Statistical Inference about ﬂk

Confidence Interval for
(1-@)100% CI for 3 = B+t MU K)se(f3,)

Hypothesis Testing for ,Bk
H,: B, =0.6 .
Hl:ﬂk¢0.6 tcaZ:L
se(f3,)
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< ta (72 - K) —> accept H . Otheriwse, reject H .

Overall F-test (1)

Assumption

There 1s a constant term in the model or X : 1S
a vector of one. Why?

Test for mean-independence of ¥ on

(XX, X ]
H S, =p=...= =0
H:f, # P #...# B #0

(c) Pongsa

Testing for Effect of X, on ¥

Mean-independence of ¥ on X,

H,: B, =0
Hl:ﬂkio A
b
cal — ~
se(f,)

Accept H) => X, has no significant effect on ¥
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Overall F-test (2)

We are choosing between
Y= ﬂl+ £ ---- (H,)
expect low R’ when all X, ’s are included

Y=p+pBX+[BX+ . +BX+e —(H)
expect higher R’




Overall F-test (3)
F - R* n-K
1-R* K-1

Accept H if F/_ <F a(K-l,n-K).
Otherwise, reject H . Note that

1) an F-test is always right-tailed.
2) we need a positive R”.

~F(K -1,n—-K)
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Generalized F-test (1)
i, : H() = 0
H:H(P)=0

where
H(B) is a Mx1 vector function of [3

((((((((((

Overall F-test (4)

R’=0 => must accept H,

&

F

A
v
A

accept H reject H

University

Generalized F-test (2)

[ H(@PB)| [0] (H(@PB)| [0]
H, HZ:(B) _ o H Hz:(m ) o

|H,B)] |0] H,B)| [0
or

H,:H,P)=0,H,p)=0,....H,(p)=0
H, : H,(B) =0, H,(B) %0,.... H, (B) # 0

University




Generalized F-test (3)

Linear Restriction
H(B) is a Mx1 vector linear function of B
HPB)=RP-r
where R is an MxK coefficient matrix with
Rank=M
r is a Mx1 constant vector

H, IRB—TIOOrRBII’
H, ZRB-I’iOorRBiI’

(c) Pon;

Restricted Least Square (1)

Require two LS runs
Unrestricted run is the OLS run on the

original model
==>SSR ,
where

SSR , 1s the sum of squared residuals
from the unrestricted run
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Generalized F-test (4)

Two approaches
* Restricted Least Square (RLS)

 Wald Test

Restricted Least Square (2)

Restricted LS run is as follows

min [Y-XBI"TY-XP]

subject to RP=r
—> SSR,
where

SSR, 1s the sum of squared residuals
from the restricted run

(c) Pongsa Por




Restricted Least Square (3)

Transform RLS to OLS (Elimination
Approach)

Define R=[ A B |where

A is an MxM invertible sub-matrix of R

B is the Mx(K-M) sub-matrix containing

columns of R not in A
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Restricted Least Square (5)

Re-write the restriction as
[AB]{Q =r Or Ay+Bo=r

where
Y is a Mx1 subset of B
Oisa (K-M)x1 subset of B
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Restricted Least Square (4)

Define X=[ VW |  where
V is an NxM sub-matrix of X

W is the Nx(K-M) sub-matrix containing

columns of X notin V

(c) Pongsa Por iseskul, Faculty of E ics, C|

Restricted Least Square (6)

Re-write the model as
Y=[VW] 23( +€

=Vy+Wo+E&




Restricted Least Square (7)
Since A 1s invertible,
v=A"[r—Bd]
Substitute into the model.
Y=VA [r—-Bd]+Wd+&
Y-VA r=[W-VA B|o+&
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Restricted Least Square (9)

V(©)=0’[Z'Z]"
V(7)=A"BV(S)B[A']"
=c’A"'B[Z'Z]'B'[A"]"
COV(7,8) =c>A"'B[Z"Z]"

A'B[Z'Z]'B'[A']' A 'B[Z'Z]"

ViBe)=0 [Z'Z]'B'[A']T" VAV
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Restricted Least Square (8)

P=70+€
where P=Y-VA'r, Z=W-VA 'B
Apply OLS
O=[ZTZT'Z P
7 =A"[r—BJ]
SSR,

62 = Ssr, =[P—Z8]'[P—Zd]
n—(K—-M)

Restricted Least Square (10)
Lagrange Method
FOC  —X"[Y-XB]+R"A=0
X'Y-X'XB,-R"A=0
B, =[X'X]'[X'Y-R"A]
=[X'X]'X'Y - [X'X]'R™A
= BU [X'X]'R"A




Restricted Least Square (11)

Substitute into RB=r
[Rf, —r]-R[X'X]'R"A =0
)=S"'[RB, —r]
where S=R[X'X]'R'
B, =B, —[X'X]'R'S"[RB, —r]
=[I-[XX]'R"S"'R]},,
+[X'X] RTS r

cccccccccccccccccccccc

Restricted Least Square (13)

_ (SSR, —SSR,))/M
“ SSR,/(n-K)
where

~F(M,n-K)

M 1s the number of restriction equations or
constraints or the number of rows in
matrix R

Note that df |, = n-K and df, = n-(K-M)
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Restricted Least Square (12)

V(B,)=o’D[X'X]'D"
where D=I-[X'X]'R'S"'R
& = SSR,
n— (K A—M) A
where SSR, =[Y —XBR]T[Y —XB,]

Prove that both RLS and LM yield
identical result

Restricted Least Square (14)

F_<F o (M,n-K) ==>Accept H,
or restriction holds
F_ > F (Mn-K) ==>Reject H, or restriction

does not holds




Wald Test (1) Wald Test (3)
Require only the Unrestricted run Note that Z 1s a vector of M 11d
—> P,o 1 standard normal RV’s
F,=[RB-r] [RIX'X]'R'[ [Rf-r] A .
l | ! Sy Z'Z=[Rp—rT|[c’RIX' X' R"|'[RB—r]
~F(M,n-K) ,
Accept H if F_ < F (M;n-K). ~x (M)
Otherwise, reject H.
ald Test (2
Wald Test (2) Wald Test (4)
Concept
Note that, given H0 1S true, 27
~ F::al_ M ) NF(M,I/I—K)
[RPp—r]~MVN(0,6°R[X'X]'R") (n-K)°,
o
Standardize a normal vector n—K
l A _ 0 T T -1t [ 0 1
Z - [*RIX'X]'R' 2[R - 1] —[RB—r]' [RIX'X]'R'['[RB -] =
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Example#1 (1)

Overall F-test is a simple case of

Generalized F-tests with

0 1 0 -+ O] 0]
001 -0 0
R ={. . . . Cbr=] .
(K-DxK [+ b n e :
0 0 0 -~ 1] [0]

Example#1 (3)

Note that SSRR = S§ST of the unrestricted
model.

& _SST, —SSR, n-K
“ SSR,  K-1
_ (SST,, —SSR,)/SST,, n—K

SSR,, /SST,, K -1
R n-K
1-R* K-1

Example#1 (2)

RLS Approach

Since the restriction set is simple, the
restricted model can be written as

Yi:B1+81
By OLS =>f, =Y

n

1=

SSR, :Z(Yl _:él)z :Z(Yl _?)2
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Example#1 (4)

Wald Test (single-run)

See Eviews example




Example#2 (1)

Removing X2 and X3
H,:5,=0,5,=0
H :8,#0,8,#0

Use this R and r in the test

Example#3 (1)

Hy:f,=0,5,=0,5,+ps =1
H :B,#0,58,#0,8,+ 5, #1
Use this R and r in the test

010000 - 0] [0
R_{o1oo... 0} _m R=(0 01000 - 0lr=|0
= = 3xK
2k 000 1 0 - 0] |0 0001 10 - 0 1
Example#2 (2) Example#3 (2)
RLS Approach

RLS Approach

Since the restriction set 1s simple, the
restricted model can be written as

v =B B P TE,

Since the restriction set is simple, the

restricted model can be written as
V=B B X (- )Xt 4B X +E,
Vi-Xi= BB, (X, - X+ B X 4B X +E,

See EViews example
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Normality Tests

« Cumulative Normal plot

« Goodness-of-fit test (a Chi-square

test)

 Jarque-Bera Test
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Cumulative Normal Plot (2)

Step 3 Calculate (look for in the
Z-table) the Z value for the area on
left equal to F

Step 4 Plot Z against standardized X

If the graph 1s linear with slope of
+1, => X~Normal
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Cumulative Normal Plot (1)

If X 1s normal, graph of iverse CDF
of cumulative relative frequency
versus X will exhibit linearity

Step 1 Sort X

Step 2 Calculate Cumulative Relative
frequency F for each X. Note that

0<F<1

Jarque-Bera Normality Test (1)

H,:§=0,x=3
H :S#0,x#3
where S 1s skewedness

K 1s Kurtosis

I A 1
P =(n—K)| =87 +—(k-3) |~ 722
/’t/cal (n )(6 24( )j Za()




Jarque-Bera Normality Test (2)
where 6= \/%Z(X _XJ

i=1

3

Perform a right-tailed Xz-test
Note: different definition for skewedness and kurtosis
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Prediction Interval of Y (1)
E(Y|X,)=X,B
"~ n
E(Y | Xo) = XOB

Is an unbiased estimator of E(Y|X0)

where X = [X,,X . X ]

V(EY X)) =X, VB)IX,]

< X Q)
Accept H Reject H

Prediction Interval of Y (2)

(1-)100% CI for E(Y|X,) =
~ /\
= XOB + tg (n— K)SG(E(Y | XO ))

2
where

AETTRD) = S X XTXT X, ]




Prediction Interval of Y (3)

(1-2)100% PI for Y|X =

=X B+, n-Krse(Y | X,)

where 2

se(Y | X,) = \/%?(1 +X [X'X]'[X, ]T)
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