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ARCH Specification

A kind of heteroscedasticity problems.

==> Variapce of error terms 1s not constant over
observation. It depends on magnitude of the
past errors

Mean equation
Yt :XltBI +X21B2 +"‘+XK1BK +Vz

t=1,...,n

Variance equation

2 2 2
Gt = v(vt—lﬂvt—Za--')

where 6 =V (v,)
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Linear ARCH ---(1)

ARCH() Error terms
2 2
G, =Yo+Y Vi
ARCH(q) Error terms
2 2 2
O, =Yo TV Vi 772V

2
+o YV,

Easy but could yield negative estimated
variance
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Exponential ARCH (1)

Exp. ARCH(1) Error terms
Inc? :f(vf_l)

Examples lncsz:y +y 1n(v2 ) --(a)
t 0 '1 t—1
Y
Inc? =y, +y,[-=L —(b)
t Yot"ls
r—1
2 _ Vi1
lncst =79 +y10 ()

t—1

Note that v, in (a) is unitless elasticity while
those in'(b) and (c) are rate of change. They
are also unitless.
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Linear ARCH ---(2)

Re-write Variance equation @r ARCH(q)
67 = Ev})—{EW))Y
Assume that
v:=ENV )+e =0 +g,
where ¢, ~ white noise
Vt2 =%o +Y1Vz2—1 +Y zvzz—z

+oHY NV, tE

(c) Pongsa I iseskul, Faculty of c gkorn University

Exponential ARCH (2)

Exp. ARCH(q) Error terms

Inc}=fOv2,v7,..V.,)

Examples 2_ 2 2
p lnct y04ﬂﬁlnwt_l)+”+yqln@t_q)

\%

v t—q

-1
%

2 _
lnct =Yo7 +...+y

q|c

\Y; \%

t—1 +...+yq Gt_q

-1 t—q

Always yield positive estimated variance
but more generally complicated
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2 _
lnct —yo+y10

(@)

~(b)

(@)




Exponential ARCH (3)

We can claim that

2
E[V—’zj =1, vt
G[

2
E[ln V—’zj <In(l)=0 according to Jensen's inequality
c

E(In(v?))=Inc7)-5,, 5,>0,vr
V(Inw?))=o,>0, v
Assume that 8 and @, are time-invariant
In(v?)=In2)-5 +¢,
where € is white noise
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ARCH Test (2)

Linear ARCH(q)

Step 1 Run OLS for mean equation by
ignoring ARCH

==> residual or vV

Step 2 Run OLS for the variance
equation
) A2 )
V, =Yoo TY V.tV V.o

~2
+o. Y Vo, TE,

(c) Por

ARCH Test (1)

H,: ¢=0 ==>v~ARCH(0)
H : q>0
or
H,:v, =7, =...=Y, =0
H iy, #y,#..#y,#0

ARCH Test (3)

Step 3 Do overall F-test or Chi-square
(nR?) test

Accept H,==>No ARCH and
estimation in Step 1 is BLUE

Otherwise, need to re-estimate or
simply re-calculate coeff.
variance-covariance matrix using
Newey-West formula
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GARCH Specification

Extension of ARCH

==> Variance of error terms also depends on the
past variances

Variance equation

2 _ 2 2 2 2
GZ _ v(vt—lﬁvz‘—zﬁ"‘)Gt_IQGt_z,...)

Linear GARCH ---(2)

Giventhat v =c +¢g,
Re-write GARCH(p,q) as

2 2
V, =&, =Y +a’1(vt—1 _8t—1)
2
+OLz(Vt_2 _St—z)
2
+...+0cp(vt_p —st_p)

2 2 2
YV YV, Y VL,

Linear GARCH ---(1)

GARCH(p,q) Error terms

4P GARCH terms

/ q ARCH terms

2 2 2
@yz-\)t_2 +...@

(©) Pongsa

Linear GARCH ---(3)

CaSC D S e,
2 . 2 :
v, =vit(a, +y,v,,

§+(OL2 +Y2)Vt2—2 l

: 2
§+...+(ocp +Y V.,




Linear GARCH ---(4)

vV, _Vo-‘l‘(oh +V1)Vt 1

E"‘(az +Y2 )V, I
§+...+(ocq +Y, Vo, :

GARCH Test (2)

Box-Jenkin Method

(Correloigram of Squared
Residua

With p as order of MA
and q as order of AR

GARCH Test (1)

H,: p=q=0 ==>v~GARCH(0,0)
H,: p>0,q>0
or

H;:a, =0, =...=a,

:’Yl :'Yz ::’Yq :0
H o, #0, #..# 0,

EYEY, F o E Y, =0

GARCH Test (3)

Full Estimation and Test

 Maximum Likelihood or
FGLS

* 7-test
. Xz-test

gkorn University




Other Forms of GARCH

« ARCH-in-mean or ARCH-M

» Asymmetric ARCH or
Threshold ARCH or T-ARCH

« Component GARCH

* Asymmetric Component

TARCH (1)

Sign of errors can influence the
expected Y. Define

d,=1itv_, <Q
= 0, otherwise
GARCH(p,q) with TARCH
2 2 2 2
G, =Y,+ta0, ,+0,0,,+..+a 0

2

+YIth 1 N
GARCH
+Y1Vt 2+ "‘Vq -
ARCH-M TARCH (2)

=X, B, +X,B,+...+ X, Bs+00,+v, --(a)
or

Y, :XltBI+X2tB2+"'+XKtBK+86t2 +v, -(b)

Expected Y also depends the error variance.
An application in Finance. Expected return
(Yt ) depends on the risk (G t).

Note that it should be called GARCH-in-mean
rather than ARCH-in-mean as O . 1sa
GARCH term

n University

Note that the effect of Vtz_l on O f
=Y, Y, whenv, <0
=7Y,,» otherwise

TARCH can be further generalized to
accommodate the effect of Vi
more complicated pattern. For
example, ¥ , can depend on how
negative it 1s Sign of other lagged
Vs can be added.
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Component GARCH (1)

Note that GARCH(p,q) is equivalent
to an ARMA on the squared errors.
It must be stationary in the same
sense as an ARMA. If it is

non-stationary, how can it be
handled?

An ARIMA might generate a negative
variance. It is not appropriate here.

Answer is Component GARCH

(c¢) B ngsa D

Component GARCH (3)

Long-run Component

q, =0+ p(%—l _(D)—HI)(V;—I _Gtz—l)

That is, the error variance mean-reverts
to g. If g, = , the error variance
mean-reverts to a constant and a
time-variant trend.

However, g, is unobservable.

(c) Pongsa Pornchaiwis

Component GARCH (2)

Define g, as the long-run component.

Both the short-run or transitory and the
long-run components are assumed
behave like GARCH as follows:

Transitory Component
6/ ~¢, =0 ~q.)
-+"s+ap(cim-—th)
OV ) Y,V —g,,)
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EGARCH

General Form

2 _ 2 2
lnGt —y0+0clln(6t 1)+..+(>quﬂ(($t_q)

Viol

t—1

+7, ++y




FGLS (1)
Estimation of GARCH(p,q)
Step 0 Set weight =1 and G ,=0 for all t

Step 1 Run WLS on the mean equation
with the weights and GARCH-M

==>residual Vv ,

Step 2 Run OLS for the variance
equation with p GARCH terms and ¢

ARCH terms
~n2 A2 A2
V. =Y,ta0,  +t..+t0 G,

(

~2 ~2 ~2
+Y VYNV Lty VL, TE,
¢) Pongsa iwiseskul, Faculty of C University 2

FGLS (3)

Note that there is no guarantee that it will
always be positive

Step 4 Set the inverse of its square root as
weight in WLS for the mean equation.

/ A
~nD
Wt = Vt

If solution converges, stop. Otherwise,
go back to Step 1 to re-estimate the
mean equation.

FGLS (2)

==> estimated o and y or [0, 7]

Step 3 Calculate the fitted values of vV ?
or new series of G,

N

N A AD A AD
A AD A AD A AD
YV YNV oYV

It will be used as the estimate GARCH
terms in the next OLS runs for the
mean equation in Step 1 and the
variance equation in Step 2

(c) Pon, . Ity of Economics, Chulalongkorn Univ versity

FGLS (4)

Note that

* an asymmetric ARCH term can be
added in the variance equation without
any problem

* LS runs in Step 1 and Step 2 could be
Non-linear LS if the equations are
non-linear in parameters such as in the
case of the component ARCH

* similar estimation could also be done
for EGARCH
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Prediction

Step 1 Use the estimated variance
equatlon to estlmate the error
variance G f

Step 2 Use the estimated mean

equation to calculate Y,

Step 3 Calculate the (1-a)100%
prediction interval for

YM—YHfJ_rt (n K) c§2+X

(c) P

VX,

t+f t+f
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