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Covered Topics
• GLS
• Assumptions
• Detection, e.g.,

– Durbin-Watson d-test
– Breusch-Godfrey test

• Estimation Methods, e.g.,
– Cochrane-Orcutt
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General Auto-correlation (1)
Y = Xβ + ν

2σ

E(ν) = 0
V(ν) = Σ

where
0 is a nx1 column vector of zeroes
Σ is an nxn positive-definite symmetric matrix.
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General Auto-correlation (3)
Sources of Auto-correlation
• Inertia (nature)
• Spill-over effect over geographicalregion, e.g., contagion, migration(nature)
• Spec. errors, e.g.,

– Exclusion of auto-correlated independentvariables
– Incorrect functional form
– Lagged terms
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General Auto-correlation (4)
Effect of Ignoring PureAuto-correlation
• OLS is unibiased but not the best
• Need new estimate of Σ, e.g.,

–Newey-West formula
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Generalized LS (1)

1 −=

ΩY =ΩXβ +Ων

ΩΩ Σ
where Ω is an nxn symmetric matrix such that

 Note that E(Ων)=0 and V(Ων)=σ2In
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If Σ is known, apply OLS to BLU estimate β,σ2

Generalized LS (2)
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What if Σ is unknown? Need more assumptions?
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Assumptions

In addition to CLRM assumptions
• ARMA error term (ν)
• weakly stationary error term.

Otherwise, estimation will be
invalid. Why?

1 1 2 2 ...
 1,...,
i i i Ki K iY X X X

i n
β β β ν= + + + +

=
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AR(1) error term --(1)
1 1 2 2 1...

 -1< 1,   1,...,
 ~ White Noise
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H : 0
H : 0

ρ
ρ
=
≠

Accept ==> No auto-correlation
Reject ==> AR(1)
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Graphical Test
AR(1) error term --(2)

where e is the OLS residual whenauto-correlation has been ignored

et et

et-1et-1

ρ>0 ρ<0
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Graphical Test (cont’d)
AR(1) error term --(3)

et

et-1

ρ=0

Note that plot of et vs et-1 cannot reveal
higher AR in error terms
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AR(p) error term --(1)
1 1 2 2

1 1 2 2

...
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 ~ stationary
 ~ White Noise
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Accept ==> No auto-correlation
Reject ==> AR(p) or lower
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Statistical Tests
• Durbin-Watson’s d-test. Good only forAR(1).
• DW’s h-test (obsolete)
• BG’s General Auto-correlation orSerial Correlation test
• Runs test (non-parametric). Not requirenormal error term nor ARMA form.Good for small sample.

Auto-correlation Tests
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Durbin-Watson’s d-test (1)
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Note that t=2

DW statistic follows a specialdistribution. Need a special tableto perform AR(1) test.
See Table D.5A-B (Gujarati)
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Durbin-Watson’s d-test (2)
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Durbin-Watson’s d-test (3)
Given significant level(α) and sample size (n),

read dL and dU from DW tables.
Criterion:

 0 0 pos. auto-corr.
 decisive 0 in
 4  0 zero auto-corr.
4 4  0 indecisive
 4 4  0 neg. auto-corr.
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Durbin-Watson’s d-test (4)

Note that the conclusion is not simply
“Accept” or “Reject”.

0 2 4dL dU 4-dU 4-dL

Pos.
Auto-
corr.

Neg.
Auto-
corr.

Zero
Auto-correlation? ?
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Durbin-Watson’s d-test (4)
Notes
• DW is invalid if there are lagged

dependent variables as explanatory
variables (AR Model). Their existence is
equivalent to higher AR of error terms

• Good only for AR(1). DW statistic is
usually an item in the OLS report.

• DW can be used to roughly estimate ρ
but no SE given.
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Breusch-Godfrey’s test (1)
Step1 Run OLS by ignoringauto-correlation

==>  residual
Step 2 run OLS for

1 1 2 2

1 1 2 2
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ˆ ˆ ˆ ...

t t t Kt K
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t̂ν
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Breusch-Godfrey’s test (2)
Step 3 Do F-Test  or χ2 test for

Accept H0 => no AR(p) auto-corr.
Reject ==> AR(p) or lower
Note that BG test also gives estimatefor ρ’s and their SE’s but still notthe best estimates.

0 1 2

1 1 2

H : ... 0

H : ... 0
p

p

ρ ρ ρ

ρ ρ ρ

= = = =

≠ ≠ ≠ ≠

(c) Pongsa Pornchaiwiseskul, Faculty of Economics, Chulalongkorn University 22

Breusch-Godfrey’s test (3)
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Cochrane-Orcutt Method (1)
For AR(p) error term
Step1 Run OLS by ignoringauto-correlation

==>  residual
Step 2 run OLS for

Step 3 Transform Y and X’s

t̂ν
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Cochrane-Orcutt Method (2)
Step 3 Transform Y and X’s

Step 4 Run OLS for
* * * * *

1 1 2 2
*

1 1 2 2

...

...
 =

t t t Kt K t

t t t t p t p

t

Y X X Xβ β β ν

ν ν ρν ρ ν ρ ν

ε
− − −

= + + + +

≈ − − − −

*
1 1 2 2

*
1 , 1 2 , 2 ,

ˆ ˆ ˆ...

ˆ ˆ ˆ...
 1,..,

t t t t p t p

kt kt k t k t p k t p

Y Y Y Y Y

X X X X X
k K

ρ ρ ρ

ρ ρ ρ
− − −

− − −

= − − − −

= − − − −

=



(c) Pongsa Pornchaiwiseskul, Faculty of Economics, Chulalongkorn University 25

Cochrane-Orcutt Method (3)
==>OLS is almost BLUE
Step 5 Re-calculate     using new

If solution does not significantlychange, stop. Otherwise, go back toStep 2

* 2( ) ( )t tV Vν ε σ≈ =

t̂ν β̂
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MA Part Estimation (1)
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Note that
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MA Part Estimation (2)

q unknown q equations ==> solve for
Add as step  4.1 in Cochrane-Orcutt
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