {1,2,...,n — 1} and assume that there exist u,..., W € V such that {@,..., @} is an
orthogonal set Span{w, ..., w} = Span{,..., v }. Choose
S S (U1, Wi)
Wr+1 = Vk4+1 — UVk+1 = Vg1 — Z sz (2.2.1)
i=1 v
We have to show that:

(1) {u,..., Wy, Wk} is an orthogonal set. By induction hypothesis, {1, ..., @} is an orthog-
onal set, so it suffices to show that @j; is orthogonal to «w; for all j € {1,...,k}. Let
jed{l,... k}

(T, W)
- - S k+1, Wi) o
(Wyy1,Wj) = <Uk+1 - ; Wwiawj>
 / (B, )
- ~ k+1, Wi) o
= <Uk+1,wj> — Z <”wi’||2zwi,wj>
i=1
= (Ukt1, Wj) — (U1, Wy) = 0.
(2) Span{dy, ..., W, Wxy1} = Span{vh, ..., Uk, Uk+1}. Again, by induction hypothesis,

Span{ﬂ)’l, ce ,wk} = Span{z_fl, ey 17k}
From Eq. (2.2.1), we have

wk+1 S Span{u‘;’l, e, W, '17k+1} = Span{ﬁl, ey Uky Uk+1}.
Then Span{wy, ..., Wy, Wry1} C Span{vh, ..., Uk, Uk+1}. For the reverse, we note that
UkJrl? _’> - 5 S
Upy1 = Wee1 + § AR — Wi € Span{wty, ..., Wk, Wy}
=1
Since an orthogonal set is linearly independent, {, ..., } is a basis for Span{vy,...,vx}. O

Corollary 2.2.4. If V is a finite dimensional inner product space, then V has an orthonormal
basis.
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Proof. Let B = {#4,...,0,,} be a basis for V. Then B is linearly independent. By the Gram-
Schmidt Process, we can construct an orthogonal subset {u,...,w,,} of V' which is a basis for
Span{#i,...,U,} = V. Hence, {wy,...,w,} is an orthogonal basis for V' in which we can nor-
malize each vector to obtain an orthonormal basis as desired. O

1 2%
Example 2.2.2. Let H = Span< [2i|,| 6 C C3. Find an orthonormal basis for H.
0 -3
Example 2.2.3. Let V be the space of continuous functions on [0, 1] and H = Span{1, 3\/z, 10z}

a 3-dimensional subspace of V. Use the Gram-Schmidt process to find an orthogonal basis for H.

2.3 Orthogonal Complements

Definition. Let V' be an inner product space over F. For S C V, the orthogonal complement
of S is the set S+, read “S perp”, defined by

L={¢eV:(@a =0forallic S}
Remark. (- =V = {0}+, V' = {0} and S+ = (Span S)*.

Theorem 2.3.1. For any subset S of V, S+ is a subspace of V.

Lemma 2.3.2. Let S = {#1,...,U,} be a set of distinct nonzero vectors.

= (7, UZ>—»

If S is an orthogonal set, then v — Z FE U e St forallteV.

Theorem 2.3.3. [Bessel’s inequality] Let S = {1, ...,7,} be a set of distinct nonzero vectors.
If S is an orthogonal set, then for all 7 € V,

U, U3)| .
Z .5)F g2
el
and equality holds if and only if ¥ € Span S.

Let W3 and W5 be subspaces of a vector space V. We know that W, + W is subspace of V. If
V = Wj + Ws, we say that V' is a sum of W; and W5. The sum is direct, denoted by Wy & Wy, if
WinN Wy = {6\/} That is,

V=WioWye [(1) V=W, +W, and (2) Wi N Wy = {0y}].

Theorem 2.34. V=W, ¢ W,
< every vector U € V can be expressed uniquely as ¥ = W + Wy with W, € W; and @y € Wh.

Theorem 2.3.5. [Orthogonal Decomposition Theorem] Let W be a finite dimensional subspace
of an inner product space V. Then
1. V. =W @ W+. In other words, every ¥ in V decomposes uniquely as ¥ = ij + Z with ij € W
and 7 € W
2. dimW +dim W+ = dim V.
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Exercises for Chapter 2. 1. Let V,, = {4 € M,(R) : A = AT} be the vector space of all n x n

10.

11.

12.

13.

14.
15.

symmetric matrices over R, and define the product of two matrices A and B by
(A, B) = tr (AB).

where tr denotes the trace of matrix.
(a) Show that this is an inner product on V,,.

(b) Obtain an orthonormal basis for the subspace H = Span { Ll) ﬂ , {8 g} } of V5.

. Find an orthonormal basis for Ry[z] with respect to the inner product

(p(x),q(x)) = /0 p(a)q(z) de.

. Let W = {y(z) € R® : ¢ + 4y = 0}. Then W is a real vector space generated by {cos 2z, sin 2x}.

Define an inner product (y, z) = y(x)z(x) dx for all y, = € W. Find an orthonormal basis for W.

Let V and W be two vector spaces and 1" a one-to-one linear transformation from V into W. If W is
an inner product space with inner product (-, -), prove that the function (, ) : V x V — F defined by

(@, 0) = (T'(a), T(v))

for all @, v € V is an inner product on V.

. Let V be an inner product space over F. Prove the following statements.

(@) If F =R, then Vu,v € V, (u, V) = %||ﬁ+ 7% — %Hﬁf 7|2

(b) If F = C, then Vi, v € V, (4, 7) = %Hﬁ—% 7| — iHﬁ— 7% + §||ﬁ+ iv]|? — §||ﬁ— iv]|2.

() V&, 7 € V, |@ + 72 + |7 — 7 = 2lja| + 2|7

(a) and (b) are called the polarization identity and (c) is called the parallelogram law.

Show that |||@|| — ||7]|| < || — 9| for all &, ¢ € V.

From the Cauchy-Schwarz inequality, |(u, ¥)| < ||u||||7]|, prove that equality holds if and only if « and
¢ are linearly dependent.

. By choosing a suitable vector b in the Cauchy-Schwarz inequality, prove that

(a1 + - +an)* <nlai +- +az).

When does equality hold?
Consider V = C°a, b]. Let f € V. Prove that

2

/ab|f(:£)|2d$c < (/ab|f(x)|dx> v (/ab|f($)|3dq;> Y -

Prove that the finite sequence ag,ay,...,a, of positive real numbers is a geometric progression if
and only if

(a0a1 + @102+ + ap-100)* = (ag + 0]+ Fag_y)(af + a3+ +ap).
Let P(z) be a polynomial with positive real coefficients. Prove that

V/P(a)P(b) > P(Vab)

for all a,b > 0.

Let V be an n-dimensional inner product space and m < n. If {#,...,7,,} is an orthonormal set,
then there exists ¥, 41, ..., 0, € V such that {7y, ..., ,} is an orthonormal basis for V.

Prove the following statements.

(@) VS1,82 CV, S8, C Sy = Si- 2 Sy (b) VS C V,(Span S)*+ = S+.

(0 For S CV,ifd € Sand ¢ € S+, then ||@ + 7% = |Ja]|* + ||7]|*.

(d) For @y,...,0, € V, {1}t n---n {8}t = (Span{vy,..., 7, })*.

Construct an orthonormal basis for the subspace H = {(1, —i,4)}* of C3.

Let W be a subspace of an inner product space V over F. If 7 € V satisfies
(U, Wy + (W, 0) < (w,w) forallw e W,

show that (¥, w) = 0 for all @ € W.
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16

17.
18.
19.
20.

21.

22.

2. Inner Product Spaces

. Consider the inner product space C°[—1,1]. Suppose that f and g are continuous on [—1,1] and
If =gl <5. Let
1 3
up(x) = 7 and ws(x) = \/;x for x € [-1,1].
Write

1 1
a; = / uj(z)f(z)de and b; = / uj(z)g(z) dz
—1 —1
for j = 1,2. Show that |a; — b1|? + |ag — ba|? < 25. (Hint. Use Bessel’s inequality.)

If V is a finite dimensional inner product space and W is a subspace of V, prove that (W=+)+ = W.
If {#}, 02} is a basis for V, show that V' = Span{# } @ Span{v}.

Consider the subspace V,,, a € R, of R2. Prove that if a # 3, then R? = V,, & Vj.

Let V = R® be the space of all functions from R to R. Let

Ve={feV:VzeR, f(—z)=f(z)} and V,={feV:VzxeR, f(—z)=—f(v)},

the sets of all even and odd functions, respectively. Prove the following statements.

(a) V, and V,, are subspaces of V. d®V=V.aeV,.

Let S be a set of vectors in a finite dimensional inner product space V. Suppose that “(i, v') = 0 for
all @ € S implies 7 = 0”. Show that V = Span S.

Let RY be the sequence space of real numbers. Let V = {(a,,) € R" : only finitely many a; # 0}.

(a) Prove that V is a subspace of RY.

(b) Given (ay,), (b,) € V, define

<(an); (bn» = Z anbn-
n=1

(Note that this makes sense since only finitely many a; and b; are nonzero.) Show that this defines
an inner product on V.

(c) Let U = {(an) ceV: Zan = O}.

n=1

Show that U is a subspace of V such that U+ = {0}, U + U+ # V and U # U+,




3 Matrices

3.1 Solutions of Linear Systems

Definition. For any system of m linear equations in n unknowns with coefficients over a field F’

a11r1 + apre + ... 4+ apr, = b
asx1 + agrs + ... + aspxn, = bo
Am1T1 + amaxo + ... + AGmupTn = bm,

we can use the matrix notation

AZ = b,
where
a1l a1 e QA1n X b1
a1 a2 ... G2, . ) - )
A= | | : |, = .|, and b= | |,
aAmli @m2 .  Qmn Tn bm

considered as matrices over F. In this case, we usually call A the coefficient matrix of the
system. It is clear that A7 = b has a solution < b € Col A. If all bi,...,b, are equal to 0,
the linear system is said to be homogeneous. Note that all solutions of a homogeneous system
form the null space of A.

There is another matrix which plays an important role in the study of linear systems. This is
the augmented matrix, which is formed by inserting b as a new last column into the coefficient
matrix. In other words, the augmented matrix is

ail a1 . A1n b1

H a1 a2 ... G2, | bo
s = T )

Aml @m2  --- Qmn | bm

Remark. A homogeneous linear system

ai1ry + apry + ... + apxr, = 0
a1 x1 + awry + ... + agpr, = 0
Am1T1 + GmaT2 + ... + amnTn, = 0,

always has a trivial solution, namely the solution obtained by letting all z; = 0. Other nonzero
solutions (if any) are called nontrivial solutions.

Definition. The rank of a matrix A is the dimension of the column space of A.

21



22 3. Matrices

Remark. If A is an m x n matrix, then rank A < n and rank A is the maximum number of linearly
independent columns of A by Corollary [T.4.5]

Theorem 3.1.1. Let A be an m x n matrix over a field F.
1. The homogeneous system A% = 0,, has only the trivial solution Z = 0,
& the columns of A are linearly independent < rank A = n.
2. Ifrank A < n, then a homogeneous linear system has a nontrivial solution in F.

For an m x n matrix A over a field F', recall that the matrix transformation
T:7— AY
is a linear transformation from F” to F™. Its kernel is Nul A and its image is Col A.
Definition. The dimension of Nul A is called the nullity of A, denoted by nullity A.
By Theorem we have:
Corollary 3.1.2. Let A be an m x n matrix over a field F. Then
rank A + nullity A = n = the number of columns of A.

Examples 3.1.1. Consider the following augmented matrices. Write down their general solutions
(if any).

1 =3 4|77
1. |0 1 2|2
[0 0 1|5 |
[1 -3 7]0] 1 -3 7|1
2.0 1 4]0 0 1 4|0
(0 0 00 | 0 0 0]-1
5 |10 30] [10 35}
“lo 1 =210 01 —-2/1
[1 -4 -2 0 3 |-5
4 |01 0 0 1)1
10 0 0 1 010
0 0 0 0 010

Theorem 3.1.3. Let A be an m x n matrix over a field F and be Fm.
1. AZ = b has a solution < b € Col A < rank[A : b] = rank A.
2. If Z € F™ is a solution of AZ = b, then

1

Z= g+ Dy
where 7 is a solution of the homogeneous system Az = 0,, and A, = b.

Hence, the solution set of A7 = b is empty or given by
Jp +{7 € F": Aj =0},

where ¢/, is a solution of A = b, called a particular solution.

Corollary 3.1.4. Let A be an m x n matrix over a field F and b € F™.
1. If AZ = b has a unique solution, then AZ = 0,, has a unique solution and rank A = n.
2. If AZ = 0,, has a nontrivial solution, then AZ = b has no solution or more than one
solutions.
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3.2 Inverse of a Matrix and Elementary Matrices

Definition. The main part of the algorithms used for solving simultaneous linear systems with
coefficients in F' is called elementary row operations. It makes repeatedly used of three
operations on the linear system or on its augmented matrix, each of which preserves the set of
solutions because its inverse is an operation of the same kind:

1. (Interchange, R;;) Interchange the ith row and the jth row.

2. (Scaling, cR;) Multiply the ith row by a nongzero scalar c.

3. (Replacement, R; + cR;) Replace the ith row by the sum of it and a scalar ¢ multiple of

the jth row.

The elementary column operations are defined in a similar way.

Remark. The elementary row operations are reversible as follows.

Operation | Reverse
cRi,c#0 | (1/¢)R
R, + CRj R; — CRj

Definition. Two linear systems are said to be equivalent if they have the same set of solutions.

Theorem 3.2.1. Suppose that a sequence of elementary operations is performed on a linear system.
Then the resulting system has the same set of solutions as the original, so the two linear systems
are equivalent.

Proof. It is clear from the way we do the row reductions that if ¢y, cs, . .., ¢, satisfy the original
system, then they also satisfy the reduced system. Since the elementary row operations are re-
versible if we start with the reduced system, the original system can be recovered. Now, it is clear
that any solutions of the reduced system is also a solution of the original system. O]

Definition. A rectangular matrix is in echelon form (or row-echelon form) if it has the fol-
lowing three properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of the row
above it.

3. All entries in a column below a leading entry are zero. If a matrix in echelon form satisfies
the following additional conditions, then it is in reduced echelon form (or reduced row-
echelon form):

4. The leading entry in each nonzero row is 1, called the leading 1.

5. Each leading 1 is the only nonzero entry in its column.

An echelon matrix (respectively, reduced echelon matrix) is one that is in echelon form (re-
spectively, reduced echelon form).

Theorem 3.2.2. Every matrix can be brought to a reduced echelon matrix by a finite sequence of
elementary row operations.

Proof. This can be done by an algorithm, called the Gaussian Algorithm.
1. If the matrix consists entirely of zeros, stop-it is already in row-echelon form.
2. Otherwise, find the first column from the left containing a nonzero entry (call it ), and
move the row containing that entry to the top position.
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3. Now multiply the new top row by 1/a to create a leading 1.
4. By subtracting multiples of that row from rows below it, make each entry below the lead-
ing 1 zero.
This completes the first row, and all further row operations are carried out on the remaining rows.
5. Repeat steps 1-4 on the matrix consisting of the remaining rows.
The process stops when either now rows remain at Step 5 of the remaining rows consist entirely
of zeros. Observe that the Gaussian algorithm is recursive. O

Definition. A pivot position in a matrix A is a location in A that corresponds to a leading entry
in an echelon form of A. A pivot column is a column of A that contains a pivot position.

Definition. Let A be an n x n matrix. We say that A is invertible or nonsingular and has the
n X n matrix B as inverse if AB = BA = I,,.

If B and C are n x n matrices with AB = I,, and C' A = I,,, then the associativity of multipli-

cation implies that
B=1,B=(CA)B=C(AB)=CI, = C.

Hence an inverse for A is unique if it exists and we write A~ for this inverse.

Theorem 3.2.3. Suppose A and B are invertible matrices of the same size. Then the following
results hold:

(a) A~ 'isinvertible and (A=1)~! = A, i.e., A is the inverse of A~".

(b) AB is invertible and (AB)~' = B~tA~L.

(c) AT is invertible and (AT)"! = (A~1)T.

Theorem 3.2.4. [Invertible Matrix Theorem]
The following statements are equivalent for an n X n matrix A.
(i) A is invertible.
(ii) The homogeneous system AZ = 0 has only the trivial solution & = 0,,.
(ii)) A can be carried to the identity matrix I,, by elementary row operations.
(iv) The system AZ = b has at least one solution for any vector be Fm.
(v) There is an n x n matrix C such that AC = I,,.

Corollary 3.2.5. If A and C are square matrices such that AC' = I, then also CA = I. In
particular; A and C are invertible, C = A~' and A = C~1.

Corollary 3.2.6. An n x n matrix A is invertible if and only if rank A = n.

Definition. An elementary matrix is one that is obtained by performing a single elementary
row operation on an identity matrix.

Example 3.2.1. Consider the following elementary matrices:

W O =
O = O
= O O

100 1 00
Ei=10 2 0 s E,= 1|0 0 1 s and E3 =
0 01 010

Let A = . Compute the products E1 A, F2 A and F3A

L Q. e
> o o
—
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Theorem 3.2.7. If an elementary row operation is performed on an m x n matrix A, the resulting
matrix can be written as E A, where the m x m matrix E is created by performing the same row
operation on I,.

Remark. Elementary matrices are invertible because row operations are reversible. To find the in-
verse of an elementary matrix F, determine the elementary row operation needed to transform E
back into I and apply this operation to I to obtain the inverse.

Corollary 3.2.8. An elementary matrix is invertible. Moreover,
Ri j Ri j —
1. If I =5 Ey, then I =% B

2. Ifc#0and I %% By, then 1 /2" By,
R;+cR; R;,—cR; _ _
3. IfceFand I =57 By then I —5" B3,

Example 3.2.2. Find the inverses of the elementary matrices given in Example [3.2.1]

Theorem 3.2.9. Suppose A is an m x n matrix and A — B by elementary row operations.
1. B = UA for some m x m invertible matrix U.
2. U can be computed by (A : I,,,] — [B : U] using the operations carrying A — B.
3. U=EvE,_1... EsEq, where Eq, Es, ..., Ep_1, Ey are the elementary matrix corresponding
(in order) to the elementary row operations carrying A — B.

Example 3.2.3. If A = [2 s 1] , express the reduced row-echelon form R of Aas R = UA

1 2 1
where U is invertible.

Theorem 3.2.10. A square matrix is invertible if and only if it is a product of elementary matrices.

Remark. From the above theorem, we obtain an algorithm to find A~! if A is invertible. Namely,
we start with the block matrix [A : I] and row reduce it until we reach the final reduced echelon
form [I : U] (because A is row equivalent to I by Theorem [3.2.4). Then we have U = A~!.

Example 3.2.4. Express A = [ 3} as a product of elementary matrices.

1 0

3.3 More on Ranks

Definition. Let A be an m x n matrix.
The column space, Col A, of A is the subspace of R™ spanned by the columns of A.
The row space, Row A, of A is the subspace of R" spanned by the rows of A.

Note that Col A = Row A7

Lemma 3.3.1. Let V be a vector space over a field F. Let v, ...,0, bein V.
1. Span{vi,...,0,} = Span{vi,...,c;,...0,} foralli € {1,...,n} and ¢ € F nongero.
2. Span{#i, ..., U} = Span{¥,...,¥; + cUj,...,U;,..., U} foralli# jand c € F.

Lemma 3.3.2. Let A and B denote m x n matrices.
1. If A — B by elementary row operations, then Row A = Row B.
2. If A — B by elementary column operations, then Col A = Col B.



26 3. Matrices

If A is any matrix, we can carry A — R by elementary row operations where R is a row-
echelon matrix. Hence, Row A = Row R by Lemma [3.3.2]

Lemma 3.3.3. If R is a row-echelon matrix, then
1. The nongero rows of R form a basis for Row R.
2. The columns of R containing leading ones form a basis for Col R.

Theorem 3.3.4. Let A denote any m x n matrix of rank r. Then
dim Col A = r = dim Row A.

Moreover, if A is carried to a row-echelon matrix R by row operations, then
1. The r nongzero rows of R form a basis for Row A.
2. If the pivot positions lie in columns j1, ja, - - -, jr of R, then columns ji,jo, ..., jr of A are a
basis of Col A. That is, the pivot columns of A form a basis for Col A.

Corollary 3.3.5. 1. If Ais any matrix, then rank A = rank A”.
2. If Ais an m x n matrix, then rank A < m and rank A < n.
3. rank A = rank UA = rank AV whenever U and V are invertible.

Corollary 3.3.6. Let A,B,U and V be matrices of sizes for which the indicated products are
defined.

1. Col(AV) C Col A, with equality if V is (square and) invertible.

2. Row(UA) C Row A, with equality if U is (square and) invertible.

3. rank AB < rank A and rank AB < rank B.

Let A be an m x n matrix of rank r, and let R be the reduced row-echelon form of A. Theorem
shows that R = U A where U is invertible, and that U can be found by [A : I,,,] — [R: U].
The matrix R has r leading ones (since rank A=r) so, as R is reduced, the n x m matrix R”

. . : . . I
contains each row of I, in the first r columns. Thus, row operations will carry RT — [ OT 8] .
nxm

Hence, Theorem (again) shows that [Ir 0

0 0] = U, RT where Uj is an n x n invertible
nxm

matrix. Writing V = U{, we obtain

T
I, 0 I. 0
UAV:RV:RUT:(UlRT)T:qT ] ) :{’“ } .
! 0 O nxXm O 0 mXxn

I, 0

Moreover, the matrix U; = V7 can be computed by [RT : I,,] — H 0 0} : VT|. This proves
nxm

Theorem 3.3.7. Let A be an m x n matrix of rank r. There exist invertible matrices U and V' of
size m x m and n X n, respectively, such that

I, 0O
vav =g O]m

called the Smith normal form of A.
Moreover, if R is a reduced row-echelon form of A, then:
1. U can be computed by [A : I,,] — [R : U].

2. V can be computed by [RT : I,] — “‘g 8] VT,
nxm
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1 -1 1 2
Example 3.3.1. Given A= | 2 -2 1 -1}, find invertible matrices U and V' such that UAV
-1 1 0 3

is in the Smith normal form.

Theorem 3.3.8. [Uniqueness of the reduced row-echelon form]
If a matrix A is carried to reduced row-echelon matrices R and S by row operations, then R = S.

Proof. Observe first that UR = S for some invertible matrix U (by Theorem there exist
invertible matrices P and @ such that R = PA and S = QA; take U = QP~'. We show that
R = S by induction on the number m of rows of A. The case m = 1 is trivial because we can
perform only scaling. If *; and s; denotes the jth column of R and of S, respectively, the fact that
UR = S gives

Ur; =5; foreach j. (3.3.1)

Since U is invertible, this shows that R and S have the same zero columns. Hence, by passing to
the matrices obtained by deleting the zero columns from R and S, we may assume that R and S
have no zero columns.

But then the first column of R and S is the first column of I,,, because they are reduced row-
echelon so (3.3.1)) forces that the first column of U is the first column of I,,,. Now, write U, R and
S in block form as follows.

1 X 1Y 1 X
U:[O V}’R:[O R’} andS:[0 S’]'

Since UR = S, block multiplication gives VR’ = S’ so, since V is invertible (U is invertible) and
both R’ and S’ are reduced row-echelon, we obtain R’ = S’ by the induction hypothesis. Thus, R
and S have the same number (say r) of leading 1’s, and so both have m — r zero rows.

In fact, R and S have leading ones in the same columns, say r of them. Applying (B.3.1) to
these columns shows that the first  columns of U are the first r columns of I,,. Hence, we can
write U, R and S in block form as follows:

. I, M B Ri1 Ry . S1 S
U—[O W},R—[O O]andS—[O 0],

where R; and S; are r x r. Then block multiplication gives UR = R. That is, S = R. This

completes the proof. O

3.4 Permutations and Determinants

Definition. Letn € N. A permutation o on the set {1,2,...,n} is a one-to-one mapping of the
set onto itself or equivalently, a rearrangement of the numbers 1,2, ..., n. Such a permutation
o is denoted by

1 2 ... n . . . .
co=1|. . . or o =jij2...jn, wWhere j;=o(i).
Jr o J2 .-+ Jn

The set of all such permutations is denoted by .S,,, and the number of such permutations is n!.

Example 3.4.1. S, = {12,21} and S5 = {123,132, 213,231, 312, 321}.

Remark. If o € S, then the inverse mapping o~! € S,,; and if 0,7 € S, then the composition
mapping o o 7 € S,,. Also, the identity mappinge =coo~! =123...n € S,.
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Definition. For a permutation o in S, let
I, ={(i,k):i,k € {1,2,...,n},i < kand o(i) > o(k)}.

We say that o is an even permutation < |/,;| is even, and an odd permutation < |I,| is odd.
We then define the sign or parity of o, written sgn o, by

1 if o is even,
sgno = o
—1 if o is odd.

Thus, sgno € {—1,1} forall o € S,,.

Example 3.4.2. Let o =2134in S; and 7 = 21543 in S5.
1. Find ¢~ ! and 7.
2. Compute sgno and sgn 7.

Theorem 3.4.1. Let n > 2 and let g be the polynomial given by

9=9(x1,T2,...,7,) = H(mi — Z;).

For o(g) € Sy, define the polynomial

Then

g ifoiseven,
a(g) = .
—g ifoisodd.

That is, o(g) = (sgno)g.
Theorem 3.4.2. Let 0,7 € S,,. Then

sgn(roo) = (sgn)(sgno).

Thus, the product of two even or two odd permutations is even, and the product of an odd and an
even permutation is odd.

Let [a;;] be a square matrix of size n x n.

Consider a product of n elements of A such that one and only one element comes from each
row and one and only one element comes from each columns. Such a product can be written in
the form

a15; 4245 - - - Anjy,
that is, where the factors comes from successive rows, and so the first subscripts are in the nat-
ural order 1,2,...,n. Now since the factors come from different columns, the sequence of the
second subscripts forms a permutation o = j1j>...j, in S,. Conversely, each permutation in S,
determines a product of the above form. Thus the matrix A contains n! such products.

Definition. The determinant of A = [a;;], denoted by det A or |A|, is the sum of all the above
n! products where each such product is multiplied by sgn o. That is,

|A| = Z (sgno)ayj, azjy - .. anj, = Z (sgn J)alo(l)agg(z) c Opg(n)-
oESy gESy
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Lemma 3.4.3. Let A = [a;j] be an n x n matrix and o € S,,.
1. sgno~! =sgno.

2. {(i,o71()) :i € {1,2,...,n}} = {(c(),q) : i € {1,2,...,n}}.

3. aa(1)71aa(2)72 000 aa(n)m = al’g_l(l)ag,a_l(m 500 an70_1(n).

Theorem 3.4.4. The determinant of a matrix A and its transpose are equal. That is, |A| = |AT]|.

Remark. By this theorem, any theorem about the determinant of a matrix A that concerns the
rows of A will have an analogous theorem concerning the columns of A.

12 ... k ... 1

Lemma 3.4.5. Fork<l,7:<1 o 1k

n) is an odd permutation in S,,.

Proof. Note that I, = {(k,j) : je{k+ 1L k+2,....0}}Uu{@,l):ie{k+1,k+2,...,0 —1}}.
Then |I.| = (I —k)+ (I —k—1) = 2(I — k) — 1 is odd. Thus, 7 is an odd permutation and so
sgnt = —1. O

Theorem 3.4.6. If A — B by interchanging two rows (columns) of A, then |B| = —|A|.

Theorem 3.4.7. Let A be a square matrix of size n X n.

(a) If A has a row (column) of zeros, then |A| = 0.

MB)Ifo#12...n,then Ji € {1,2,...,n},i> o(i).

(c) If A is triangular, i.e., A has zeros above or below the diagonal, then |A| is the product of
diagonal elements. In particular, |I| = 1.

Theorem 3.4.8. If A has two identical rows (columns), then |A| = 0.

Proof. Assume that kth and /th rows are identical with £ < .
That is, ar; = a;; forall j € {1,...,n}.
In particular, for any o € Sy, o) = @10y AN Aoy = Ao (k)-

Let_12...kz...l...n
T2 o0k on)
Then sgn7 = —1 and o(7(j)) = o(j) forall j € {1,...,n} ~ {k,l}. Also,
sgn(o1) = (sgno)(sgnr) = —sgno.

As o runs through all even permutations, o7 runs through all odd permutations, and vice versa.
Thus

‘A‘ = Z (sgn U)alg(l)a20(2) ‘e akg(k) SN alg(l) N a,w(n)
U‘ESn

= Z ((81.0)10(1)020:(2) - - - Uhor(k) - - - W) - - - Ao ()

oESy
even

+ (Sgn(GT))aIO'T(l)a’QO'T(Q) <o Qpor(k) -+ - Uor(l) - - anm’(n))

= Z ((Sgn U)ala(l)a20(2) < Qg (k) -+ - Alg(l) - - - Ano(n)

oESy
even

- (Sgn U)ala(l)a2a(2) s Qo) - - Ao (k) - - ana(n))

= Z ((Sgn U)ala(l)a2a(2) < Qg (k) -+ - Alg(l) - - - Ano(n)

oESy
even

— (S8 0)A10(1)020(2) - - - Wo(l) - - - Wk (k) - - - Ano(n))
=0.
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Hence, we have the theorem. O
Theorem 3.4.9. If A — B by multiplying a row (column) of A by a scalar ¢ € F, then |B| = c|A|.
Remark. If Ais ann x n matrix, then |[cA| = ¢"|A|.

Theorem 3.4.10. If A — B by adding a multiple of a row (column) of A to another row (column)
of A, then |B| = |A].

Corollary 3.4.11. If E is an elementary matrix, then det E # 0.

Lemma 3.4.12. Let E be an elementary matrix. Then |EA| = |E||A| for any matrix A. In
particular, if Eq, Es ..., Es are elementary matrices, then

|E1Es ... Es| = |E1||E3| . .. |Es|.
Theorem 3.4.13. Let A be a square matrix. Then, A is invertible < det A # 0.

Theorem 3.4.14. The determinant of a product of two matrices A and B is the product of their
determinants; that is |AB| = | A|| B|.

Definition. Consider an n-square matrix A = [a;;]. Let M;;j(A) denote the (n — 1)-square
submatrix of A obtained by deleting its ith row and jth column. The determinant |M;;(A)] is
called the minor of the element a;; of A, and we define the cofactor of a;;, denoted by C;;(A),
to be the “signed” minor:

Cij(A) = (=1)"[My;(A)].

Recall that
Al =) (s800)1(1)20(2) - - - o)
O'ESn
= a;;¢;j(A) + (terms which do not contain a;; as a factor).
Lemma 3.4.15. C;;(A) = %;;(A) foralli,j € {1,...,n}.
Grant this lemma, we observe that
Al = aij%;(A) = Y ai;Cij(A).
j=1 j=1
Therefore, we have shown.

Theorem 3.4.16. [Laplace] The determinant of a square matrix A = [a;;] is equal to the sum of
the products obtained by multiplying the elements of any row (column) by their respective cofactors:

|A’ = aﬂCﬂ(A) 4F aiQCﬂ(A) oo amCm(A) = Z aijcij (A)
j=1
|A| = a1;C1;(A) + a2;Ca;(A) + - - - + anjCrj(A) = > ai;Ci(A)
=i

foralli,je1,2,...,n.
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Remark. The above formulas for |A] is called the Laplace expansions of the determinant of A
by the ith row and the jth column. Together with the elementary row operations, they offer a
method of simplifying the computation of |A|.

Next we proceed to prove the lemma.

Proof of Lemma [3.4.15] Note that for any matrix B,

Bl= Y (s2n0)bio(1)b20(2) - - bu1.0(n—1)bno(n)

gESy
= bnn Z (sgn 0)b1(1)b20(2) - - - bn—1,0(n—1) + (other terms which do not contain by, ).
O'ESn
o(n)=n
Thus,
Gnn(B) = Z (seno)bis(1)b2o(2) - - - bn-t1,0(n—1)
O’ESn
o(n)=n
= Z (sgn T)blT(l)bQT(Q) cobn1 (e
TESH_1
bll b12 cee bl,n—l
B bo1 b ... byp—1
bp—11 bn—12 ... bp—1n-1
= determinant of the matrix obtained from deleting the nth row and nth column of B.
Write ) )
ail a2 ... ar; ... A1n
a1 A2 ... azj ... a9onp,
A=
;1 azo ... aij e in
[Gn1 An2 ... Qpj ... Qnn|

To compute %;;(A), we row reduce A to A’ by interchanging rows n — i times and columns n — j
times as shown:

ajl a2 ce atj—1 a1,541 e QA1p ayj
az1 a2 . az j—1 azj+1 .- Qa2n az;
A = ai—-1,1 @i-1,2 .- Qi-1j5-1 Gi—145+1 .-+ Qi—1n GQi-1j
Qi41,1 Ai+12  o-- Gipl -1 Qitlg+l - Qibln Qi
anl an2 NN Qp5—1 Ap, j+1 e Apn Qnj
L Qi1 ;2 Qg 51 Qg j+1 Qin A5 |
Hence,
A = (=)= A] = (—1) 7 |A].
That is,

Al = (1) A4
aij€;;(A) + (other terms) = (—1)"a;;€,,(A") + (other terms).
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Therefore,
©ii(A) = (1) Cm(4)
= (—1)""(the determinant of the matrix obtained from
deleting the n'" row and the n'" column of A’)
= (=1)"" | My;(A))|
= Cj;(A).
This completes the lemma. O]

Definition. Let A = [a;;] be an n x n matrix and let C;;(A) denote the cofactor of a;;. The
classical adjoint of A, denoted by adj A, is the transpose of the matrix of the cofactors of A,

namely,
adj A = [Ci;(A)]".

We say “classical adjoint” here instead of simply “adjoint” because the term “adjoint” will be
used for an entirely different concept.

Theorem 3.4.17. Let A be a square matrix. Then
A(adjA) = (adj A)A = |A|I

where [ is the identity matrix. Thus, if |A| # 0, then

Al adj A).

1
—
4]
For any n x n matrix A and any b € F", let Ai(g) be the matrix obtained from A by replacing
the ith column by the vector b, that is,

- TR
Aj(b) = | ~

forallj =1,2,...,n.

Theorem 3.4.18. [Cramer’s rule] Let A be an invertible n x n matrix. For any be F™, the unique
solution ¥ of AZ = b has entries given by

—.

_1A40)
AT

Z; j=12 ... n.

Exercises for Chapter 3. 1. The following matrices are echelon forms of coefficient matrices of linear
systems. Which has a unique solution? Why?
1 2 3 4 1 2 3 4
01 2 3
®) 0 0 01
0 0 0O

Ty + 2x9 + x3 — 2x4 = 5
2$1 + 41}2 + T3 Xrq
3:L'1 + 6%2 + 21’3

+
I
©

\
)
N

|
—_
W
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3.

N

10.

11.

12.

13.

14.

Consider the linear system with parameter a

(2a — 1)z + ay — (a+1)z =1
ax + Y — 2z =1
2x + B-a)y + (20—06)z

|
—

Determine, with proof, for which « this system has
(a) no solution (b) a unique solution (c) more than one solutions.
Consider the linear system

x + 2y + 2z = 3
ay + 5z = 10
2c + Ty + az = b

(a) Find those values of a for which the system has a unique solution.
(b) Find those pairs of values (a, b) for which the system has more than one solutions.

. If AZ = b has more than one solutions, why is it impossible for AZ = & (new right-hand side) to have

only one solution? Could AZ = ¢ have no solution?

Let A = 0 be a homogeneous system of n linear equations in n» unknowns and let Q be an invertible
n x n matrix. Show that AZ = 0 has a nontrivial solution if and only if (QA)# = 0 has a nontrivial
solution.

If A7 = b has two distinct solutions pand ¢, find two distinct solutions to A7 = 0.

. Under what conditions on b; and b, (if any) is AZ = b consistent (has a solution)?

|12 0 3 = b
A_L 10 7} and b_[bg]'

Find the number c so that (if possible) the rank of Ais (a)1 (b)2 (c)3

6 4 2
A=|-3 -2 -1
9 6 c
1 2 1 b 1 2 0 3
Suppose A= |2 a 1 8| hasthereduced echelonform R= [0 0 1 2].
* % k% 0 0 0 O
(a) Find a and b. (b) Solve A% = 0.

Let A be an m x n matrix for which

has a unique solution.

o = O

1
AZ = | 1| has no solutions and AZ =
1

(a) Give all possible information about m and n and the rank of A.
(b) Find all solutions of AZ = 0 and explain your answer.
Let A be an 3 x 4 matrix for which

has more than one solutions.

o = O

1
AZ = |1| hasno solutions and AZ =
1

(a) Give all possible values for rank A.

(b) Do we always have more than one solutions for AZ = 0? Explain your answer.
(c) Is it possible to have a vector b such that A7 = b has a unique solution? Why?
Find the value for ¢ in the following n by n inverse:

n -1 ... -1 c 1
— R 1

T U then 41 = Lo !
e e =1 n+1 1
-1 -1 ... n 1 1 c

If E is an elementary matrix, prove that ET is an elementary matrix.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

3. Matrices

Let 1, > and E3 denote, respectively, the elementary row operations
“Interchange rows R; and Ry” “Multiply R3 by 57 “Replace R, by —3R; + R>”.

(a) Find the corresponding 3-square elementary matrices E;, F5 and Es.
(b) Find the inverses of matrices F1, F and Ej5.

Let A be a 3 x 3 invertible matrix. Construct B by replacing Rs of matrix A by R3 — 4R,. How do
we find B! from A~!? Explain.
0 1 0
Let Abea3 x 3 matrixand B= |1 0 0f. Consider the augmented matrix C' = [A : B|. After row
0 0 1

reducing C, we get the following matrix

110 0 1
Compute A~ 1.
-2 1 ¢
(a) For which values of the parameter cis A= | 0 —1 1] invertible?
1 2 0
5 e e
(b) For which values of e is the matrix A = |e e e[| not invertible?
1 2 e
a b b]
Let A= |a a b|.Ifa+#0anda # b, prove that A is invertible and find A~ in terms of a and b.
a a a
1 0 0
Show thatif A= [0 1 0| is an elementary matrix, then at least one entry in the third row must
a b c
be zero. i

In each case find an elementary matrix £ such that B = FA.

2 1 3 -1 2 1 -1 -3
@as |y o=f3 V] easfp Lee [y )

In each case find an invertible matrix U such that U A = B, and express U as a product of elementary
matrices._

@) A— 2 1 3}732[1 —01 —12} (b)A:{z -1 0}73:[3 0 1}

-1 1 2 3 11 1 2 -1 0
In each case find invertible matrices U and V such that U AV is in the Smith normal form.
(11 -1 3 2 1 =2 L-to2d
(a) A= (b) A = (0) A= @WA=1[2 -1 0 3
2 -2 4 2 1 -2 4 0 1 41

Let F'be afield and A = [a;;] € M,,(F'). Define the trace of A to be the sum of the diagonal elements,

that is,
n
trA= Z Q-
i=1

(a) Show that the trace is a linear transformation from M,,(F’) onto F.

(b) If A and B are in M,,(F'), then tr (AB) = tr (BA).

(¢) If B is invertible, then tr (B~*AB) = tr A.

(d) Prove that there are no square real matrices A and B such that AB — BA = I,,.
1 2 0 2 1

LetA=|-1 -2 1 1 0
1 2 -3 -7 =2

(a) Find bases for Col A and Nul A. (b) Find rank A and nullity A.
1 2 0 3

Determine the rank and nullity of A = 0222
00 0 0
00 0 4

If Ais ann x n matrix such that A2 = A and rank A = n, prove that A = I,,.
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28.

29.
30.
31.

32.

33.
34.
35.
36.

37.

38.
39.
40.

41.
42.

43.

44,

45.

46.

Let A be a 5 x 7 matrix with rank 4.

(a) What is the dimension of the solution space of AZ = (?

(b) Does A% = b have a solution for all b € R5? Explain.

Let A be a square matrix such that A* = 0 for some positive integer k. Prove that I + A is invertible.
Let A and B be m x n and n x m matrices, respectively. If m > n, show that AB is not invertible.
Let A and B be m x n and n x m matrices, respectively. Show that AB = 0,,,x,, < Col B C Nul A.
a1 a2 a1z a4
a21 a2 Q23 (24
aszr azz2 asz asq
a41 Q42 Q43 Q44

Determine the sign of all permutations in S4 and expand the determinant by

using permutations and their signs explicitly.

Determine the sign of the following permutations in Sj.

(a) 12354 (b) 12534 (c) 15243 (d) 54321

Show that if two rows (columns) of A are proportional, i.e., Ry = cR; for some k < [, then |A| = 0.
Let A = [a,;] be a square matrix of order n and o € S,,. If A, = [a,(;),;], show that [A,| = (sgno)|Al.
Prove that if n is odd, 1 + 1 # 0 and A is a square matrix of order n with A = — AT, then A is not
invertible.

After the indicated row operations on a 3 x 3 matrix A with det A = —540, matrices A1, As, ..., As
are successively obtained:

Ri1+3R2 Ro3

3R>—Ry R1—3R2
2

A Aq A As Ay As .

Determine the values of |A4,], |As|, |As],|A4| and | As5|, respectively.

If A is an invertible square matrix of order n > 1, show that det(adj A) = (det A)"~1.
What is det(adj A) if A is not invertible? Prove your answer.

Let A, B, C be 3 x 3 matrices with det A = 3, det B® = —8,det C' = 2. Compute

(a) det(ABC) (b) det(5A4CT) (¢) det(A*B=3C1) (d) det[B~'(adj C)] .
Show that adj AT = (adj A)7.

Show that if A is invertible and n > 2, then adj (adj A) = (det A)""2A.

If A and B are invertible, show that

adj (AB) = (adj B)(adjA) and adj(BAB™') = B(adjA)B~".

Prove that if A is an invertible upper triangular matrix (all entries lying below the diagonal are zero),
then adj A and A~! are upper triangular.

Suppose the set of real-valued functions f(z), f2(z), ..., fr(x) are all defined and are differentiable
k — 1 times on the interval [a, b]. The Wronskian of the set of functions is defined on this interval to
be the determinant

fi(x) fa(@) - fr(2)
fi(x) folw) - fr(2)
W) =| f@ () K (@)

FED @) ) . D

Prove that a set of real-valued functions {fi(x), fo(x),..., fr(z)} differentiable £ — 1 times on the
interval [a, b], are linearly independent if W (z() # 0 at some point z in the interval.
Consider the interval [—1, 1] and the two functions defined by

0 if-1<z<0 2?2 if-1<z<0
pr— - - ’ d f— - - ’
/(@) { i and  g(x) {o fo<z<1

These functions are both differentiable. Show that f and g are linearly independent but W (z) = 0
for all « € [—1, 1]. This provides an example to prove that the converse of the previous problem does
not hold.

(a) Show that the functions 1,z, 2, ..., z* are linearly independent in the function space C°[0, 1].
(b) Show that the functions sin z, sin 2, sin 3z, . . ., sin kx are linearly independent in the function
space C°[0, 27]. (Hint. Use the Wronskian.)
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47. Use induction to show that

1 1 1 1 1
1 0 0 0 0
01 0 0 0 _, {\a+1
00 1 0 0o (=)™
oo o0 --- 10
48. (a) Let 1, x5 and x3 be numbers. Show that
1 1z 23
Vo = ‘1 W=y — 2 and Va=|1 x9 3| = (29— x1)(x3—21)(73 — 22).
xTo 2
1 x3 23
(b) If 21, x5, .. ., x, are numbers, then show by induction that
1 zpt
n—1
vV, = 1z T2 )= H(ac] x;)
1 =z, xﬁ_l <

This determinant is called the Vandermonde determinant. (Hint. To do the induction easily, multi-
ply each column by z; and subtract it from the next column on the right starting from the right-hand
side. We shall find that V,, = (2, — 1) ... (x2 — 21)V;—1.)




4 Linear Transformations

4.1 Linear Functionals

Definition. Let V and W be two vector spaces over F'. We write L(V, W) for the set of all linear
transformations from V to W, that is,

LV, W)={T:V — W |T is a linear transformation}.
Then £(V, W) is a vector space over F' with the operations defined by for S, T € L(V, W),
(S+T)(0)=SW)+T(@) and (cI)(V)=cT(7)

for all ¥ € V and ¢ € F. Note that the zero function is its zero vector and (—7')(¢) = —T(v) for
allve V.

Remark. By Theorem [1.4.1] for a given basis B = {¢}, 05, ...,7,} for an n-dimensional vector
space V, there exists a unique linear transformation 7" : V' — W such that 7'(v;) = w; € W for
alli e {1,2,...,n}. Then for S,T € L(V,W), (S(U,) =T (0,) foralli € {1,2,...,n}) = S =T.
Hence, to show that two linear transformations are identical, it suffices to see the equality on some
basis of V.

Theorem 4.1.1. Let B = {#1,...,U,} be a basis for V and let C = {w, ..., %, } be a basis for W.
Foreachie€ {1,...,n}and j € {1,...,m}, we define

Ty (Tr) = Wy fi=k
N 6W le;ék,

forall k € {1,...,n}. By Theorem[I.4.1) T;; € L(V,W) for all i, j. Then
{Tij:i1e{l,...,n}and j € {1,...,m}}

is a basis for L(V,W). Hence, if dimV = n and dim W = m, then dim L(V, W) = mn.
Definition. Let V' be a vector space over a field F'.

A linear transformation from V' to F' is also called a linear functional. Let

V*=L(V,F)and V** = (V)" (= L(V*,F) = L(L(V, F), F)).
By Theorem [4.1.1] we have that if V' is finite dimensional, then
dimV =dimV* = dim V**

and thus, by Corollary[[.4.14] V = V* = V**,

37
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Definition. The space V* is called the dual space of V' and V** is called the double dual of V.

Examples 4.1.1. The following functions are linear functionals.
1

1. T:C%0,1] — R given by T'(f) = / f(z)dx.
2. T Fla] — F given by T(p(z)) = p(1).

Remarks. 1. For f e V7,
(@ f#A0=imf=F
(b) if V is finite dimensional and f # 0, then nullity f = (dim V') — 1.
2. For 7 € V, if f(#) =0 for all f € V*, then ¢ = 0.

Theorem 4.1.2. Let dimV = n and let B = {v,...,,} be a basis of V.
Foreach i € {1,...,n}, let f; € V* be such that

ilfs) = {0 ifi].

Then the following statements hold.
1. {fi,..., fu} is a basis of V* which is called the dual basis of 5.

2.Vf eV f=) f@)fi=f@)A+. .. + f(O)fn

i=1

3.V0eV,5=) fi(@)b =@ +...+ fo@)bn
=1

For v € V, define Ly : V* — F by Lz(f) = f(¥) forall f € V*.
Then L; € V** for all ¥ € V. Hence, {Lz: 0 € V} C V**,

Theorem 4.1.3. 1. The map 0 : v +— Ly is a 1-1 linear transformation from V into V**.
2. If V is finite-dimensional, then
(a) the map 6 : v — Ly is an isomorphism of V onto V**
() VL e V* e V,L =Ly

Corollary 4.1.4. If V is finite dimensional, then each basis of V* is the dual of some basis of V.

Example 4.1.2. Consider V' = Ry[z], the vector space of all polynomials of degree less than 2
over R. Let t1, to, t3 be three distinct real numbers and let f;(p(x)) = p(t;) for all p(x) € Ro[z] and
i=1,2,3.

Show that { f1, f2, f3} is a basis of V* and find a basis of V' such that {f1, fo, f3} is its dual
basis.

Let V be an inner product space over a field F' = R or C.
1. Vij € V, the map ¢ — (¥, ) is a linear functional on V.
2. The maps ¢ — (¥, ;) and ¢ — (¥, ws) are identical < @ = wWs.

Theorem 4.1.5. Let V be a finite dimensional inner product space and f € V*.
Then 3w € V, f(V) = (U, W) forall v € V.
Hence, V* = {fg : W € V} where fz(¥) = (¥,7) forall v € V.
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4.2 Quotient Spaces and Isomorphism Theorem

Let V be a vector space over a field F' and let W be any subspace of V. For v € V, define
T+ W={v+d:4eW}

which is called a coset of 1W. Then

DV, eV, +W =0+ W S v —th € W,

Q) VU,0 € V, (h + W)N (Vo + W) =0 orv; + W = vy + W and

(3) V1,0 € V(U1 + W) + (ta + W) = (U1 + U2) + W.

Forc € F and ¥ € V, define ¢(v+ W) = cv + W.

Definition. Let V/W = {¢+ W : ¢ € V}. It is a vector space over I’ with respect to the
operations

(171 + W) + (’172 + W) = (171 + 172) + Wand 6(171 + W) =cv1 + W,

and 0 + W is the zero vector of V/W and —(7 + W) = (=) + W for all 7 € V.
The vector space V/W is called the quotient space of V' by W.

Theorem 4.2.1. 1. There is a linear transformation = from V onto V//W given by
U0+ WforallveV.

Its kernel is equal to W. This map r is called the canonical projection from V' onto V/WV.
2. If V is a finite dimensional vector space and W is a subspace of V, then V/W is finite
dimensional and dim(V/W) = dim V' — dim W.

Theorem 4.2.2. [Isomorphism Theorem] Let V and W be two vector spaces over a field F' and
T :V — W a linear transformation. Then

V/(kerT) =2 imT.

Example 4.2.1. Let A be an m x n matrix and 74 : R" — R™ given by T4(Z) = AZ. Then we
have
R"/(Nul A) = Col A.

Moreover, if b € Col A, then A% = b has a solution, say y,. Theorem [4.2.2] also gives the corre-
spondence
Up + Nul A «— b.

This is Theorem [3.1.31 (2).

4.3 Matrix Representations

Definition. Let V' be an n-dimensional vector space over a field F’ with an ordered basis B =
{V1,Va,...,0,} and ¥ € V. Then Vv € V,3!(cy,...,c,) € F™,

T=c1¥ + oty +...+caty and [dlg= | .| € F"

is called the coordinate vector of ¥ relative to the ordered basis 5.
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Example 4.3.1. Let B = {(1,1,0,0),(1,0,1,0),(1,1,1,0),(0,0,0,2i)} be an ordered basis for C*.
Find [(2, —16, 3, —1)|3.

We recall Theorems[T.4.12] and [1.4.13] as follows.
Theorem 4.3.1. Let V' be an n-dimensional vector space over F' and B a basis for V.
1. For v,% € V and c € F, we have [V + w]g = [v]g + [W]g and [ct]p = c[V]s.

2. The map U — [¥]p is an isomorphism from V onto F".
This also implies Vi, 7 € V, [u]g = [V]g & @ = 7.

Theorem 4.3.2. Let T : V. — W be a linear transformation where dim' V' = m and dim W = n,
and let B = {v,...,0,} and C = {W,...,wW,,} be ordered bases of V and W, respectively. Then
foreach j € {1,...,n}, we have

T(Uj) = dljwl + dgjtﬁg + -+ dmjlﬁm

Hence, there exists a unique m x n matrix over a field F' given by

din di2 ... din

dor doo ... doy
71§ = [[T(@)]e [T@)e - [T@e] = | . . .

dml dm2 cee dmn

Furthermore, ¢ : T + [T is an isomorphism of L(V, W) onto My, ,(F).

Definition. The matrix [T5 is called the matrix for 7 relative to the ordered bases B and
CIfV =W and B = C, then we write [T for [T]5. In addition, if 7 : F™ — F™ is a linear
transformation and B is the standard basis for F*, we call [T]5 the standard matrix for 7.

Note that for 7 € V,
T = c1U1 + coU + - -+ + ¢y Uy,

so that
T(ff) = ClT(Ul) + C2T('l72) —+ -+ CnT(ﬁn).
Thus,
C1
[T(D)]e = aa[T(T)]e + c2[T(T2)le + -+ + ealT(T)]e = [[T(@)]e [T(@)]e -+ [T(T)c] C:2
That is,

[T(@)). = [T1% 0] forall 5 € V.

We conclude this in the following diagram.

17 T
‘/ C
PP

T(7)
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Example 4.3.2. 1. Let B = {1 + z,z} be an ordered basis for R;[z] and
C={l+x,z,2% — 1,2%} an ordered basis for R3[x].
Let T': R;[z] — Rgy[z] be a linear transformation defined by

T(a+ bzx) = z*(a + bx) for all a,b € R.

Find [T5.
1 -1 0 0
2. Suppose T': Ma(R) — R? is a linear transformation with [T = |0 1 -1 0 | where
0 0 1 -1
1 0} (0 1] (0 O] (0 O
5={15 o o of-1 o]0 U]} ende =00 000,001

a b
Compute T’ ( [C d] > .

Theorem 4.3.3. Let V, W and Z be finite-dimensional vector spaces over a field F' and let B,C
and D be ordered bases of V, W and Z, respectively.
IfS:V>Wand T : W — Z are linear transformations, then

[T o S5 = [TIE15]5-

Moreover, if V=W = Z and B=C = D, then [T o S|g = [T]5[5]s-
Corollary 4.3.4. Let V be a finite-dimensional vector space, 3 an ordered basisand T : V — V a
linear transformation. Then

1. T is an isomorphism = [T, is invertible and [T|" = [T~

s
2. [Ty is invertible = T is an isomorphism and [T~!] ; = [T

Theorem 4.3.5. Let T : V — W be a linear transformation where dimV = n and dim W = m.
If B and C are any ordered bases for V and W, respectively, then rank T' = rank[T%.

Example 4.3.3. Define T : Ry[z] — R3 by T'(a + bz + cx?) = (a — 2b,3c — 2a, 3c — 4b) for all
a,b,c € R. Compute rank 7.

4.4 Change of Bases

Definition. Let V' be a n-dimensional vector space over a field F'. with an ordered basis B =

{h,...,0,}. U B = {¢),...,9,} is another ordered basis for V/, we define the transition or
change of coordinate matrix from 5’ to B by Pg_,z = [I] g/

Theorem 4.4.1. Let B, B’ and B" be bases for V. Then
1. Vi € V,[t]p = Ppp V],
2. Pgp=1I,
3. Pg_,p is invertible and (PB%B/)_l = Pg/_.p,
4. Pgpr = PppPpp-

Example 4.4.1. Let B = { [Ol} , [_11} } and B’ = { [ﬂ , [_QJ } be ordered bases for R?.
(a) Find P .
B—B

(b) 1f 7 — {_01] find [#]5 and [7]s-
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Definition. A linear transformation from V' to V is called a linear operator on V.

Theorem 4.4.2. Let B and B’ be two bases for a finite dimensional vector space V. If T : V. — V
is a linear operator, then

[Tl = NE (T8 = (Ps-s) ' T)s(Pssp)-

Example 4.4.2. Let T : R? — R? be a linear transformation with

2 1 0 1 1 —1
standard matrix |6 1 —1|. Find [T]g where B’ =< (2|, |-3|,| 1
0 0 1 0 0 —6

From the above theorem, we have
det[T|g =det[T|g and rank[T|p = rank[T]s

for any two bases B and B’ for V.

Definition. If T': V — V is a linear operator, we define the determinant of 7" by

det T = det[T]p for some basis B for V.

Definition. For n x n matrices A and B, we say that A is similar to B, A ~ B, if there exists
an invertible matrix P € M,,(F) such that B = P~1AP.

Remarks. 1. ~ is an equivalence relation on M, (F).
2. If A~ B, then AT ~ BT, A* ~ BF forall k € N, and A~ ~ B~ (if inverses exist).
3. [T)p and [T are similar for any two bases B and B’ of V.

Definition. The trace of an n x n matrix A is the sum of the diagonal elements.

Theorem 4.4.3. Let A and B be similar matrices. Then
1. det A = det B,
2. rank A = rank B,
3. trA =trB.

Exercises for Chapter 4. 1. If T : V — W is an isomorphism and B is a basis for V, prove that T'(5)
is a basis for W.
2. Let T : V — V be a linear transformation. Suppose that there exists a & € V such that T(T(7)) # 0
and T(T(T(%))) = 0. Prove that {#, T(7), T(T(7))} is linearly independent.
3. Let S,T € L(V,W) and ¢ € F. Prove that:
(@) ker SNkerT C ker(S + ¢T) d) im(S+7T)CimS +imT.
4. Let F be a linear transformation on a vector space V' such that F o F = FE.
Prove that the following statements hold.
@YeVieimE < EW) =10 b)Y Vo eV, v — E(V) € ker E @V =ker E®imE.
5. Let f,g € V*. If ker f C ker g, prove that g = c¢f for some ¢ € F.
6. Let V be an n-dimensional vector space over F'.
If f,g € V* are linearly independent, find dim(ker f Nker g).
If V and W are finite dimensional vector spaces which are isomorphic, prove that V* = W*.
. Let B=1{(1,0,-1),(1,1,1),(2,2,0)} be a basis for R®. Find the dual basis of B.

® N
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9.

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

Consider V = Ry[z]. Let f; : V — R and f5 : V — R be defined by

Clearly, f1, fo € V*. Prove that { f1, fo} is a basis for VV* and find a basis of V' such that { f1, f2} is its
dual basis.

(a) Let W be a subspace of a finite dimensional vector space V.

If B={x1,...,2y}is abasis for W and {z1,...,%m,Tm+1,...,2,} is a basis of V,

show that {z,4+1 + W,...,z, + W} is a basis for V/W.

(b) Let H = Span{(1,1, —1)}. Determine a basis for R?/H.

Let W, and W5 be two subspaces of a vector space V.

Define T : Wi +Wy — Wg/(Wl ﬂWQ) by T(Ujl —l—u_fg) = Wy + (W1 QWQ) for all W, € Wy and w, € Wh.
(a) Prove that 7" is well defined and is an onto linear transformation.

(b) Prove that ker T' = W;.

(c¢) Conclude by Theorem [£2:2] that (W, + Wa)/W1 = Wo /(W1 N Wa).

This is a generalization of Theorem [T.4.8]

If W1 and W5 are subspaces of V' with W C Wh.

Define T’ : V/Wy — V/Wy by T(0+ W;) =+ W forall v € V.

(a) Prove that T is well defined and is an onto linear transformation.

(b) Prove that ker ' = W5 /W].

(c) Conclude by Theorem .22 that (V/W;)/(Wa/W1) =2 V/Ws.

Let U, V and W be finite dimensional vector spaces over a field F'. Let S: U =V and T : V — W
be linear transformations such that 7" o S is the zero map. Show that

dim(W/imT) — dim(ker T/ im S) + nullity S = dim W — dim V' + dim U.

Let V and W be finite dimensional vector spaces over a field F. Let U be a subspace of V' and
T :V — W alinear transformation.

(a) Prove that dim(V/U) > dim(T(V')/T(U)).

(b) If T is 1-1, prove also that the inequality in (a) becomes an equality.

For S CV,let A(S)={f € V*: f(¢) =0 for all ¥ € S}. It is called the annihilator of S.
Prove that

(a) A(S) is a subspace of V* (b) If S; C Sy, then A(S7) D A(S2)

(c) If V is finite dimensional and W is a subspace of V, then V*/A(W) = W*.

Prove that VS, T € L(V,V),SoT € L(V,V).

Let T : V — W be a linear transformation where dim V' = dim W = n.

Prove that the following statements are equivalent.

(i) T is an isomorphism.

(ii) [T] %C is invertible for all ordered bases B and C of V' and W, respectively.

(iii) [T]CBC is invertible for some pair of ordered bases B and C of V' and W, respectively.
Suppose the linear transformation 7' : R? — R? is given by

T(1,1) = (2,3) and T(-1,1) = (4,5).

Find the standard matrix for 7'

Let B = {1,,2%} be an ordered basis for Ry[z] and C = {(1,0),(1,—1)} an ordered basis for R
Find [T if T : Ro[z] — R? is a linear transformation defined by T'(a + bz + cz?) = (a + ¢, 2b) for all
a,b,ceR.

Let B = {sint,cost} and B’ = {sint+2cost,sint—cost} be ordered bases for H = Span B = Span B’
which is a subspace of C'(—oc, 00). Let D : H — H defined by D(f) = f” for all

If T : V — W is an isomorphism, prove that ([T]§)~! = [T—!]5 for all ordered bases B and C of V/
and W, respectively.

Let T : Ry[x] — R? be a linear transformation defined by T'(a + bz + cx?) = (a — ¢, b,a — 2¢) for all
a,b,c € R.If B= {1,z,2%} and C = (1,0,0), (0,1,0), (0,0, 1), find [T]$ and the formula for 7-*.

Let T': R, [x] = R,[z] be a linear transformation defined by

T(p(x)) = p(z) + zp'(z),

where p/(z) is the derivative of p(z). Show that 7" is an isomorphism by finding [T]|z where B =
{1,2,2%, ..., 2"}
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24. Let a be a real number. Define a linear transformation 7, : M»(R) — My(R) by

T.(A) = A+ aA” forall A € My(R).

_f{1 of [0 O] {0 1] |0 -1 , - a1 e g
IfB= { [O 0} , [0 1] , L 0] , L 0 } }, find [T]5 and conclude that T, is invertible if a* # 1.

25. Let T': R? — R? be a linear transformation defined by T'(z,y) = (—y, z) for all #,y € R. Prove that
(a) Ve € R, (A — cly) is invertible,

(b) if B is an ordered basis for R? and [T|5 = {(CI Z} , then bc # 0.
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5.1 Eigenvalues and Eigenvectors
We first recall some numerical examples.

Example 5.1.1. Diagonalize A = [ L 0].

-1 2
That is, find an invertible matrix P and a diagonal matrix D (if any) such that A = PDP~!.
3 1 -1
Example 5.1.2. Let A= [2 2 —1| and T(%¥) = A% a matrix transformation on R3.
2 2 0

Find a basis B (if any) such that [Tz is a diagonal matrix. Given det(A — A\I) = —(A —1)(A —2)%.

Definition. Let V' be a vector space over a field F'and T' € L(V, V).

A scalar A € F is called an eigenvalue or characteristic value of 7 if there exists a nonzero
vector ¢ € V such that T'(¥) = \v. If A is is an eigenvalue of T, then ¢ € V such that T'(¥) = \v
is called an eigenvector or characteristic vector of 7" associated with the characteristic

value \. We have that
EX(T)={TeV :T@) =\o} ={TeV: (T —-\)®) =0y} =ker(T — X)
is a subspace of V, called the eigenspace or characteristic space of 7" associated with .

Remark. ) is an eigenvalue of T < ker(T — \) # 0Oy < T — A is not 1-1.

For matrix theory, we restrict ourselves to the case of V' is n-dimensional. Then £(V,V)
M, (F) with T — [T for a fixed basis B of V. Hence, we can only work on M, (F).

[12

Definition. Let A € M, (F'). The matrix transformation 74 : F* — F™ is given by
Ty (%) = A%

for all # € F™. An eigenvalue of T4 is called an eigenvalue of A and the eigenspace of T4 is
called an eigenspace of A. In other words,

Ex(A)={Zc F": AT =\ T} = {f € F": (A — \,)@ = 0,} = Nul(4 — \I,,).

Then
) is an eigenvalue of A < ker(Ty — M) # 0y,
& Nul(A — \I,) # 0,
& A — M\, is not invertible
& det(A —\I,) =0.

45
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Definition. The polynomial c4(z) = det(x1,, — A) is called the characteristic polynomial of A.

Thus we have proved

Theorem 5.1.1. For A € M, (F), X is an eigenvalue of A < det(A — A\I,,) =0, i.e., A is a root of
the characteristic polynomial of A.

Since an eigenvalue of an n x n matrix A is a root of c4(x) = det(xI,, — A) which has degree n
and a polynomial of degree n over a field F' has at most n roots in F', A has < n eigenvalues.

Theorem 5.1.2. An n x n matrix has at most n eigenvalues.

Remark. If A is similar to B, then det A = det B and
det(B — \I,,) = det(P~'AP — A\P'I,P) = det(P~Y(A — AI,,)P) = det(A — \I,,).

Therefore, we have the following result.

Theorem 5.1.3. If A and B are similar n x n matrices, then A and B have the same characteristic
polynomial and eigenvalues (with same multiplicities).

Example 5.1.3. The matrices

1 1 1 0
A:[O 1] and I:[O J

have the same determinant, trace, characteristic polynomial and eigenvalue, but they are not
similar because PIP~! = I for any invertible matrix P.

Definition. A diagonal matrix D is a square matrix such that all the entries off the main
diagonal are zero, that is if D is of the form

A0 ... 0
0 Ao
= . . :diag()\l,)\g,...,)\n),
0 0 ... A\
where A\, A\a, ..., A\, € F (not necessarily distinct).

Definition. An n x n matrix A over F is said to be diagonalizable if A is similar to a diagonal
matrix, that is, there are an invertible matrix P and a diagonal matrix D such that P~'AP = D.
In this case, we say that P diagonalizes A.

Definition. Let V' be a finite dimensional vector space and 7' € £(V, V) a linear operator. We
say that 7" is diagonalizable if there exists a basis 5 for V' such that [T]3 is a diagonal matrix.

Theorem 5.1.4. Let A be an n X n matrix.
1. Ais diagonalizable <
A has eigenvectors vy, . . ., U, such that P = [ty --- @] is invertible.
2. When this is the case, P~' AP = diag(\1, \a, ..., \,), where
for each i, \; is the eigenvalue of A corresponding to v;.
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PT‘OOf. Let P = [’171 172 e Un] and D = diag()\l, AQ, RN )\n)
Then AP = PD becomes
A O 0
o . L 0 Mo 0
A [vl Vs vn] = [vl Vo Un] .
0 O An
[Aﬁ'l Aty - Aﬁn] = [)\1171 Aoy + v+ )\nﬁn] )

Comparing columns shows that Av; = \;u; for each ¢, so

P7'AP = D & Pisinvertible and Av; = \;#; for alli € {1,...,n}.

The results follow. O
Theorem 5.1.5. Let vy, ..., 4, be eigenvectors corresponding to distinct eigenvalues A1, ..., Ay, Of
an n x n matrix A. Then {¥1, ..., Uy} is linearly independent.

Proof. We use induction on k.
If k = 1, then {#,} is linearly independent because @ # 0.
Let k£ > 1 and the theorem is true for any k eigenvectors.
Let U1, ..., Ux41 be eigenvectors corresponding to distinct eigenvalues A, ..., \p11 of A.
Letcy,...,cxy1 € F be such that
1V + coUs + « -+ + Cra1 U1 = 6 (5.1.1)

Since Av; = \j; for all 4, multiplying by A both sides gives

CIANU1 + c2dolo + -+ - 4 Cha1 At 1Tkr1 = 0. (5.1.2)

Subtracting (5.1.2) by \; x (5.1.1), we have

co(Aa = A1) + - + 1 (M1 — A1)Tps1 = 0.

Since ¥, .. ., U4+ are k eigenvectors, they are linearly independent by induction hypothesis, so
c2(A2 — A1) = - = cpr1(Akr1 — A1) = 0.
However, A1, ..., \y11 are distinct, hence we get
cg ="+ =Cgq1 = 0.

This implies ¢177 = 0, so ¢; = 0 because 7; #* 0.
Therefore, {71, ..., U1} is linearly independent. O

Corollary 5.1.6. If A is an n x n matrix with n distinct eigenvalues, then A is diagonalizable.

Proof. Let 71, ..., U, be eigenvectors corresponding to distinct eigenvalues A1, ..., \, of A.
Then they are linearly independent, and so P = [} ... ,] is invertible
and P~ 1AP = diag()\l, Aoy, /\n) ]
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Lemma5.1.7. Let {¥1,..., Uy} be a linearly independent set of eigenvectors of an n x n matrix A,
extend it to a basis of F™, and let

P=[#h ... @ Upp1 ... @)

which is invertible. If \1, ..., \; are the (not necessarily distinct) eigenvalues of A corresponding
to v, ..., U, respectively, then P~' AP has block form

diag()\l, 000 ,)\k) B

1 o
P AP = 0 c

where B has size k x (n — k) and C has size (n — k) x (n — k).

Definition. An eigenvalue \ of a square matrix A is said to have multiplicity m if it occurs m
times as a root of the characteristic polynomial c4(z).

In other words,

for some polynomial g(z) such that g(\) # 0.

Lemma 5.1.8. Let \ be an eigenvalue of multiplicity m of a square matrix A.
Then nullity(A — AI) = dim E)(A4) < m.

Proof. Assume that dim F)(A) = d with basis {71,...,0y}. By Lemma [5.1.7, there exists an
invertible n x n matrix P such that

A, B

-1 o
P AP_[O c

| = ar

where I; is the d x d identity matrix. Since M and A are similar,
(x — N1y B
0 xl,_qg—C
= (det(x — \)Ig)(det(zI,_q — C))
= (z = A\)ec(@).

ca(z) = ep(x) = det(zl, — M) =

Hence, d < m because m is the highest power of (x — \) in c4(x). O

Theorem 5.1.9. Let A1, ..., \; be all distinct eigenvalues of an n x n matrix A.
Foreach i € {1,...,k}, let m; denote the multiplicity of A\; and write d; = nullity (A — \;I},).
Then 1 < d; < m; for all i, n = my + - - - + my, and

calz) = (x—A)™ -+ (. — Ap)™.

Moreover, the following statements are equivalent.
(i) A is diagonalizable.
(i) d; = nullity(A — A\;1,) = dim E), (A) = m; for all i.
(iii) n=dy +--- + di.
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5.2 Annihilating Polynomials

Let A be an n x n matrix over a field F. Since dim M, (F) = n?, the set {I,,, A, A2, ..., A"} is
linearly dependent. Then there exist cg, ¢1, ..., ¢,2 in F' not all zero such that

col, + 1A+ cgA? + -+ cnzA”2 =0.

Let f(z) be the polynomial over F defined by f(z) = co+ c1z 4 caa? +- - -+ ¢,22™ . Then f(z) £ 0
and f(A) = 0.

Let g(z) = a~!f(z) where « is the leading coefficient of f(x). Then g(z) is monic (leading
coefficient = 1) and g(A) = 0. Thus there exists a polynomial p(z) over F' such that
(@) p(4) =0
(b) p(x) is monic and
(c) V nonzero polynomial ¢(z), g(A) = 0 = degp(z) < degq(z).
We have that such p(z) is unique (Proof!) and it is called the minimal polynomial. Note that if
k(xz) € Flx] and k(A) = 0, then p(z) | k(z).

Remark. If A and B in M, (F') are similar, then they have the same minimal polynomial.

Recall that the characteristic polynomial of A is given by

ca(z) = det(zl, — A).
Theorem 5.2.1. The characteristic polynomial and minimal polynomial for A have the same roots.

Remark. Although the minimal polynomial and the characteristic polynomial have the same
roots, they may not be the same.

5 —6 —6
Example 5.2.1. The characteristic polynomial for A = [1 4 2 ] is (x — 1)(z — 2)? while
3 —6 -4

(A—TI)(A—-2I) =0,

so the minimal polynomial of A is (x — 1)(x — 2). Notice that A is diagonalizable. In general, we
have:

Theorem 5.2.2. If an n x n matrix A is diagonalizable with distinct eigenvalues \1, ..., Ag, then
(x — A1) ... (z — A\g) is the minimal polynomial for A.

Theorem 5.2.3. [Cayley-Hamilton] If f(x) is the characteristic polynomial of a matrix A, then

f(4) =0

Proof. Write f(z) = det(xl, — A) = 2™ + ap_12" ' + -+ + a17 + ao. Let B = zI,, — A. Since
adj B is a matrix such that each entry is obtained by using (n — 1) x (n — 1) submatrix of A and
computing its determinant,
. _ p(n—=1) n-—1 (n=2) n—2 , | 3(1) (0)
C; (B)—bij T —|—bij T + +bij :c+bij
foralli,j € {1,...,n}. Thus
adj B = [Cy;(B)]E

nxn

_ [b(n—l)xn—l n bl(?—2)xn—2 et bgjl-)x + b(Q)]T

ij 1 InXn

= Bn—lmn_l + Bn—an_2 + -+ le + BO
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where B; € M, (F). Recall that

(det B)I,, = B(adjB) = B(B,,_12" ' + By, 22" 2+ --- + Bix + By).

Then
(2" + ap_12" ' - Farz 4 ag)l,
= B(Bp_12" ' 4+ B, 22" 2 + .- 4+ Biz + By)
= (2 — A)(Bn_12" " + Bp_9a"? + -+ Biz + By)
= Bp_12" + By_oz" ' + -+ + Bya® + Byx
— AB, 12" '+ AB,,_o2" %+ .-+ AByz + ABy.
This gives
I=DB,1
an-1I =B, 2 — AB, 1
an—ol = By, 3 — ABp
a1l = By — AB;
aof = —AB().
Therefore
An+an,1An_1 +...a1 A+ aogl
=A"B, 1+ A" (B, 32— AB, 1)+ A" *(B,_3— AB,_3) + ...
+ A(Byg — ABy) — ABy
=0
as desired. O
3 1 -1
Example 5.2.2. Determine the minimal polynomial of A = |2 2 —1}{.
2 2 0

Some consequences of the Cayley-Hamilton are as follows.

Corollary 5.2.4. The minimal polynomial of A divides its characteristic polynomial.

Recall that

0 is an eigenvalue of A < 0 = det(A — 0/) = det A < A is not invertible.

Corollary 5.2.5. If f(z) = ap + a1z + - - - + a,_12"~* + 2™ is the characteristic polynomial of an
invertible matrix A, then ag # 0

1
A7l = —a—(a11+a2A+ coo AT,
0
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5.3 Symmetric and Hermitian Matrices

Definition. Let F' =R or C and A = [a;;] a matrix over F.
The matrix A is said to be symmetric if A = AT. We define A = [a;;]7, the conjugate
transpose of A, called A Hermitian. We say that A is Hermitian or self-adjoint if A = A,

Notice that symmetric and Hermitian matrices are square matrices and they coincide if F' = R.

3 1 -1 2+3
1 —2}and3_[2—3z‘ 2 }
Then A is symmetric and both of them are Hermitian.

Example 5.3.1. Let A = [

Theorem 5.3.1. If A is a Hermitian matrix, then
(1) #7 AZ is real for all ¥ € C* and (2) the eigenvalues of A are real.
That is, if A is Hermitian, then all roots of c4(x) are real.
Example 5.3.2. For vectors & and ¢/ in C", we define (7, ) = £y
Then (-, -) is an inner product on C” so that

12| = 272 = |x1)> + -+ + |zp)? forall = (21,...,2,) € C"

Theorem 5.3.2. Two eigenvectors corresponding to different eigenvalues of a Hermitian matrix
are orthogonal to one another.

Definition. For F = R or C and U € M, (F), U is called unitary if UHU = I,, = UUH. 1If
F = R, a unitary matrix satisfies UTU = I,, = UU" and may be called an orthonormal matrix.

Theorem 5.3.3. Let U € M,,(C) be a unitary matrix.
For the inner product defined in Example we have
(UZ,Uy) = (Z,y) for all Z,y € C", so | UZ|| = ||Z|| for all £ € C.

Corollary 5.3.4. IfU = [4y @ ... i, € My(C) is a unitary matrix, then for all j,k €
{1,2,...,n} we have
S 1 ifj=k,
(dj, Ug) = .
0 ifj#k
Remark. The converse of Corollary[5.3.4]is also true and its proof is left as an exercise.
1 (1 ¢ cost —sint
Example 5.3.3. U; = ﬁ L J and U = [Sint cost }

are unitary matrices.

Theorem 5.3.5. Every eigenvalue of an unitary matrix U has absolute value one, i.e., |\ = 1.
Moreover, eigenvectors corresponding to different eigenvalues are orthogonal to each other.

We are going to explore some very remarkable facts about Hermitian and real symmetric
matrices. These matrices are diagonalizable, and moreover diagonalization can be accomplished
by a unitary matrix P. This means that P~'AP = P AP is diagonal. In this situation, we say
that the matrix A is unitarily or orthogonally diagonalizable. Orthogonally and unitary are
particularly attractive since the calculation is essentially free and error-free as well: P7 = p~1,
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Theorem 5.3.6. Ifareal matrix A is a orthogonally diagonalizable with an orthonormal matrix P,
that is PT AP is a diagonal matrix, then A is symmetric.

Remark. The converse of Theorem [5.3.6]is also true. In addition, we prove a stronger result.

Theorem 5.3.7. [Principal Axes Theorem] Every Hermitian matrix is unitarily diagonalizable.
In addition, every real symmetric matrix is orthogonally diagonalizable.

Proof. We shall show this statement by induction on n. It is clear for n = 1.

Assume that n > 1 and every (n—1) x (n—1) Hermitian matrix is unitary diagonalizable. Consider
an n x n Hermitian matrix A.

Let \; be a real eigenvalue of A with unit eigenvector 4.

Then Av = A7 and ||v]| = 1.

Let W = {#}* with orthonormal basis {1, ..., Z,_1}.
Thus, R= [0 # ... Z,-1]isann x n unitary matrix. Observe that
A0 L. 0 A O c. 0
0 bog ... bop 0
B=RIAR=| . | =
S : Clin-1)x(n—1)
0 by ... bun 0

and B” = (R” AR)! = B. Hence, B is Hermitian and so is C.

Since C'is an (n — 1) x (n — 1) Hermitian matrix, by the induction hypothesis,

Jan (n— 1) x (n — 1) unitary matrix @ such that Q7 CQ = diag(\s, ..., \,).
10 ... 0

0
Let P=|. . Then P is an n x n unitary matrix and

nxn
PABP = PEREARP = (RP)" A(RP).
Choose U = RP. Then U = (RP)? = PHRH = R~'P~! = (RP)"' =U~! and
A1

A
UHAU = PHBP — ?

Hence, A is unitarily diagonalizable. O

Example 5.3.4. Diagonalize the Hermitian matrix A = [1 —11- ; ! O_ l] .

O = N
oo O

1
Example 5.3.5. Orthogonally diagonalize the symmetric matrix A = |2
0

(Given A = 0,5, 5).
Definition. A square matrix A is normal if A7 A = AAH

Clearly, every Hermitian matrix is normal.
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Theorem 5.3.8. A matrix is unitarily diagonalizable if and only if it is normal.

Proof. It is a consequence of Schur Triangularization Theorem which is beyond the scope of this
course. -

Real versus Complex

(x1,...,zy) ER"™ (x1,...,@y) €C"
length: ||Z]|? = 22 + - + 22 17| = 21>+ - + |2n)?
transpose: Ag; = Aj; Hermitian: Ag = Aj;
(AB)T = BT AT (AB)H = BH AH
T-g=7"g=ay + -+ Ty Zf =G =T+ + Tnyn
orthogonality: 75 = 0 =0
orthonormal: PTP = I,, = PPT unitary: UYU = I, = UUH
symmetric matrix: A7 = A Hermitian matrix A7 = A
A=PDP~! = PDPT (real D) A=UDU~! =UDU¥ (real D)
orthogonally diagonalizable unitarily diagonalizable

5.4 Jordan Forms

Theorem [5.1.9] gives necessary and sufficient conditions for an n x n matrix to be diagonalizable,
namely that it should have n independent eigenvectors. We have also seen square matrices which
are not diagonalizable. In this section, we discuss the so-called Jordan canonical form, a form
of matrix to which every square matrix is similar.

Definition. Let A be an n x n matrix. Let \ be an eigenvalue of A with nullity(A — \[,,) = /.
Assume that A is of multiplicity m. Then 1 < /¢ < m.

Ifm=1,thenl{=m = 1.

If m > 1 and ¢ < m, then X is said to be defective and the number m — ¢ > 0 of missing
eigenvector(s) is called the defect of A.

Note that if A has a defective eigenvalue, then A is not diagonalizable.

Definition. The generalized eigenspace (), corresponding to an eigenvalue )\ of A, consists
of all vectors  such that, for some k € N, (4 — AI)*7 = 0, that is,

GA(A) = {7 € F": (A= \I)*¥ = 0 for some k € N} = | | Nul(A — AD)".
keN

Definition. A length r chain of generalized eigenvectors based on the eigenvector ¢ for A
is a set {v = ¥y, Vo, ..., U, } of r linearly independent generalized eigenvectors such that

(A= XU, = Up_1,
(A - AI)Ur—l = 177”—27
(A — AUy = 1.
Since #, is an eigenvector, (A — \I)#, = 0. It follows that

(A= XI)"%, = 0.
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We may denote the action of the matrix A — A\I on the string of vectors by
Ty — Vpy —> - — Ty — T — 0.
Now let W be the subspace of GG spanned by {#,...,7,}. Any vector Z in W has a represen-
tation of the form
T= U1 + colg + -+ + ¢, U,
and
AZ = c1(AU)) + c2(AT2) + - - - + ¢ (AT,)
= c1(AV) 4+ co( AU + 1) + - - - + ¢ (AT, + Tp—1)
= (A1 + )01+ + (Aep—1 + &)Ut + AU
Thus A% is also in W. If B = {7}, ...,7,} is a basis for W, then

[ Ae1 4o ] A1 c1

Ao +c3 A1 2

[AZ]p = : = . 2| = Jlds
ACr_1 + ¢ Al Cr—1
L Ao A L ¢ |
where
Al
Al
J=J\r) = .
Al

TXT

is called the Jordan block of size r corresponding to .

Example 5.4.1. Let A = [ ! 1} . Find generalized eigenspaces of A.

-1 3
0 1 2 -1 1 0
Example 5.4.2. Let Ay = |-5 -3 —-T7|andAs=|0 -1 0 |.
1 0 0 0 1 -1

Then A; and A, have the same characteristic polynomial (z + 1)3. Find
(1) the minimal polynomials of A; and A5, and
(2) the generalized eigenspaces of A; and As.

Theorem 5.4.1. If a n x n matrix A has t linearly independent eigenvectors, then it is similar to
a matrix J, that is, in Jordan form, with ¢ square blocks on the diagonal:

Ji
Jordan form J=M"TAM =
Ji

Each block has one eigenvector, one eigenvalue, and 1s just above the diagonal:

Jordan block Jy = J(Xi, i) =
1

¢ Ti XTj

The same \; will appear in several blocks, if it has several independent eigenvectors. Moreover, M
consists of n generalized eigenvectors which are linearly independent.
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Remark. Theorem [5.4.1] says that every n x n matrix A has n linearly independent generalized
eigenvectors. These n generalized eigenvectors may be arranged in chains, with the sum of the
lengths of the chains associated with a given eigenvalue \ equal to the multiplicity of A\. But the
structure of these chains depends on the defect of A\, and can be quite complicated. For instance,
a multiplicity-four-eigenvalue can correspond to

Four length 1 chain (defect 0);

Two length 1 chains and a length 2 chain (defect 1);

Two length 2 chains (defect 2);

Alength 1 chain and a length 3 chain (defect 2);

A length 4 chain (defect 3).

Observe that, in each of these cases, the length of the longest chain is at most d + 1 where d
is the defect of the eigenvalue. Consequently, once we have found all the ordinary eigenvectors
corresponding to a multiple eigenvalue A, and therefore know the defect d of \, we can begin
with the equation

(A= ANHag=0 (5.4.1)

to start building the chains of generalized eigenvectors corresponding to A.

Algorithm: Begin with a nonzero solution #; of Eq. (5:4.1I) and successively multiply by the
matrix A — A\J until the zero vector is obtained. If

(A= X)) = #0
(A= M)y = i3 #0

(A= M)tij_y =), #0
but (A — )@, = 0, then we get the string of k generalized eigenvectors

T — Gy — - — Ty

0 O 1 0
o 0 0 1| . " . ;
Example 5.4.3. Let A= | 9 9 _3 1 with the characteristic polynomial z(x + 2)°.

2 -2 1 =3
Find the chains of generalized eigenvectors corresponding to each eigenvalues and the Jordan
form of A.

o w o

Example 5.4.4. Let A = Find the minimal polynomial of A and chain(s) of

O = O
o O o O
O oo O O

8
generalized eigenvectors and the Jordan form of A.

Example 5.4.5. Write down the Jordan form of the following matrices.

0011 3500 3000
0011 0 3 6 0 0350
o 0011 2) 00 47 3 0 0 46
0000 0 0 0 4 00 0 4
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Let N(r) = J(0;r) denote an r x r matrix that has 1’s immediately above the diagonal and
zero elsewhere. For example,

,N(4) = , etc.

O = O O

0
1
0

o O O O
o O O =
OO = O

0 1
N(2) = [8 (1)] N(3) = {8 8

Then J(\;r) = AI + N(r), or in abbreviated J = A\ + N.

Suppose that f(x) is a polynomial of degree s. Then the Taylor expansion around a point ¢ from
calculus gives us

"(c () (¢
flc+z) = f(C)—}—f/(c)x+]‘?2(‘)x2+...+fS'()$s’
where f/, f”,. .., f(*) represent successive derivatives of f. In terms of matrices I and N, we

have

F0) = FOT £ N) = FO) 4 fOnN « ZTODN? L fOANN®

2! s!
— o+ 7N + E e SO
o roy BN
ey T
} i
2!
£
I LGN

because the entries of N* that are k steps above the diagonal are 1’s and all the other entries
are zeros.

Example 5.4.6. Compute J();4)2, J();3)19 and J();2).

Ji JT
Remark. If J = is in a Jordan form, then J* = .
Jy Ji

} |

Example 5.4.8. Given a square matrix A, use the Jordan form of A, to determine its minimal
polynomial.

Solution. Let J be the Jordan form of A. Since f(A) = Mf(J)M~!, f(A) = 0 if and only if
f(J) = 0. Also, if J(A;r) is a Jordan block, then f(J(A;r)) is a Jordan block of f(J). We must
thus find a polynomial such that, for every Jordan block J(A;r) of J, f(J(A;r)) = 0 holds.

But we derived a formula for f(J(X; 7)), and it equals the zero matrix if and only if f(\), f/()),
..., f=B()) are all zero. Thus, f(z) and its first » — 1 derivatives must vanish at = = ); in other
words, (z — A)” must be a factor of f(x).

w o o

2 1
Example 5.4.7. Compute J* for J = [0 2
0 0
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Let A1, ..., \; be the distinct eigenvalues of A and m; the “maximum size” of the Jordan blocks
corresponding to the eigenvalue \;. Hence, we obtain

fl@)=(z—XA)™ ... (z— )™

is the minimal polynomial of A. O
Example 5.4.9. Find the minimal polynomial of the following matrices.
2 0 0 2 1 0 21 0
(Lijo 2 0 210 2 0 @01 0
0 0 -1 0 0 —1 0 0 -1
3 1 i 3 1 i
31 3
3 31
4 (5) 3
8 1
8
L 5 L 5]
01 0
Exercises for Chapter 5. 1. Let A= [0 0 1|.Find a,b,cso that det(A — \3) = 9\ — \3.
a b c
2. LetT : V — V be a linear operator.
A subspace U of V' is T-invariant if T'(U) C U, i.e.,, Vi € U, T(u) € U.
(a) Show that ker 7" and im T" are T'-invariant.
(b) If U and W are T'-invariant, prove that U N W and U + W are also T-invariant.
(c) Show that the eigenspace E\(T) is T-invariant.
3. Show that A and A7 have the same eigenvalues.
4. Show thatif A\i,..., \; are eigenvalues of A, then A{",..., A" are eigenvalues of A™ for all m > 1.
Moreover, each eigenvector of A is an eigenvector of A™.
5. Let A and B be n x n matrices over a field F. If [ — AB is invertible, prove that I — BA is invertible
and (I - BA)™' =1+ B(I - AB)'A.
6. Show that if A and B are the same size, then AB and B A have the same eigenvalues.
7. Determine all 2 x 2 diagonalizable matrices A with nonzero repeated eigenvalue a, a.
8. Let V be the space of all real-valued continuous functions. Define T": V' — V by
@@ = [ s,
0
Show that 7" has no eigenvalues.
9. Prove that if A is invertible and diagonalizable, then A~! is diagonalizable.
10. Let V = Span{1,sin2t,sin’t}. Let T : V — V defined by T'(f) = f"'.
Find all eigenvalues and eigenspaces of D. Is T diagonalizable? Explain.
11. Let A = [a;;] be an n x n matrix such that for each i = 1,2,...,n, we have Z a;; = 0.
j=1
Show that 0 is an eigenvalue of A.
12. Let A be an n x n matrix with characteristic polynomial (z — A1) ... (z — A\g)%.
Show that tr A = di A1 + -+ + dp A
13. Let A be a 2 x 2 matrix. Prove that the characteristic polynomial of A is given by
22 — (tr A)z + det A = 0.
14. If A and B are 2 x 2 matrices with determinant one, prove that

tr AB — (tr A)(tr B) + tr AB~! = 0.
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15

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.
26.
27.
28.
29.
30.
31.

32.

33.

34.

35.

5. Structure Theorems

. Find the 2 x 2 matrices with real entries that satisfy the equation

5 ay2_ |-2 =2
X 3X_[_2 _2].

(Hint. Apply the Cayley-Hamilton Theorem.)

0 0 ¢
Let A= 1|1 0 b].
01 a

Prove that the minimal polynomial of A and the characteristic polynomial of A are the same.
A 3 x 3 matrix A has the characteristic polynomial z(x — 1)(x + 2).

What is the characteristic polynomial of A2?

Let V = M, (F) be the vector space of n x n matrices over a field F. Let A be an n x n matrix.
Let T4 be the linear operator on V' defined by 74 (B) = AB.

Show that the minimal polynomial for 7’4 is the minimal polynomial for A.

Let U be an n x n real orthonormal matrix. Prove that
(@) [tr (U)| < n, and (b) det(U? — I,,) = 0 if n is odd.
S _, . 1 ifj =k, . .
IfU = [ty d ... | with (@)= 0 WLk prove that U is unitary.
Let A be an n x n symmetric matrix with distinct eigenvalues Ay, ..., \;. Prove that
(A= XM1,)...(A= X\ I,) =0.

Unitarily diagonalize the following matrices.

9 1 3 0 1 0 0 1 0 2 1 4
(@ [_1 2] ) [—i O} @|-1 0 o0 (1 0 0 e |- 1 0

0 0 -1 0 0 1 —i 0 1

Show that every unitarily diagonalizable matrix is normal.

Suppose that A is real symmetric and orthonormal. Prove that the only possible eigenvalues of A are
+1.

Show that if a real matrix A is skew-symmetric (i.e., AT = —A), then i A is Hermitian.

Prove that if A is unitarily diagonalizable, then so is A.

Let A be any square real matrix. Show that the eigenvalues of AT A are all non-negative.

Show that the generalized eigenspace G, corresponding to an eigenvalue \ of an n x n matrix A is
a subspace of F™.

Suppose the characteristic polynomial of a 4 x 4 matrix A is (z — 1)%(x + 1)2.

(a) Prove that A—1 = 24 — A3. (b) Write down all possible Jordan form(s) of A.
Let J = J(\;r) be an r x r Jordan block with A on its diagonal. Show that J has only one linearly
independent eigenvector corresponding to A.

If J is in Jordan form with k Jordan blocks on the diagonal, prove that J has exactly k linearly
independent eigenvectors.

These Jordan matrices have eigenvalues 0, 0, 0, 0:
0 1 0 1
0 0 1
J= 01 and K= 0
0 0

For any matrix M, compare JM with M K. If they equal, show that M is not invertible. Then .J
and K are not similar.

Suppose that a square matrix has two eigenvalues A = 2, 5, and n,(\) = nullity(A — AI)?, p € N, are
as follows:

n1(2) =2, n2(2) =4, n,(2) =5for p > 3,and n1(5) =1, np(5) =2 forp > 2.

Write down the Jordan form of A.

If J = J(0;5) is the 5 x 5 Jordan block with A\ = 0. Find J2, count its eigenvectors and write its
Jordan form.

How many possible Jordan forms are there for a 6 x 6 matrix with characteristic

polynomial (z — 1)%(z + 2)*?



5.4. Jordan Forms 59

36.

37.

38.

39.

40.

2 a b
Let A= |0 2 c| € M3(R).

0 0 1
(a) Prove that A is diagonalizable if and only if a = 0.
(b) Find the minimal polynomial of A when () a =0 (ii) a # 0.
Let V = {h(z,y) = ax® + bry + cy®> + dx + ey + f : a,b,c,d,e, f € R} be a subspace of the space
of polynomial in two variables z and y over R. Then B = {22, 2y, 4%, x,y, 1} is a basis for V. Define
T:V —Vby

0
T = — .
@) ) = 5 ([ 1t ac)
(a) Prove that T is a linear transformation and find A = [T]3.

(b) Compute the characteristic polynomial and the minimal polynomial of A.
(¢) Find the Jordan form of A.

True or False:

(a) [?) ﬂ and [?) i are similar. (b) B g} and B :13 are similar.
a 1 0 b 0 0
Show that [0 a 0| and [0 « 1| are similar.
0 0 b 0 0 a
Write down the Jordan form for the following matrices and find its minimal polynomial.
P -1 0 1 1 0 0 2 0 0]
(a) [_1 _4} o0 -1 1 © -2 -2 -3 @ i|-79 7
1 -1 -1 2 3 4 0 2_
31 -1 -2 17 4 -3 5 -5 5 —1 1]
e (2 2 -1 ®|-1 6 1 @13 -1 3 ) |1 3 0
2 2 0 0 1 2 8 - 10 -3 2 1_
1 -4 0 -2 2 1 0 1 -1 -4 00 1 3 7 0]
~ |0 1 0 0 ~ 10 2 1 0 1 3 00 0 -1 -4 0
Dls _12 —1 6 Wig o 2 1 Wiy 9 19 Olg 1 3 o
0 -4 0 -1 0 0 0 2 0 1 01 0 —6 —14 1]

Eigenvalues: (b) —1,—1,—1 (c) 1,1,1 (d) 2,2,9 (e) 1,2,2 (f)2,2,2 (g 2,2,2 (h)3,3,3
O -1,-1,1,1 ®1,1,1,1 O1,1,1,1.
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