Chapter 1

Basic Concepts

1.1 Fields

Definition 1.1.1. A field F' is a non-empty set together with two binary operations (denoted by +
and -) and two distinguished elements (denoted by 0 and 1), satisfying the following properties:

(i) (F,+) is an abelian group, i.e.,

(a) (F,+4) isclosed:- Vax,ye F z+y€F,

(b) ( +) is associative:- V z,y,z € F (x+y)+z=x+ (y+ 2),

(c) 0 is the additive identity of (F,+):-V2z € F z4+0=2x=0+z,

(d) each element of F' has the additive inverse:- ¥V x € F3ye Frx+y=0=y+x;

moreover, we write —x as the additive inverse of = for each z € F',

(e) (F,+) is abelian:-Vx,y e F z+y=y+zx,

(i) (F™,-) is an abelian group, where F* := F\{0}, i.e

(a) (F*,-) isclosed:- ¥V z,y € F* z-y e F*,

(b) (F™*,-) is associative:- V z,y,z € F* (x-y)-z=z-(y-2),

(c) 1 is the multiplicative identity of (F*,-):-Vax € F* z-1=z=1-=z,

(d) each element of F™* has the multiplicative inverse:-Vz € F* 3y € F*x-y=1=y-x;
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moreover, we write 7" as the multiplicative inverse of = for each z € F*,

(e) (F*,-) isabelian--Vz,ye F* z-y=x-vy,

(iii) F satisfies the left and right distributive laws, i.e., V z,y,z € F z-(y+2)=x-y+z-2z=
(y+2)-=

Remark 1.1.2. From now on, we write F' instead of a field (F,+,-), x — y instead of z + (—y)
and zy instead of x -y for all z,y € F'. Moreover, we write x/y or % instead of zy~! for all
r€eF and y € F*.
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Example 1.1.3.
(i) Q,R,C are examples of (infinite) fields.

i) Z,, where p is a prime number, is a finite filed with order p.
P

Recall that Z, = {0,1,2,...,p — 1} is the set of integers modulo p where the addition and

multiplication are the ones modulo p.
(iii) Z is not a field because
Lemma 1.1.4. Let F' be a field.

(i) If © € F satisfies the property that V y € F z+y =1y, then x = 0.
(ii) If x € F satisfies the property that ¥V y € F* xzy =1y, then z = 1.
(i) Ve e F x0=0=0x.

(iv) If z,y € F xzy =0, then x =0 or y = 0.

Definition 1.1.5. A field F' is algebraically closed if every non-constant polynomial with coeffi-
cients in F' has a root in F'.

Equivalently, F' is algebraically closed if and only if for each polynomial p(z) = a,z™ +
Ap_12" "+ -+ a1z + ag with ag,a1,...,a, € F, a, #0 and n > 1 there exists a € F such
that p(a) = 0.

Theorem 1.1.6. The field C of complex numbers is algebraically closed.
Definition 1.1.7. Let F be a field and K a subset of F'. Then K is a subfield of F if
(i) Op,1p e K
(i) K is closed under the operations + and -
(iii) K is a field with the identities 0 and 1 and with the restrictions of 4+ and - to K.

Theorem 1.1.8. Let K be a field. Then there exists an algebraically closed field F' having K as
a subfield.

Example 1.1.9. Q is not algebraically closed (why?). However, Q is a subfield of C which is

algebraically closed.

Definition 1.1.10. Let F' be a field. If there is a positive integer m such that

1+1+4---+1=0,
——

m times

then the characteristic of F', denoted by char F', is defined by

charF:min{mEN ‘ 1—1—1—1—---—1—1:0}.
————

m times

Otherwise, we call F' a field of characteristic zero, denoted by char ' = 0.
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Example 1.1.11.
(i) Q,R,C are fields of characteristic

(i) charZ, = where p is a prime number.

1.2 Systems of Linear Equations

Definition 1.2.1. Let F' be a field. A system of m linear equations in n unknowns x1,xo,...,xy

is of the form
a11x1 + a2 + -+ + a1, = by

2171 + axxy + -+ + agpTy, = by
Am1T1 + amaXe + - + ATy = bm
where by,b2,...,by and a;; with 1 <7 <m and 1 < j < n belong to F'. Note that we may

write AX = B for the above system, where

a1 a2 - Qg 1 b1

a1 Q- Q2g T2 bo
A= . . . . ’ X = . 5 and B =

Aml Am2 *°° Qmn Tn bm

We call A the matrix of coefficients (or coefficient matrix), X the variable matrix and B the

constant matrix of the system.

Any n-tuple (z1,x9,...,z,) of elements of F' which satisfies each of the above equations
is called a solution to the system. If by = by = --- = b,, = 0, then we say that the system is
homogeneous.

Theorem 1.2.2. Let F' be a field with char F = 0. Given a system of linear equations over F'.

Then one of the followings holds.
(i) There is no solution to the system.
(ii) There is a unique solution to the system.

(iii) There are infinitely many solutions to the system.

1.3 Matrices and Elementary Row Operations

Definition 1.3.1. Let A be an m x n matrix over a field F'. There are three elementary row

operations on A as follows:
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(i) interchanging of two rows of A,
(ii) multiplication of one row of A by a non-zero scalar ¢,

(iii) replacement of the rth row of A by the row r plus ¢ times the row s where ¢ € F\{0}
and 7 # s.

Definition 1.3.2. If A and B are m X n matrices over a field, we say that B is row-equivalent

to A if B can be obtained from A by a finite sequence of elementary row operations.
Note 1.3.3. We can show that row-equivalence is an equivalence relation.

Theorem 1.3.4. If A and B are m X n equivalent matrices over a field, the homogeneous systems

of linear equations AX =0 and BX = 0 have exactly the same solutions.

1.4 Row-Reduced Echelon Matrices

Definition 1.4.1. An m X n matrix R is row-reduced if

(i) all rows of R consisting only of Os appear at the bottom of R;

(ii) in any non-zero row of R, the first non-zero entry must be 1, called the leading one or leading

entry,

(iii) for any two consecutive rows, the leading entry of the lower row is to the right of the leading

entry of the upper row.
Theorem 1.4.2. Every m X n matrix over a field is row-equivalent to a row-reduced matrix.
Definition 1.4.3. An m x n matrix R is a row-reduced echelon matrix if

(i) R is row-reduced;

(ii) any column that contains a leading entry has Os in all other positions.

Theorem 1.4.4. Every m X n over a field matrix is row-equivalent to a row-reduced echeleon

matrix.

Theorem 1.4.5. If A is an m x n matrix over a field and m < n, then the homogeneous system

of linear equations AX = 0 has a non-trivial solution.

Theorem 1.4.6. If A is an n x n (square) matrix over a field, then A is row-equivalent to the
n X n identity matrix if and only if the system of linear equations AX = 0 has only the trivial

solution.

Definition 1.4.7. An m X n matrix over a field is an elementary matrix if it can be obtained from
the m x n identity matrix by means of a elementary row operation.

Theorem 1.4.8. Let A and B be m x n matrices over a field. Then B is row-equivalent to A
if and only if B = PA where P is a product of m x m elementary matrices.
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1.5 Invertible Matrices

Theorem 1.5.1. If A is an n X n matrix, the followings are equivalent.
(i) A is invertible.
(ii) A is row-equivalent to the n x n identity matrix.
(i) A is a product of elementary matrices.

Corollary 1.5.2. If A is an invertible n x n matrix, and if a sequence of elementary row operations

reduces A to the identity I, then that same sequence of operations when applied to I yields A~ .

Corollary 1.5.3. Let A and B be m x n matrices. Then B is row-equivalent to A if and only
if B= PA where P is an invertible m x m matrix.

Theorem 1.5.4. If A is an n x n matrix, the followings are equivalent.
(i) A is invertible.
(ii) The homogeneous system AX = 0 has only the trivial solution X = 0.

(iii) The system of equations AX = B has a solution X for each n x 1 matrix B.

1.6 Vector Spaces

Definition 1.6.1. A vector space (or linear space) consists of the followings:
(i) afield F' of scalars;
(i) a set V of objects, called vectors;

(iii) a rule (or operation) +, called vector operation, which associates with each pair of vec-
tors u,v € V a vector u+v € V, called the sum of w and v, in such a way that (V,+) is

an abelian group with the identity 0, the zero vector.

(iv) a rule (or operation), called scalar operation, which associates with each scalar o € F' and
vector v € V' a vector aw € V, called the product of o and v, in such a way that

(a) v =w for every v € V;

(b) (af)v = a(fv) forall o, € F and v € V;

(c) a(u+v)=au+av forall « € F and u,v € V;
(d) (a+B)v=av+pv forall a,f € F and veV.

We also say that V' is a vector space over the field F'.
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Example 1.6.2. The followings are examples of vector spaces.

(i)

(iii)

Let F' be a field, n € N and let
F":{(:cl,:cg,...,xn) | x; € F for all 1§z’§n}.
For each = = (z1,22,...,2n),y = (Yy1,Y2,...,Yn) € F™ and « € F', define
r+y=(r1+y,r2+y2,.. ., Tn +Yn) and ar = (axy,axs, ..., axy,).

Then F™ is a vector space over I’ and is called the n-tuple space. In particular, F' is a

vector space over F'.
Let F be a field and m,n € N. Define
My (F) = {A = [aijlmxn | aij € F for all i,j}.
For each A = [a;;], B = [bij] € Myn(F) and a € F', define
A+ B = [aj; + bjj] and aA = [aag;).
Then M., (F') is a vector space over F' and is called the space of m x n matrices.
Let F' be a field and S a non-empty set. Define
FS={f| f:S—F}.

For each f,g € F° and a € F, define

(f+9)@) = f@@) +g() and  (af)@)=a(f() forall zeS.

Then F¥ is a vector space over F' and is called the space of functions from the set S to the
field F'.

Let I be a field. Define

F,[z] = {p(x) = ap+ a1z + asx® + -+ + apa”™ ‘ai e F for all ng‘gn}, where n € N.
Flz] := {p(x):ao+a1x+a2x2+---+anx" |n €N anda; € Fforall 0<i<nj}.

Then F,[z] (where n € N) and F[z] are vector spaces over F' and are called the space of

polynomials of degree not more than n and space of polynomials, respectively.
C is a vector space over R. In general, if we let
V= {(ml,xg,...,xn) | r;€Cforall 1 <i< n}
For each = = (z1,22,...,24),y = (y1,Y2,---,Yn) €V and a € R, define
r+y=(r14+y,x2+y2,...,Tn+Yn) and ar = (axy,axs, ..., axy,).

Then we obtain that V is a vector space over R which is quite different from the space C"
over C (as in (i) while F' = C) and the space R™ over R.
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(vi) Let R be a ring with identity 1 and suppose that R has a subfield F' such that 1 € F'. Let
0 be the zero element of R, the addition is the addition operation already defined on R,
and for « € F and v € R, since ' C R, we have a,v € R so that av may be defined to

be the usual product of elements of R. Then R is a vector space over F'.
Theorem 1.6.3. Let V be a vector space over a field F'.
(i) If we V is such that w+ v = v for some v € V', then u= 0.
(i) YveV Ov=0.
(i) Va € F a0 =0.
(iv) VveV —v=(-1)v.

(v) Vaec FYuveV alu—v)=au—av.

1.7 Subspaces

Definition 1.7.1. Let V' be a vector space over a field F' and W a non-empty subset of V. We
call W a subspace of V', denoted by W < V, if W is a vector space over F' with the same

operations of vector addition and scalar multiplication on V.
Theorem 1.7.2. Let V' be a vector space over a field F'. Then W is a subspace of V if and only
if
(i) 0 AW CV
(i) VoweWVa,feF av+pweW.
Example 1.7.3. Let F' be a field.

(i) For a vector space V', we have V <XV and {0} < V. Note that {0} is called the zero space
of V.

(i) Let W= {(,,...,@) | « € F} C F™ where n € N. Then W < F".
(iii) {(O,xg,xg,...,xn) ! xg,xg,...,xneF} =< F™ where n € N.

(iv) Let n € N and n > 2. Then {(1+x2,x2,x3,...,xn) ‘ T9,23,..., Ty € F} is not a
subspace of F™ because

(v) Let

V= {f F— F ! there exists a non-negative interger n such that
f(@) = ap+ a1z + asx® + - + apa”

for all z € F', where a; € F for aIIOSiSn}.

Then V < FF,



8  Assist. Prof. Sajee Pianskool Chapter 1 Basic Concepts

(vi) Let n € N. Then F,[z] = F[z].

Here, the zero polynomial has degree —oo. Recall that for each p(z), ¢(x) € Fx], we have
deg(p(x)q(x)) = degp(x) + degq(z) and deg(p(x) + q(x)) < max{degp(z),deg q(x)}

(vii) {f:R—R | fis continuous} < R¥.
(vii) {f:R—R | fis differentiable} < R,

(ix) A matrix A = [a;;] € M, (F) is symmetric if and only if a;; = aj; for all 4, 7.

We have {4 € My, (F) | Ais symmetric} < M, (F).

(x) Let A € My (F). Then W = {X € Myp,1(F) | AX =0} = Mypx1(F). We call W the
solution space of a system of homogeneous linear equations.

Theorem 1.7.4. Let V be a vector space over a field and {W, | v € A} be a collection of

subspaces of V. Then ﬂ W, is also a subspace of V.
YEA

Definition 1.7.5. Let V be a vector space over a field and S C V. Let {W, | v € A} denote
the collection of all subspaces of V' containing S. That is

(W, | yeAy={W | W=Vand SCW}.

The subspace (of V') spanned by S is defined to be m W, and denoted by <S>

vyeEA
When S s finite, i.e., S = {v1,v2,...,v,}, we shall simply call (S) the subspace (of V')
spanned by the vectors v1,vs,..., v, and write (v1,vs,...,v,) instead of (S).

Note 1.7.6. Let S be a subset of a vector space of V. Then <S> is the smallest subspace of V'
containing S. In another word, <S> satisfies the followings:

() () =V
(i) SC{(S)
(i) VWV SCW = (S)CW.
Note also that () = {0}, the zero space.
Theorem 1.7.7. Let V be a vector space over F and S C V. If S # (), then
<S> = {alxl 4+ aoxo+ - +apr, | nEN, aq,9,...,a, €F, and x1,x9,...,T, € S}.

Note that such the ayx1 + asxo + - - - + anxy, is called a linear combination of z1,x9,...,2,
(over F').



