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4.3 Annihilators

Definition 4.3.1. Let M be a non-empty subset of a vector space V . The annihilator M0 of M

is

M0 =
{

φ ∈ V ∗
∣

∣ φ(M) = {0}
}

=
{

φ ∈ V ∗
∣

∣ φ(m) = 0 for all m ∈ M
}

.

Proposition 4.3.2. Let M be a non-empty subset of a vector space V . Then M0 is a subspace

of V ∗ . [Note that M does not need to be a subspace of V .]

Remark 4.3.3. Let V be a vector space. Then

{

0
}0

= and V 0 =

Theorem 4.3.4. If W is a subspace of a finite-dimensional vector space V , then

dimW 0 = dimV − dimW.

Theorem 4.3.5. Let V be a vector space.

(i) For any non-empty subsets M and N of V ,

M ⊆ N =⇒ N0 ⊆ M0.

(ii) If V is finite-dimensional, then, identifying V ∗∗ with V under the natural map, we obtain

that

M00 =
〈

M
〉

for any non-empty subset M of V .

In particular, if W is a subspace of V , then W 00 = W .

(iii) If V is finite-dimensional and U, W ¹ V , then

(

U ∩ W
)0

= U0 + W 0 and
(

U + W
)0

= U0 ∩ W 0.

Corollary 4.3.6. Let V be a finite-dimensional vector space and W1, W2 subspaces of V . Then

W1 = W2 ⇐⇒ W 0

1 = W 0

2 .

Theorem 4.3.7. Let V be a finite-dimensional vector space and U, W subspaces of V such that

V = U ⊕ W . Then

(i) U∗ ∼= W 0 [what annihilate W are all linear functionals on U ] and W ∗ ∼= U0 .

(ii)
(

U ⊕ W
)

∗

= U0 ⊕ W 0 .
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4.4 Operator Adjoints

Definition 4.4.1. Let V and W be vector spaces over the same field F and τ ∈ L(V, W ) . Define

a map τ× : W ∗ → V ∗ by

τ×(φ) = φ ◦ τ := φτ for all φ ∈ W ∗ .

[This makes sense, since τ ∈ L(V, W ) and φ ∈ L(W, F ) , we have φτ ∈ L(V, F ) = V ∗ .]

Moreover, τ×(φ)(v) = φ
(

τ(v)
)

for all φ ∈ W ∗ and v ∈ V .

The map τ× is called the operator adjoint of τ .

Theorem 4.4.2. Let V and W be vector spaces over the same field F . Then the operator adjoint

of τ ∈ L(V, W ) is a linear transformation.

Theorem 4.4.3. Let V and W be vector spaces over the same field F .

(i)
(

τ + σ
)

×

= τ× + σ× for all τ, σ ∈ L(V, W ) .

(ii)
(

ατ
)

×

= ατ× for all α ∈ F and τ ∈ L(V, W ) .

(iii)
(

τσ
)

×

= σ×τ× for all σ ∈ L(V, W ) and τ ∈ L(W, U) .

(iv)
(

τ−1
)

×

=
(

τ×
)

−1
for all invertible τ ∈ L(V ) .

Theorem 4.4.4. Let V and W be finite-dimensional vector spaces over the same field and let

τ ∈ L(V, W ) . If we identify V ∗∗ with V and W ∗∗ with W , using the natural maps, then

τ×× = τ.

Theorem 4.4.5. Let τ ∈ L(V, W ) . Then

(i) ker τ× =
(

im τ
)0

;

(ii)
(

im τ×
)0

= ker τ , under the natural identification with V and W being finite-dimensional;

(iii) im
(

τ×
)

⊆
(

ker τ
)0

;

(iv) if V and W are finite-dimensional, then im
(

τ×
)

=
(

ker τ
)0

.

Corollary 4.4.6. Let τ ∈ L(V, W ) , where V, W are finite-dimensional vector spaces. Then

rank τ = rank τ× .


