Periodic excitations

Periodic excitation repeats every T second (period)

Periodic function: f(t)=f(+T)
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mx+cx+kx=F(t)

( Sum of harmonic response  x(¢) =x, +x, +x; +... j




Fourier series (1)

Concept: Any periodic function can be expressed as linear
combinations of harmonic functions whose

frequencies are multiples of the fundamental
frequency

F(t)=C+a,cos(0,t)+a, cos(Qo,t)+ a, cos(3m,t)+...
+ b, sin(w,t) + b, sin(2m,¢) + b, sin(3w,¢) +...
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Fourier series (2)

a > .
F(1) = 70 +> (a,cosnwt+b, sinnw,t) |-
n=I

AW /\f\/\ /\vf\/\ /\\7[

Where ooT=27Tc VV\} VU\/ V\/

2 T
ay =7 ! F(t)dt
2 T
a, = ?_([F(t) COSnw t dt

2 ,
b, = - ! F(t)sin no. .t dt



Superposition principle
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Response to periodic excitation

Harmonic excitation (review)

Foejoat — — F() H(_](D) ej((ot+9)

F,cos(mt) —» H(](D) —» F|H(jow)|cos(mwr+0)

F,sin(ot) —» —> F |H(jo)|sin(of +0)

Periodic excitation
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a,/2 —» —» (a,/2)|H(0)|
H(jncoT)‘cos(nooTt+Gn) ]

—»< a,cos(nwt) —> H(jo) —* a,

b,sin(nw,t) —» —> b, ‘H(jnoaT )‘ sin(nw,+0,)
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Frequency domain

Time domain vs Frequency domain

* Interchangeable (no information lost)
» The frequency domain representation of a signal is called the

“spectrum” of the signal
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Response to excitation (freq. domain)
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Example (Periodic excitation)-1

A square wave force F(¢) is applied to a 1-kg mass with k£ =4
N/m. Determine steady-state response of the mass.

X, F(?) 4

k () 4 —
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Solution

EOM: mi+kx=F() c——=> i+4x=F(@) (0o,=2)

- _ A; 0<t<T/2
The exciting force can be written as  F(¢) =
—A;, T/2<t<T
2 2
where T=2r C—> (©;= “=2221 radls

T 2r



Example (Periodic excitation)-2

4, 0<t<T/)2

The exciting force can be written as F(¢) = {
—A;, T/2<t<T

: : Ay ~ :
Fourier series  F(¢)= 70 + > (a, cosnw,t+b, sin no,t)

n=l1

2 T
a :?_EF(t)cosnooTtdt =0

2 . 24
b, = —_[F(t) sin nw,tdt =— (1 —cosnn)
T nm

Therefore F(t) :ﬂ(sint+%sin3t+ésin5t+...j
T



Example (Periodic excitation)-3

. . |
EOM: x+4x=F@) rC—> )'c'+4x=ﬁ(smwr%sm%+§sm5t+...j
T

The steady-state response is

X, = ﬂ(\ﬂ(l)\ sin(¢ +0,) +%\H(3)\ sin(3t +0,) + é\H(S)‘ sin(5t+0,)+.. j
U

Review N
éC)M: mx + kx = F, sin ot

The steady-state responseis X, () =|H (®)|F, - sin(wt + )
1

2 2
oan—o)T‘

where |H ()| =

0=0 when o; <o,

k O=-n when ®;>o, /




Example (Periodic excitation)-4

EOM: )'c'+4x:ﬂ(sinwr%sin?»t+%sin5t+...)
T

The steady-state response is

X, = ﬂ(\ﬂ(l)\ sin(¢ +0,) +%\H(3)\ sin(3t +0,) + %\H(S)\ sin(5t+0,)+.. j
T

n | |H(nj) 0,
1 1/3 0
) Y3 1/5  -180
0 5 1/21  -180
—180
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