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2.4. Derivatives of Trigonometric
functions
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Derivative of sin
» Guess sin¥) = cosk)
H(sinx) =Eﬂsm(x+hh)—sm(x)
. sinxcosh+cosxsinh—sinx
=lim
h—0 h
. . cosh—1 sinh
=|im | sSinX| ———— |+ cosx| —
h—0 h h
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Limit of %

 Assume that lies between 0 and 2.
| BC|<|AB | <arc AB

sin@ <a. OHL/

« arc AB<|AD |=| OA |tanA 1
0 < sinf / cosO
» Taking limit asf go to 0. We have |

: \
cos9<SM0 g N,

. . Sing _,.
lim cosf <lm ——=<Ilm 1

Hence,
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Limit of €OV
0
. cosH—1 . [cosf9—1cosA+1)\ . cofo—1
Im ————— =Ilim =[im
0-0 O 00 0 cos0+1/ 4-0\0(CcOoSO+1)
. —sin’@ . sin@ —sino
=[im =[im
0-00(CcO0S0O+1) o0 6O cosf+1
=—1XxIlim ﬂ=—1x0=0
0—-0 COS@"‘l
d—(sinx) —lim | sinx( SN =L | cosx (SN
=0+cCosX
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Derivative of cos

e Guess cosq) = -sin)

d—(cosx) —lim cog x+h)—cog x)
d X h—0 h
__ . cosxcosh—sinxsinh—cosx
=lim
h—0 h
: cosh—1 . [sinh
=lim | cosx —sinXx| ——
h—0 h h
=0—-sinx
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Student note

1. Differentiatey = x® sin ).
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Derivatives of Trigonometric
Functions

dsin(x) . d cosx
. COS( X)————=—sin(x
d—(tanx) _d [sinx |_ S )dx ( )dx
d x d x | cosx co< X
COSX COSX+SINnXSINX 1 2
= 5 = 3 =SeC X
CO< X COS” X
m=cosx d csdx) =—CSC XCOt X
d x d x
dcos(x) =—SinX d sedx) =sec Xanx
d x d x
d tan(x) — celx d cot(x) sl x
d x d x
Student note
2. Differentiatef (x)=ﬂ.
1+tanx
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Student note

3. Calculate the followingim Sin 7x ,lIm xcotx.

x—0 X Xx—0
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2.5. The Chain Rule

 If f andg are both differentiable artd=f-g is the
composite function defined B¥(x) =f(g(x)), thenF is
differentiable andr' is given by the product

F(x) =1 (9(x))g'(¥)

 In Leibniz notation, ify = f(u) andu = g(x) are both
differentiable functions, then

dy_ dy du
dx dudx
or
(f.g)" =f(9(x))g'(x)
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Student note

4. FindF '(X) if F(X) =+ x°+1.
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Student note

5. Differentiatey, = sin§®), y, = Sirrx.
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The power rule combined with the
chain rule

 If nis any real number and= g(x) is differentiable, then

' d n n—1du
Alternatively, d—X(u )=nu Ix
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Student note

6. Differentiatey, = (x* — 1), y, = (X + 1p(xX*~x + 1Y,
x—2\ _ 1
2x+1) T et

Ys=
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Student note

7. Differentiatef(x) = sin(cos(tan)), g(x) = sec X.
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Proof of the Chain rule

» Supposeal =g(x) is differentiable af, andy =f(u) is
differentiable ab =g(a).
* Let Axis an increment in andAu andAy are the
corresponding increments tnandy, then
Au=g'(@Ax +e Ax = (g'(a) + & )AX
wheres, —0 asAx—0. Similarly
Ay =f(b)Au + e,Au = (f(b) +¢&,)Au
wheree,—0 asAu—0.
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Proof of the Chain rule

By substitution,
Ay = (f(b)+ ¢,)(g'(a) +&,)AX

AY _ (¢ .
Lo (b)+e))(g'(a) +ey).

Therefore,
dy _ . Ay
dX_AIIerOAX
=lim (f*(b)+e,)(g'(a)+e,)
=f'(b)g'(a)="f"'(g(a))g'(a)
Student note

8. Find derivative of the following functions.
2

1
F(x)=(x>+4x)" f(x)=(1+x") t)=
(x)=( ) F(x)=(1+X) g(t) T
f(t)=V1l+tant y=(2x—5)*(8x*-5)"° y=cot(§)
y=X"COSN X y=sin(xcosx) y=seC x+tan’ x

y=Vx+Vx  y=sin(tanVsinx)  y=Vx+Vx+vx
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Student note

9. Suppos&(x) =f(g(x)) andg(3) = 6,9'(3) = 4,f(3) = 2,
andf'(6) = 7. FindF'(3).
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Student note

10. Proof that derivative of an even function isodd
function and vice versa.

(f(-x) =1f(x) is a even functiorf(-x) = f(x) is an odd
function)
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2.6. Implicit Differentiation

« Some functions are defined implicitly by a relatlmgtween
x andy such as (upper or lower semicircle)
X2 +y?=25
or (folium of Descartes)
X3 +y3 = 6xy
* There is no need to write the explicit formulatton

determine the derivative of functign

e ot e e e e e et e
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| mplicit Differetiation (cont.)

* We can use the methodiofiplicit differentiation.
- Differentiate both sides of the equations with ezffto
X.
- Solving the resulting equation fegr.
11. If X2 +y? = 25, findy' and then determine an equation of
the tangent to the circhké + y* = 25 at the point (3, 4).
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Student note

12. Findy' if X3 + y* = 6xy and determine the tangent to the
folium of Descartes® + y® = 6xy at the point (3, 3).
At what points on the curve is the tangent linazuwontal.
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Student note

13. Findy' if sin(x +Yy) = y*(cosx).
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Orthogonal Trajectories

« Two curves are calleorthogonal if at each point of
intersection their tangent lines are perpendicular.

« Two families of curves arerthogonal trajectories of
each other if every curve in one family is orthogloio
every curve in the other family.

e — e = e e o e Y s - T e e e o 0 i Ak T 54057 S . s
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Student note

14. The equation
Xy=c,c£0
represents a family of hyperbolas.
The equation
X2 -y =Kk k#0
represent another family of hyperbolas withnaigtotesy
= . Show that the families are orthogonal trajectooes
each other.
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Student note

15. Findy"'
X*—y°=1  1+x=sin(xy) Vx+y=1+xy°
VXy=1+x’y xy=cot(xy) tan(x—y)= n Y
+ X
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Student note

16. Show that given curves are orthogonal
2X°+y°=3, x=y°
X°—y°=5, 4AX°+9y°=72.
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Student note

17. Show that families of curves are orthogonaettaries
of each other

X°+vy°=r?, ax+by=0
y=ax, x+3y°=b.
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2.7. Higher Derivatives

- If fis a differentiable function, then its derivatives also
a function, sd' may have a derivative of its own, denoted

b
’ ¢y =f

The new function is called tlsecond derivative of f.

d (dy|_d’y
dx\dx) dyx¢
Also denoted bY'(x) = DA(X).
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Student note

18. If f(x) = x cosx, find and interpret’(x).
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Acceleration

* In general, we can interpret a second derivative rade
of change of a rate of change, which is called an

acceleration.
» If s=g(t) is the position function of an object that moves

In a straight line, its first derivative represettits velocity
_ds

dt
This instantaneous rate of change of velocityh wespect
to time is called thacceleration a(t) of the object.
a(t) =v'(t) =s"(1).

v(t)=s'(t)

s e —

— - e s
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Student note

19. The position of a particle is given by the dmma
s=flt)=tt—-a>+%
wherd is measured in seconds agith meters
(1) Find the acceleration at timé/Nhat is the acceleration
after 4 s.?
(2) When is the particle speeding up? When ioivsig
down?
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The n™" derivative

 Thethird derivative f" is the derivative of the second
derivative:f" = (f")'.
* |t is the slope of the curwe=f"(x).

yrr=tr(x)=2 (d y) Y _pt ().

dx\ dx* | dx

We can defined™ derivative off, f{? as

n n d"
y”=f”(x) y—D f(x).
dx"
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Student note

20. Ify =x3 — 6¢ — 5 +3, determind ™(x)?
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Student note

21. Iff(x) :% , determiné ™(x)?
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Student note

22. Findy" if x* +y* = 16.
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Student note

23. Find the first and second derivatives of thecfions

(1) y=x" (2)f(t) =t® -7+ 24

(3)y=cos X (4) H(t) =tan 3

(5) h(¥) =vx*+1 (6)g(s) = Scoss
1-4u 4 X

(7)hW) = T35 ®)Y =7
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Student note

24. Determing/" by implicit differentiation
(1) %2 +y? =9 2)Vx+y=1
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Student note

25. Find a second-degree polynonitauch thaP(2) = 5,
P'(2) = 3, andP"(2) = 2.
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Student note

26. Determine the first, second, third derivati¥e o

f (x)= (xzi X)
Then use the identity,
1 1 1

X(X+1) x x+1
to compute the derivatives.
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2.8. Related rates

» Note that if we are pumping air into a balloon,otiite
volume and radius are increasing and their rates of
Increase are related to each other.

 In related rates problem, we want to compute tretaé
rate of one quantity in terms of the rate of chaoige
another quantity (may be easily measured).

* Procedure:

- Determine the equation that relates two quantities
- Use the Chain Rule to differentiate both sides
- Rewrite one related rate in term of others.
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Student notes

27. Air is being pumped into a spherical balloorthsat its
volume increases at a rate of 10®/smHow fast is the
radius of the balloon increasing when the diamistéo
cm.?

e s e it o S e e e o e e -
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Student notes

28. A ladder 10 ft long rests against a vertical viithe
bottom of the ladder slides away from the wall edite of
1 ft/s, how fast is the top of the ladder slidiraywh the
wall when the bottom of the ladder is 6 ft from thall?
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Student notes

29. A water tank has the shape of an inverted leiraone
with base radius 2 m and height 4 m. If water isdpe
pumped into the tank at a rate of 2Zmmn, find the rate at
which the water level is rising when the water i 8leep.
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Student notes

30. Car A is traveling west at 50 mi/h and car Baseling
north at 60 mi/h. Both are headed for the intersaatf
the two roads. At what rate are the cars approgatach
other when car Ais 0.3 mi and car B is 0.4 mi fribr@
intersection.
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Student notes

31. A man walks along a straight path at a speedf$. A
searchlight is located on the ground 20 ft fromphth
and is kept focused on the man. At what rate is the
searchlight rotating when the man is 15 ft from poent
on the path closet to the searchlight?

B -
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Student notes

32. At noon, ship A is 150 km west of ship B. SAigs
sailing east at 35 km/h and ship B is sailing naitt@5
km/h. How fast is the distance between the shipsgimg
at 4:00 P.M.?
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Student notes

33. Two cars start moving from the same point. Gaeels
south at 60 mi/h and the other travels west at 25. At

what rate is the distance between the cars incrgasio
hours later?
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s 7 - e
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2.9. Linear approximations and
differentials

« At the beginning when we try to compute the tandgest
at a pointa, we use the calculator to approximate the
slope of the tangent line.

» For a tangent af(f(a)), we can approximatigx) whenx
IS neara as

fF(x)—f(a) f(x)—f
X—a X—a X—a

(a)
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Linear approximations

* Hence,

f(x) ~f(a) +f(a)(x -9

Is called théinear approximation ortangent line
approximation of f ata.

L(x) =1(a) +1"(a)(x - &)

IS called thédinearization of f ata.

e s e it o S e e e o e e -
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Student notes

34. Suppose that after you stuff a turkey its tenapee is
50°F and you then put it in a 3Z50ven. After an hour
the meat thermometer indicates that the temperafuires
turkey is 93F and after two hours it indicates TE9
Predict the temperature of the turkey after thimars
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Student notes

35. Find the linearization of the functifix) =VX+3 aa =1
and use it to approximate the num 8 d ad.05 .
Are these approximations overestimates or undenatts?
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Differentials

* The ideas behind the linear approximations are soras
formulated in the terminology and notation of
differentials

« If y=1(X) is a differentiable function, then tk&fer ential
dxis an independent variable and thEerential dyis
defined in term oflx as

dy f' (X)dX
S ——
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| nterpretation of a differential

y =1(x)
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Student notes

36. Compare the values & anddy if
y=1f(x) =x3 +x2 — 2% + 1 andx changes

(a) from 2 to 2.05 and

(b) from 2 to 2.01.
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Student notes

37. The radius of a sphere was measured and foune 21
cm with a possible error in measurement of at radx
cm. What is the maximum error in using this valtiéhe
radius to compute the volume of the sphere?

B -
Chapter 2:Derivatives 59

Student notes

38.The circumference of a sphere was measured&d bm
with a possible error of 0.5 cm.

(a) Use differentials to estimate the maximum eimdhe
calculated area of the disk.

(b) What is the relative error? What is the peragaterror?
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