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3.1. Antiderivative and indefinite integral

3.2. The definite integral
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3. Integrations

3.1. Antiderivatives Student notes

 Definition: A function F'is called an 1. Find the most general antiderivative of each of the
antiderivative of f on a interval / if F'(x) = f(x) for following functions.
all x in . fi(x) =sinx, £(x) =x", fi(x) = x

* Theorem: If F'is an antiderivative of f on an
interval 7, then the most general antiderivative of f
on/is

Fix)+C
where C is an arbitrary constant.




Table of Antidifferentiation

Formulas
Function Particular Function Particular
antiderivative antiderivative
cf(x) cF(x) COS X sin x
Freg | F+ax) || sine | -cos(x)
n+1 2
" sec” x tan x
X' (n#=1) n+1 sec xtan x sec x

Student note

3. Find fif £ ' (x)=x1 x and (1) = 2.

Student note

2. Find all functions g such that

5 _—
g ’(x):4sinx+%

P = g
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Student note

4. Find fif £(x) = 12x°+6x—4, {0) = 4, and (1) = 1.




Student note

5. A particle moves in a straight line and has
acceleration given by a(¢) = 61 + 4. Its initial
velocity is v(0) = -6 cm/s and its initial
displacement is s(0) = 9 cm. Find its position
function s(¢).

Student note

6. Find the most general antiderivative of the
following functions.
(a) f(x)=x"+4x"+8 (b) f(x)=6Vx—Vx
(¢) f(t)=4VT-secttant (d) f(x)=3cost—4sint

Chapter 3:Integrations C03-9

Areas

* Determine the area of the region S that lies under
the curve y = f(x) from a to b, where f(x) > 0.
v A
y =fx)

=
I
<
=
Il
)

0 a b X
Use the area of known geometries to approximate this!

S Y P T e e X
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Area of simple geometries

e Area of arectangle: 4 = Iw }w
1
- _bh
* Area of a triangle: 4 = = h{

b
« Areaofapolygon: 4=4, +A4,+ A,

We can compute the exact area of polygons.
Could we extend this to a general shape?

e e T . A A A M 2 0
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Lower approximation of y=x* by small
rectangles (under approximation)

0.2*0.2? + 0.2*0.4* + 0.2*0.6*+0.2*0.8 = 0.24

1

0a

06

0.4

1} 02 04 06 0a 1

P = g

The effect of increasing n

e For n =5 intervals,
0.24<5<0.44
e For n =10 intervals,
0.285<5<0.385

e For n =100 intervals,

0.32835 <85<0.33825
e For n=1000 intervals,

0.33283 <.§<0.33383
e For n=10000 intervals,

0.33328 <.§<0.33338

As n grows larger, both lower & upper approximation converge to an exact area.

e e T e T e e S | e
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C03-15

Upper approximation of y=x* by large
rectangles (over approximation)

0.2%0.2%2+ 0.2*¥0.4* + 0.2*0.6*+0.2*%0.82 + .2*12 = 0.44

1

0ar

06 |

04

0z

P = g
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The convergence of the lower
approximation

 Let L be the lower approximation using the left

end points ) ) )
Ln:0-|-1-1- _|_1_£ _|_1_3_ 4. LinZL
ni\n ni\n ni\n n n
1
= 124224 (= 1))
n
1
~3




The convergence of the upper
& f PP Area under curve

approximation
« Let R be the upper approximation using the right o Therefore, foranyn, L <S<R, S :;—
end pointzs. X X
2 1
anl— 1— 1— & —|-1- 3— _|_..._|_1_£
ni\n ni\n ni\n ni\n s
:1—3(12+22+---+n2) 06
n
zl_n(n+1)(2n+1):(n+1)(2n+1) s
n 6 | 1 0 S

Area definition Distance problem
 Definition: The area A of the region S that lies  The distance problem: Find the distance traveled
under the graph of the continuous function f'is the by an object during a certain period if the velocity
limit of the sum of the areas of approximating of the object 1s known and fixed in each interval.
rectangles: distance = velocity X time
1 5  Consider time & velocity recording:
A=lim R, =lim [ £ (x) Axt () At f (x,) A Time 0 5 10 15 20 25 30

Velocity 25 31 35 43 47 46 41

* Sol Estimate the total distance traveled as
__ 25_><5__J_r 315 +35%5 p+__43><5 +j7><5 +46x5 =p1 135

et o - e - e e e 0 s 1 g
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Student notes

. 1
7. Estimate the area under the graph of f(x) = =
fromx=1tox=>5.

P = g

Student notes

9. Speedometer readings for a motorcycle at
12-second intervals are given in the table (m per

min).

Estimate the distance traveled

t: 0 12 24 36 48 60
\' 30 28 25 22 24 27

P = g
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Student notes

8. Estimate the area under the graph of f{x) =1+ x*
from x =—1tox = 2.

P = g
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3.2.The definite integral

* Definition: If fis a continuous function defined for
a < x < b, divide the interval [a, b] into n
subintervals of equal width Ax = (b-a)/n.

- letx, (=a), x, x,, ..., x_(= b) be the endpoints

—let x°,x,",x,°, ..., x " be any sample points in

subintervals, x* € [x_, x].
Then the definite integral of ffrom a to b is
b n
[ f(x)dx=1im Y £ (x/)Ax
a n—ow j=|
This is called a Riemann sum. _

P = g
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Notation 3.3. Riemann sum

 If f(x) > 0, the Reimann sum is the sum of areas of

Upper limit Integrand rectangles under the function f'and above the
X-axis. y 4
n \ -
Integral sign }f x)dx=lim Z f(x [~ /\ 3}\7 Sx)
a ) 4

n—ow j=1 / /
xX=a / / \ / x=b
Lower limit S /
Riemann sum /

MATA

Chapter 3: Integratrons C03-25 Chapter 3:Integrations C03-26

Riemann sum Properties of the Definite integral
* If f(x) takes on both positive and negative, the
Reimann sum is the net area, that is the difference « For a continuous function f
of areas above and under the x-axis: . . .
A S=4,-4, Jrxyax==[ f(x)dx, [ f(x)dx=0
Y xX=a x=b b a a
\ * For a continuous function f'and g,
)\—7 /\‘)\ b b b
/ / A/’ Y =flx) / fcdxzc(b—a) ff (x) dx:ff (x) dx+fg(x)dx
- a a
0 a / b b b
\é/ b= fcf(x)dx:cff(x)dx ff( )—g(x)dx= ff ) dx— fg(x)dx

Chapter 3: Integratrons C03-27 Chapter 3: Integratrons C03-28



Properties of the Definite integral

* For a continuous function fand ¢ € [a, b],

ff(x)dx:f f(x)dx+ff(x)a’x

.a a,
» Comparison properties:

If f(x)=0 for a<x<b,then ff(x)dx?O
If f(x)=g(x) for a<x<b,then ff(x)dx?fg(x)dx

If m<f(x)<M fora<x<b,then m(b—a)

)
=
=
S
/é
T
2
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Student notes

10. Find the derivative of the function g (x)= {1+ dr

3.4. The Fundamental Theorem
of Calculus PART I

Part I: If f1s continuous on [a, b], then the function g
defined by

X

g(x):f f(t)dt,a<x<b

a

1s continuous on [a, b] and differentiable on (a, b)
and g'(x) = f(x).

Student notes

11. Find Z—xx!sectdt




The Fundamental Theorem of
Calculus PART I1

1
Part II: If fis continuous on [a, b], then 12. Evaluate the integral f X dx
-2

Student note

b

| r(t)dt=F(b)-F(a)

where F is any antiderivative of £, that is, a function
such that F'={.

Student note Student note

13. Find the area under the parabola y = x* from 0 to 14. Find the area under the cosine curve from 0 to b,
1. where 0 < b <7/2.




Student note

-3
15. Could we determine the integral of [ izdx ?
2 X

Student note

16. Find derivatives of the function

COS x

[T¥2%ar, [ *sinedr, [ (t+sine)de
0 2

1

Differentiation and integration as
inverse process

The Fundamental Theorem of Calculus: Suppose f'is
continuous on [a, b].

1. If g(x) = j f(t)dt then g'(x) = f(x)

2. }f(x)dx:aF(b)—F(a),whereFis any

antiderivative of f.
b

Z_xff(t)dt:ﬂx),fF'<x)dx:F(b)—F(a)

a

e e T e T e e S | e
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Student note

5 8

3
17. Evaluate the integralf xsdx,f 6dx, f (4x+3)dx

-1 -2 2




Student note

21

8
18. Evaluate the integral [ {Xdx, | cos0d®,
1 ™

Chapter 3:Integrations

Student note

19. Find the general indefinite integral:
f 10x* =2 sec® x dx

Chapter 3:Integrations

5

|

2

—3dx

-5 X

P = g

P = g

Indefinite integrals
 The indefinite integral is the antiderivative of f

ff(x)a’x:F(x) means F'(x)=f(x)
* [t represents a family of functions that has the

same derivatives.
fcf(x)dxchf(x)dx ff(x)+g(x)dx=f f(x)dx—|—f g(x)dx

n+1

_fkdx:kx—i-C _[x"dx=j;_'_—1+C when n # -1
fsinxdx:—cosx—l—C fcosxdx:sinx—FC
fseczxdxztanx—FC fcsczxdxz—cotx+C

f sec xtan x dx=secx+C _[ cscexcotxdx=—cscx+C

P = g

Chapter 3:Integrations

Student note

12
20. Evaluate fcosze de,f(x—12sinx)dx

sin” 0 0

P = g

Chapter 3:Integrations



Student note Applications

3 1
21. Bvaluate [ x’~6xdx, [ ~1—1dt  The Net Change theorem: The integral of a rate
0 0

of change is the net change:

[ F'(x)dx=F(b)~F(a)

Student note Student note
22. Find the general indefinite integral 23. Find the general indefinite integral
3 : —
f x Tdx, f X dx . f x(1+2x)dx f smxz dx,f x\ xdx, f (cosx—2sinx)dx

1—sin" x




Substitution rule

 The substitution rule: If u = g(x) is a differentiable
function whose range is an interval / and fis
continuous on /, then

[ rlgx) e (x)dx=[ f(u)du

* If u=g(x) then du = g'(x) dx. The substitution rule
states that it is permissible to operate with dx and
du after the integral signs as if they were
differentials.

P = g

Chapter 3:Integrations C03-49

Student note

25. Bvaluate [{2x+1dx

P = g

Chapter 3:Integrations C03-51

Student note

24. Find | x3 cos(x* + 2) dx

Student note

26. Find [ 7#czx
—4aX

Chapter 3:Integrations
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P = g

P = g



Student note

27. Calculate [ cos 5x dx

P = g
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Definite integral

* The substitution rule for definite integrals: If g’ s

continuous on [a, b] and f'is continuous on the

range of u = g(x) then

Student note

28. Find [ XV 1+x7dx

Student note

4
29. Evaluate [ | 2x+1dx
0
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P = g

P = g



Symmetry

* Integrals of Symmetric Functions: Suppose fis

continuous on [-a, a].

(a) If f1s even [f(-x) = f{x)], then } f(x)dx=2 } f(x)dx

(b) I£ fis odd [f{-x) = )], then [ 7 (x)ds=0

e e T e T e e S | e

Definite integral

31. Evaluate the integral of the odd function
dx

1
f tan x
-1 1+x2+x4
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Student note

1
30. Evaluate | ;za’x
0 (3—6x)

Student note

32. Evaluatef cos3xdx, f x(4—x7)"dx, f xz\/x!+ 1dx



Student note Student note

33. Evaluatef L dx, J‘(Z—x)édx,J‘yS\/Zy“—ldy 34. Evaluate f(x—l)mdx,fJ4+3xdx,}secz(Tt) dt

Chapter 3:Integrations C03-61 Chapter 3:Integrations C03-62

Student note Student note
35. Evaluate {#dx,{#dx,.];x\/x5+azdx 36. If fis continuous andff )dx=10, ﬁndff 2x)d

Chapter 3:Integrations C03-63 Chapter 3:Integrations C03-64



