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Note 1.7.8. Let U and W be subspaces over a vector space V. Then UNW is also a subspace
of V.

Moreover, U N W is the largest subspace of V' which is contained in both U and W [Why?].
Thus UNW acts like a greatest lower bound for U and W within the set of subspaces of V, i.e.,

UNW =gh{UW}in{X | XV}
What about a least upper bound for U and W in the set of subspaces of V7
lwb{U,W}in{X | X 2V} =
Is U UW this least upper bound?

Definition 1.7.9. Let S1,59,...,Sr be non-empty subsets of a vector space. Then the sum of

k
the subsets Sp,59,...,Sk, denoted by S+ So+---+ S, or ZSi, is defined to be
i=1

S1+Sy+---+ 8, = {x1+x2+~-+a:k ‘ x; € S; for all l}
Proposition 1.7.10. Let V be a vector space over a field and W1, Wo, ... , W, <V . Then
(i) the sum W1+ Wy + .-+ Wy, is a subspace of V' which contains each of the subspace W;;

(ii) W1+W2+”'+Wk=<W1UW2U‘-'UW1€>.

1.8 Linearly Independence and Bases

Definition 1.8.1. Let V' be a vector space over a field F' and vy,v2,...,v, € V. For any
at,a9,...,0, € F, the element ayv; + asve + -+ - 4+ apv, € V is called a linear combination
of v1,v2,...,0n.

If a; =0 for all 4, it is called the trivial linear combination of vy, va, ... ,v,; if a; # 0 for at
least one i, then it is called a non-trivial linear combination of vi,va,...,Up.

Definition 1.8.2. Let V' be a vector space over a field F' and S C V. We call the set S linearly
dependent (or simply, dependent) if there exist finite distinct vectors x1,x2,...,x, € S and finite
scalars aq, o, ...,a, € F, not all of which are 0, such that

121 + agxy + -+ apxy = 0.
We call the set S linearly independent if it is not linearly dependent.

Remark 1.8.3. We may rephrase the above definition as follows:
S is linearly dependent if and only if there exists a finite set {1, x2, ..., z,} of distinct elements

of S such that at least one non-trivial linear combination of x1,z9,...,z, equals 0.
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S is linearly independent if and only if for all finite sets {1, x2,...,x,} of distinct elements
of S and for all ay,a9,...,a, € F, a linear combination ajx1 + agxo + - + an, is always
trivial.

S is linearly independent if and only if for all distinct finite elements x1,x9,...,2, € S and
for all finite scalars aq, a9, ...,a, € F, if a1 + aszo + -+ + anxy, =0, then a; = 0 for all 7.

If the set S contains only finitely many vectors 1, o, . . ., Z,,, we sometimes say that x1,xs,..., 2,

are dependent (or independent) instead of saying S is dependent (or independent).
Note 1.8.4.
(i) Any set which contains a linearly dependent set is linearly dependent/independent.
(i) Any subset of a linearly independent set is linearly dependent/independent.
(iii) Any set which contains 0 is linearly dependent/independent.

(iv) If S = {xl,xg, - ,xn} is a finite set, then S is linearly independent if and only if for
all aq,a0,...,a, € F,if aqz1 + asxe + -+ + apxy = 0, then a; = 0 for all 4. It is not

necessary to consider all finite subsets of S. Prove it!
Example 1.8.5.
(i) Let S={22?+2+4,32> —x— 1,243} C Zs[z]. Is S linearly dependent or independent?
(i) Let S = {2m2 +r+4,22+2+3, 2+ 2} C Zs[x]. Is S linearly dependent or independent?
(iii) Let S = {:U,sin:x,cos:r} C RR. Is S linearly dependent or independent?

Lemma 1.8.6. Let V be a vector space over a field F' and S CV such that S is linearly inde-
pendent. Suppose that x1,xs,...,T, are distinct elements of S and oq,...,0,51,...,0, € F
are such that there exists i with o; # 3;. Then

Q1T+ -+ ap@y # 1o + -+ Bop.

If S is a linearly independent subset of a vector space V', then Lemma 1.8.6 says that every
v € <S> is a unique linear combination of elements of S in 'some sense’, e.g., ignore the case
a1+ F ety = o121 + -+ any + 0xpg1 + 02pq0 + -+ - . In particular, if <S> =V, then
every element of V' can be expressed as a unique linear combination of elements of S
Definition 1.8.7. Let V be a vector space over a field and S C V. We call S a basis of V if
(i) S spans V,ie., (S§)=V, and
(i) S is linearly independent.

Lemma 1.8.8. Let V' be a vector space over a field F' and S a basis of V. Then for each v € V,
if v # 0, then there exist a unique set {3:1, To,. .. ,xn} of distinct elements of S and a unique set

{ai,02,...,an} of non-zero elements of F such that

V=171 + %2 + -+ Qply.
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Proof. Let v e V\{0}.
Existence: Since V = <S>, there exist z1,29,...,2r € S and v1,7%9,...,7 € F such that
v ="y121+Y222+ - +Yp2r. Note that z1, 29,..., 2z may repeat or some of vy1,7s,..., 7 may

be zero. If z; = z; for some i < j, then we rewrite v as
V=121 4+ Yim1Zie1 + (Vi )%+ Yik1Zipl T+ Yi—12-1 F Y1241+ Yk

This shows that v is a linear combination of 21, 29,...,2j_1, 2j41,..., 2. If these are distinct,
we are done for the existence of distinct elements of S. If not, we repeat this process as often

as necessary, until we obtain distinct y1,...,ym € S and scalars f(i,...,8, € F such that

v=»,1y1r+ o+ BinYm
Now, if some 3; = 0, then

v= 01y o+ Bic1Yi—1 + Bis1Yiv1r + o+ BmYm,

a linear combination of yi,...,4i—1,¥i+1,...,Ym. If necessary, we may repeat this process

until we obtain distinct z1,zs,...,z, € S and non-zero scalars aq, s, ..., o, such that
V=171 + X2 + -+ Qnply.

Uniqueness: Suppose that 2}, ..., 2}, are distinct elements of S and o, ..., a}, are non-zero
scalars such that

0 / /
V=091 F 0+ O Ty,

We must show that m = n, and after re-numbering if necessary,

r;=x, and a;=a forali=1,2,...,n.
First, we re-number , ..., 2}, if necessary so that
/ . / /
x; =ax; forall i =1,...,k and {xk+17...,azn}ﬂ{xk+1,...,xm}:(Z).
Let w; = x; for all i =1,...,n and wy4; =2}, foralli=1,...,m —k, ie,
1, -5 Tky Thkt+l, -+ Tny
/ / / /
oo, T, Tyt e x,
wy, ...y Wk, Wg4l, --o5 Wny, Wnids, -5 Wnig(m—k)
Now, we have
/ /
{wl,...,wn+m_k} = {xl, ces ,xn} U {3317 e ,xm}
and the elements wi, ..., wyrm—g € S are all distinct.

Next, we would like to apply Lemma 1.8.6, so we will write v as two ways of linear

combinations of wy, ..., wWpim—x. Next, define

o, if 1 <i<k,
a;, if1<i<n, ,
Bi = and (3, =<0, ifk+1<i<n,
0, ifn+l1<i<n+m-—k,
a;+k_n, ifn+l<i<n-+m-—k,
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ie.,

0 = a1, ..., ay, Qkily, -+.5 O, 0, ceey 0
T1, -5 Tky Tkl ---5 Ty,

/ / / / /

= ..., O, 0, T AT Oy,
/ / / /
Ty, ey T Tpiqs ) L
Wiy, ..y, Wk, Wgt1y ---y Wp, Wptl, ---y wn+(m,k)

Now, we obtain that

Brwy + -+ -+ Bn-l—m—kwn—&—m—k =V = ﬁiwl + -+ ﬁqlﬁ-m—k;wn-i-m—k

Note also that S is a basis of V', and hence is linearly independent. By the contrapositive of
Lemma 1.8.6, we must have 3; = 3] for all i =1,2,...,n+m—k. Suppose that £k < n. Then
Bl/c+1 = 0 while Gx11 = axi1 # 0, a contradiction. Thus k£ = n. Suppose that n < m.Then
Pny1 =0 but 5/, =), #0, a contradiction. Hence we must have m = n.

This shows that m = n = k. But recall that 2} = x; forall i = 1,2,...,k, soin fact 2} = z;

for all ¢ = 1,2,...,n. Finally, we also obtain that o, = 8/ = 3; = a; forall i =1,2,...,n. O

Note 1.8.9. Lemma 1.8.8 says that
If S is a basis of a vector space V', then every element of V' can be written as a unique linear

combination of elements of S.
Questions:
(i) Does every vector space have a basis?
(i) Can a vector space have more than one basis? If so, do these bases have anything in common?

Lemma 1.8.10. Let V' be a vector space over a field and S C'V such that S is maximal linearly
independent, i.e., S is linearly independent and for any linearly independent 8" C V if S C §’,
then S =S'. Then S is a basis of V .

Definition 1.8.11. A partially ordered set (POSET) is a set P together with a binary relation <

on P satisfying the following axioms:
(i) Reflexive: Vz e P z <
(ii) Transitive: Vz,y,2€ P z<yandy<z=— 2 <z
(iii) Anti-Symmetric: Vz,y € P x<yandy<z=— x=y.

A chainin P isasubset C C P suchthat Vz,yeC z<yory<z.
If S is any subset of P, an upper bound of S (in P)is an element u € P such that z < u
forall z € S.

A maximal element of P is an element m € P suchthat Ve €¢ P m<z —m =x.

Lemma 1.8.12. Zorn’s Lemma
Let P be a non-empty POSET. If every chain in P has an upper bound in P, then P has a

maximal element.
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Note that Zorn’s Lemma is equivalent to the Axiom of Choice.

Theorem 1.8.13. Let V be a vector space over a field and S C V linearly independent. Then
there exists a basis B of V' such that S C B.

In particular, V' has at least one basis.
Remark 1.8.14. Theorem 1.8.13 can be rephrased as the followings:

Every linearly independent subset of a vector space can be extended to a basis.

Lemma 1.8.15. Let V be a vector space and S = {1’1,1’2, e ,xn} be a linearly independent
subset of distinct elements of V. Also, let T' C V' be such that T spans V, i.e., <T> =V. Then
for each i € {1,2,...,n} there exists y; € T such that {z1,...,2i—1,Y;, Tit1,..,Zn} with n

distinct elements is linearly independent.

Theorem 1.8.16. Let V' be a vector space. If V' has an infinite basis, then every basis of V is
infinite, and they all have the same cardinality.

Theorem 1.8.17. Let V' be a vector space. If V has a finite basis, then every basis of V' is finite,
and they all have the same cardinality.

Rewrite the above theorem to be
Theorem 1.8.17* Let V' be a vector space. If V' has a finite basis of order n, then

(i) every basis of V is finite of order not more than n, and

(i) they all have the same cardinality n.

Definition 1.8.18. Let V' be a vector space. The dimension of V', denoted by dim V', is the
cardinality of any basis of V. If dimV is a finite cardinal number, we say that V is the finite-
dimensional; otherwise, we say that V is infinite-dimensional. In particular, if dimV = k, where
k € N, we say that V is k-dimensional.

Corollary 1.8.19. Let V' be an n-dimensional vector space. Then
(i) any subset of V' which contains more than n vectors is linearly dependent; and
(ii) no subset of V' which contains less than n vectors can span V.

Note 1.8.20. If V is any vector space, then the zero subspace of V is spanned by the zero
vector 0, but {0} is a linearly dependent set so that it cannot be a basis of V. However, we
can show that ) spans {0} and 0 is linearly independent so that () is a basis of {0}. Therefore,
dim{0} = 0.

Lemma 1.8.21. Let S be a linearly independent subset of a vector space V. Suppose that v is
a vector in V' which is not in the subspace spanned by S. Then S U {v} is linearly independent.

Theorem 1.8.22. Let V be a vector space and W a subspace of V.. Then dimW < dimV .
Moreover, if V is finite-dimensional and dim W =dim V', then W =V .
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Corollary 1.8.23. Let V be a finite-dimensional vector space and B a linearly independent subset

of V. If card B =dimV, then B is a basis of V.

Theorem 1.8.24. Let S be a subset of a vector space V' such that S spans V. Then there exists

a basis B of V such that BC S.

Corollary 1.8.25. Let S be a subset of a finite-dimensional vector space V' such that S spans V.

If card S =dim V', then S is a basis of V.

Example 1.8.26.

(i) Let F' be a field, n € N and i € {1,2,...,n}. The ith standard vector in F™ is the
vector e; that has Os in all coordinate positions except the ith, where it has a 1. Thus

the ith
ei=(0,...,0, 1 ,0,...,0).

The set {e1,€2,...,e,} is called the standard basis of F™.

(i) Let A be an invertible n x n matrix with entries in the field F'. Then Aj, Ao, ...

columns of A, form a basis for the space of column matrices, M, x1(F).

, Ay, the

(i) (An example of an infinite basis) Let F' be a field with char F = 0 and V = F[z] = FF.

Recall that

V:{ao+a1x+aga:2+--'+ana:” ‘ n € NU{0},a; € F for all z'}.

Define fi.(z) = 2 for all k =0,1,2,.... The infinite set {fo,fl,fg,...} is a basis of V.



