Correlation Theory

Still bi-variate statistics
X ~random variable

Y ~ random variable

(c) Pongsa Pornchaiwiseskul,

—~ 11

Covered Topics

) .
® Pecarson s Correlation

b .
® Spearman s Rank Correlatiion

(c) Pongsa Pornchaiwiseskul,

—~



Population Covariance (1)

Definition

Oxy :E:(X_:ux)(Y_zuy)]

= [ =)= 18) £ (5, y)elxdy

a constant

(c) Pongsa Pornchaiwiseskul,
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Population Covariance (2)

Sign of Covariance

Positive ==> if one RV i1s above or below
1ts mean, the other RV tends to be also
above or below 1ts mean

Negative ==> if one RV is above or below
its mean, the other RV tends to be below or
above 1ts mean

(c) Pongsa Pornchaiwiseskul,
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Population Covariance (3)

Magnitude of Covarinace

unbounded

depends on the units of both RV s

Unit of covariance

= unit of X times unit of Y
e.g., X 1s in Baht and Y 1s 1n Kilogram
O, 1s in Baht-Kilogram

(c) Pongsa Pornchaiwiseskul,
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Population Correlation (1)

® Definition

GX Y

Pxy =
OOy

® Sign of Correlation

—same as that of Covariance

(c) Pongsa Pornchaiwiseskul,
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Population Correlation (2)

Magnitude of Correlation

always bounded between -1 and 1

-1<p,y <+1

Unit of Correlation

no unit

comparable between populations

(c) Pongsa Pornchaiwiseskul, 7
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Population Correlation (3)

Interpretation of Correlation

=+1 ==> If a variable is above or below
its mean, the other will be above or below its
own mean with certainty

Py =-1==>1Ifa variable is above or below its
mean, the other will be below or above its
own mean with certainty

P, = 0==>1Ifavariable is deviated from its
mean, the other will be expected at its mean

(c) Pongsa Pornchaiwiseskul, 8
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Sample Covariance

Syy 18 an estimator for GXY

Required paired sample

Estimator Z( X _)_() 14 —I_@
=1

S —
XY
n—1

(c) Pongsa Pornchaiwiseskul,
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Paired Sample of Size n

[ X Y,

1 x4 Y5

2 x5 Yo
N XA Y

(c) Pongsa Pornchaiwiseskul,

—~ 11
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Sample Correlation (1)

I'vy 1S an estimator of IOXY

.. \)
Definition p = XY
XY
. Sx Oy
Sign of sample Correlation

same as that of sample Covariance

(c) Pongsa Pornchaiwiseskul, 11
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Sample Correlation (2)

Magnitude of Sample Correlation

same as population correlation

always bounded between -1 and 1

—-1<r, <+1

Unit of sample Correlation

no unit

comparable between data sets

(c) Pongsa Pornchaiwiseskul, 12
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Test for Zero Correlation

Hy:pyy =0
H,:p, #0

Theorem

t.= X' f(n-2)
1_’3?1/

n—2

Perform a Two-sided test.

(c) Pongsa Pornchaiwiseskul, 13
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Test for Non-zero Correlation (1)

HO:pxyza, a#0

H, :p,, #a
Theorem 1 (1 _H,)
w=—In — |,
2 \l-r

(c) Pongsa Pornchaiwiseskul, 14
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Test for Non-zero Correlation (2)

1
o~ N :
]

a)_
7 = 1“ ~ N(0,])

n—23
Perform a Two-sided test.

(c) Pongsa Pornchaiwiseskul, 15
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Rank Correlation(1)

Two judges (A and B) are to rank n

different objects (contestants)
Question: Are the two judges correlated?

How can similarity or dissimilarity be

measured?

(c) Pongsa Pornchaiwiseskul, 16
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Rank Correlation(2)

b
Spearman s Rank Correlation (sample)

6> D;

- n(n® —1)

No definition for population rank
correlation

r'=1

(c) Pongsa Pornchaiwiseskul, 17
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Rank Correlation(3)

Rij = rank given to object 1 by judge ;

D. = rank difference for object 1

=R, -Ry

(c) Pongsa Pornchaiwiseskul, 18
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Rank Correlation(4)

Paired Sample of Size n

i RA RB,
1 RA, RB,
2 RA, RB,
n RA, RB.
(C) Pongsa Pornchaiwiseskul, 19
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Rank Correlation(5)

Magnitude of Correlation

always bounded between -1 and 1
—1<r, <+1

Unit of Correlation

no unit

comparable between populations

(c) Pongsa Pornchaiwiseskul, 20
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Rank Correlation(6)

Interpretation of Sample Rank Correlation

b

. =t1 ==>If both judges totally agree
S‘P{ the rankings of aI]I the n objects

=> [f both judges totally
(iilsagree on the rankings of all the n
obJ ects

< = 0 ==>If the two judges are
uncorrelated

(c) Pongsa Pornchaiwiseskul, 21
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Test for Zero Rank Correlation
HO (P vy =0
H1 Py =0

Theorem 7.,= Fxy - N(O,l)

n—1

Perform a Two-sided Z-test.

(c) Pongsa Pornchaiwiseskul, 22
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Test for Non-zero Rank Correlation

No such a thing??

(c) Pongsa Pornchaiwiseskul, 23
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Correlation Theory

Now tri-variate
X ~ random variable
Y ~ random variable

/. ~ random variable

(c) Pongsa Pornchaiwiseskul, 1

—~ 101



Covered Topics

® Partial Correlation (Pearson)

(c) Pongsa Pornchaiwiseskul, 2

—~ 101

Partial Correlation (1)

® X, Y and Z are three RV s
® They are assumed to be related.

® [gnoring Z, Corr (X,Y) = “direct’’

correlation (X,Y) + indirect effects from Z

(c) Pongsa Pornchaiwiseskul, 3
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Partial Correlation (2)

Partial Correlation

® Correlation when embedded effect of Z

has been removed from both X and Y

® Parital Corr (X.)Y) = “direct’ corr(X.,Y)

(c) Pongsa Pornchaiwiseskul, 4
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Partial Correlation (3)

(c) Pongsa Pornchaiwiseskul, 5
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Partial Correlation (4)

Assumptions

® X Zarerelated as X = o, + 0(22 + &

®Y.Zarerelatedas Y =, + 3,2+ ¢

(c) Pongsa Pornchaiwiseskul, 6
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Partial Correlation (5)

PCorr

® X Z arerelated as X = o, + 0(22 + &

®Y.Zarerelatedas Y =, + B,2+¢

(c) Pongsa Pornchaiwiseskul, 7
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Partial Correlation (6)

By OLS

254 o % a7
—, a0, =X —a,/Z

Dz

where x. =X,-X,

zi=Z.—Z

l

a, =

(c) Pongsa Pornchaiwiseskul,

Partial Correlation (7)

By OLS

132 Zyl'z. 131:?_1822

where y =y Y,
2, =4, -2

l

(c) Pongsa Pornchaiwiseskul,



Partial Correlation (8)

X without Z X—-a,l=a +¢
Y without Z Y-B,Z=0+¢

Partial Corr between X and Y ( Pxy 7 )
=corr(a,+¢&,p,+&) =corr(g,s)

(c) Pongsa Pornchaiwiseskul, 10
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Partial Correlation (9)

Sample partial correlation coefficient
S(x,-%,)r,-7)
AN

(c) Pongsa Pornchaiwiseskul, 11
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Partial Correlation (9)

Sample partial correlation coefficient

Z(x —a,z )( IBZZ)

. \/Z(xi _OIZZZi \/Z yi _,Bzzi)z

(c) Pongsa Pornchaiwiseskul, 12
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Partial Correlation (9)

Sample partial correlation coefficient

M —8yz,) =D x7-28,) xz,+a; Y 2]
=Y 522 ZZZZ Y xz, +[Zz“] 32

_ xz—( xizi)
_Zi sz

(c) Pongsa Pornchaiwiseskul, 13
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Partial Correlation (10)

Sample partial correlation coefficient

A (inzi)z 2
el

= (1 —r? ) X’
o X7 ]
(c) Pongsa Pornchaiwiseskul, 14

Partial Correlation (11)

Sample partial correlation coefficient

Z()’i — Q7 )2 = (1_ ryzz )Z yiz

(c) Pongsa Pornchaiwiseskul, 15



Partial Correlation (12)

Sample partial correlation coefficient

Z(X —a,z )( ,Bzz)
:in)’i _0522 YiZ,
—ﬁsziZi +0?2,§22Zi2

(c) Pongsa Pornchaiwiseskul, 16
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Partial Correlation (13)

Sample partial correlation coefficient

=3 Xy, - szzz > vz,
Zyl X,Z, +ZXZ Zyl :
A Y S

=> Xy - ZZ:yZZ D xz,

(c) Pongsa Pornchaiwiseskul, 17
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Partial Correlation (14)

Sample partial correlation coefficient

= x| X A D,

. ryz\/zzy:ig/z z; Fear DX D2

= (”yx —yzTxz )\/lez \/Z yiz

(c) Pongsa Pornchaiwiseskul, 18

Partial Correlation (15)

Sample partial correlation coefficient

I (5 — 7y 7s )\/Z x? \/Z y?
XY 2 \/ (1 —r )Z X7 \/ (1 —r )Z V2

_ T T hgt
2 2
\/l_rxz \/l_rYZ

(c) Pongsa Pornchaiwiseskul, 19




