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4. Transcendental
functions

Outline

4.1. Exponential function

4.2. Natural logarithmic function
4.3. Trigonometric function

4.4. Inverse trigonometric function

4.5. Hyperbolic function
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4.1. Exponential function

* An exponential function is a function of the form

fx)=a*
where a is a positive constant.
If x = n, a positive integer, then a"=aXaX---Xa

e Ifx= 0, then a° = 1. n terms 1
* Ifx=-n, where n is a positive integer, then ¢ "= —
e Ifx is a rational number, x = p/q then a

2
—\r

axzan\[?a”:(@ a)

If x 1s an irrational number, ¢*=1lim a", r rational

rex
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Graph of the exponential function

] o

y=a,0<a<]l y=aa>1

For y = 1*, we have constant function y = 1.
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Exponential function

e Theorem: If @ > 0 and a #1, then f(x) = a* is a continuous
function with domain = set of real number and range (0,
).

* For a, b > 0 and any real numbers x, y then

X
av =a'a’ (a*y = a® (ab)* = a*b* ax—y:a_y
a

* Laws of Exponents:
If a>1then lim a¢"=o, lim ¢ =0

X — 00 X — 00

If0< a<1,then lim ax:O,]im a’ =0

X —0 X—
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Derivative of exponential
function

* For a >0 and a #1, the derivative of f{x) =a*is

i L) f () a'—a'

!( —1:
f'(x) =lim
h—0 h B0 h
x _h X h
.. aa-—a . a —1
=lim ——=¢" lim
h—0 h h—0

h
« Wehave £'(0)=lim £ —|
* Therefore, h=0 f(x)=/(0)a*
* The rate of change of any exponential function is

proportional to the function itself.
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Definition of the Number e

e Definition of the Number e:

h
e is the number such that lim < —1 =1.

h—0

* The derivative of the Natural exponential function

d x| __ x

-_—p | =e .

dx
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Student note Student note

1. Differentiate the function y = "~ 2. Apply the chain rule where u = f(x), di e'l=e" %
X X
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Exponential Graph

i}

The exponential function f(x) = ¢, is an increasing continuous
function on real number with the range (0, o). Also,

lim ¢"'=0,lim e =c0.

X——00 X —00
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Student note

3. Find the domain of each function

fix)=—— f(x)=

1+e 1—e"

1 —

f(x)=11-2°

C04--19 Chapter 4:Transcendental functions C04--20



Chapter 2:Derivatives

Chapter 2:Derivatives

Student note

4. Differentiate the function

X
2 x e — x
X)—Xx e , X )= , X :\/X€ .
Falx)=xe’, folx)==5= fy(x)
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Student note

5. Differentiate the function
1

fH(u)=e", fo(x)=e ", f,(x)=cos(e™).
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Student note

6. Find y'if e*’=x+y.
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Student note

7. 1If fix) = €*, find a formula for 1 ™(x).
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Student note

8. Find fx) if £ "(x) = 3¢* + 5 sin x, 0) = 1, £'(0) = 2.
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4.2. Logarithmic function

e Ifa>0and a # 1, the exponential function f(x)=a"is
either increasing or decreasing and so it is one-to-one. The
inverse is called the logarithmic function with base a,

denoted by log .
flx)=y e fiy)=x
logx=y o a=x
logax:
* Note that
log (a*) = x
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Student note

9. Evaluate log,81, log,.5 and log 0.0001.
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Logarithmic properties

 Theorem: If a > 1, the function f{x) = log x is a one-to-one

continuous, increasing function with domain (0, o) and
range is the set of real numbers.

e Ifx, y >0 and r is a real number

X

log (xy) =log x + log y log, 5 =log x—log,y

log (x") =r log x

e If a> 1, then lim log, x =00, lim log,x=—00

X — 00 x—0"
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Student note

10. Evaluate log,2 + log,32, log,80 — log,5.
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Natural logarithm

* The logarithm with base e is called the natural logarithm
and has a special notation
log, x=1Inx
 Properties
—Inx=y oe’=x

- In(e®) =x
— e =x,x>0
—Ilne=1

e Change of base formula: For any positive number a # 1,

| In x
0 g X ==
a
Ina
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Student note

11. Use the properties of logarithms to expand

3 2
X 2 2 10 3x
log, _2y ,ln\/a(b +c7),In(uv) ", In -
z (x+1)
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Student note

12. Solve each equation for x
2Inx=1
2)e*=5
3) 83x+1 — k
4)7e"—e*=12
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Student note

13. Find the domain and the inverse of the following functions
Sx) = log,(4x — 2), g(¢) = In(e’ - 2).
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Derivative of logarithmic function

» The derivative of the natural logarithm is

d 1
—_1 =
dx( e X
* Properties

d ldu d g'(x)

lnu)==—2 £ 1 =

dx( ny u dx dx( (x) g(x)
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Student note

14. Differentiate y = In(x* + 1), f{x) = In(sin x), g(x) =/Inx.
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Student note

15. Find £ (x) if fix) = In | x |.
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Logarithmic differentiation

* We can simplify the derivatives of complicated functions
involving products, quotients or powers using the
logarithms, called logarithmic differentiation.

* Steps

— Take logarithms of both sides, y = f(x)
— Differentiate implicitly with respect to x.
— Solve the resulting equation for y".

» The power rule: If f{x) = x" then

f'(x)=nx""
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Student note
3
4 2
+1
16. Differentiate y= % .
(3x+2)
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C04--57

C04--59

Logarithmic formula

d | b

_labl=0

—la’

d :

@) =blf @) S ()

x

d_(ag(x) —a*“nag’(x)

dx

* The number e as a limit,
e=lim 1—|—1—
n—oo n
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Student note

x

17. Differentiate y = x
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Student note

18. Differentiate the following functions

FiE)=In(E+10) fy(x)=rt () =TTax
l1-Inx
C04--61 Chapter 4:Transcendental functions C04--62

Student note

19. Differentiate the following functions
fau(x)=cos(lnx) fi(x)=Vxlnx f(x)=Inix
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Student note

20. Find y'if y = In(x* +)?).
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Student note

21.Find y"ifx¥ =y~
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Integral of transcendental
functions

Consider the integration of an exponential
function, because the exponential function y = e is

1ts derivative, therefore

fexdx:ex+C
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Student note

22. Find the area under the curve y = e**from 0 to 1.
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Student note

23. Evaluate| x’¢" dx
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Student note

5 1
24. Evaluate the integral| e **dx, [ xe ™ dx, [ e\ 1+e" dx
0 0
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Student note

1

25. Evaluate the integral [= tl dx, [ <=, [ e*sin(e)dx
e X
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Integral of logarithmic function

Note that

iln|x|:l_

dx X
Hence, .

[ —dx=In|x|+C

X
Properties
d 1 d a’
—(1 = —(a")=a’'l Tdx= +C
dx( 0g, ) xlna dx (a")=a"Ina fa o Ina
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Student note

26. Evaluatef dx f ln—xdx f tan x dx
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Student note

217. Evaluate the integral
fzd f—dx f4+“ du, fmdr [ x2" dx
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Table of derivatives of inverse
trigonometric function

—(arcsin x)= !
dx

i(arccosx):— !
\/l—x2 dx \/l—x2
1 d 1
—larctan x —_—greesc X ) =—
dx( ) 1+ x dx( ) xyxi—1
—(arcsec x)= 1 i(arccot x)=— 1 -
dx x:/ =1 dx 1+x

C04--85

Chapter 4:Integral

C04--86

Inverse Trigonometric function

The two most useful integration formulae are

[——

\/ = dx=arcsin x+C
1—x

J' 1

dx=arctan x+C
x +1
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Student note

1

4
: 1

28. Find | ———4d

{ \/1—4x2 ¥
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Student note

29. Evaluate [ ——dx, [—2—dx

\/az—x2 x4+9
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Student note

30. Evaluate the integral

1

4 1 arctan x ¢’
e e e e v
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Hyperbolic function

Certain combination of the exponential functions
e* and e™ arise so frequently in mathematics,
which is called hyperbolic function.

X —X
) e —e
sinh x= cschx ==—
2 sinh x
X —X
e +e
coshx= sechx=
2 cosh x
sinh x coshx
tanh x= coth x=—
cosh x sinh x
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Graph of Hyperbolic function

4

2 A5 05 i 05 1 15 2 2 s 05 0 0.5 1

Graph of sinh x and cosh x.
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Hyperbolic identities

sinh(-x) = -sinh(x) cosh(-x) = cosh(x)
cosh*x — sinh’x = 1 1 — tanh®*x = sech®x
sinh(x + y) = sinh x cosh y + cosh x sinh y
cosh(x +y) = cosh x cosh y + sinh x sinh y

Derivative of Hyperbolic functions

i(Sinh x)=coshx i(csch x)=—cschxcothx
dx dx

i(cosh x)=sinhx 4 (sechx)=—sech xtanh x

dx dx

(tanh x)=sech’ x i(cothx)Z—cschzx

dx dx
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Integrals of hyperbolic functions

f cosh xdx=sinhx+c

fﬁdxzarcsinh x+C
fsinhxdxzcoshxc 1+x

1
f tanh x dx=sech’ x+c f \/2—1dx=arcc0sh x+C
x —
f cschx cothxdx=—cschx+C

f sech x tanh x dx=—sech x+C fl_—xzdxzarctanh x+C

f csch> x dx=—cothx+C
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Student note
1 1

31. Evaluate the integral | L ——
0 \/1+x2 o\ 164 +1
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Student note

32. Evaluate the integral

- 2 cosh x
f sinh x cosh” x dx, f tanh x dx, f ——dt
cosh"x—1
Chapter 2:Derivatives C04--105 Chapter 4:Integral C04--106

Student note

33. Prove that cosh?x — sinh*>x = 1 and 1 — tanh?x = sech?x.
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Inverse hyperbolic functions

* The inverse of hyperbolic function

sinh''x =y <> sinh y = x,
cosh’x=y <> coshy=x,andy >0
tanh'x =y <> tanh y = x.

* Formula for compute the inverse hyperbolic

sinh_leIn(x—|—\/x2+l)

cosh_leIn(x+\/x2—1), x=0
I+x
I—x

tanh~ ' x :LIn
2
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Derivatives of Inverse hyperbolic

functions

d, . . 1 d -1 1
—(sinh™ x)= —(esch x)=——==
dx (1+x  dx |x|\/x +1
d -1 1 d - 1
—(cosh  x)= —(sech x)=——=—==
dx \/x2—1 dx x\/ 1—x
d -1 1 d - 1
—(tanh = —(coth =

dx< anh™ x) — dx(co x) —
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Student note

. d 1
34. Find — .
ind —- (tanh  (sinx))
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Student note

35. Find the exact value of each expression sinh(0), cosh(0),
tanh(0), tanh(1), sinh(In 2), cosh(In 3), sinh!(1), cos!(1).
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Student note

36. Prove the identity: sinh(-x) = -sinh(x) and cosh(-x) =
cosh(x).
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Student note

37. Prove the identity
cosh(x) + sinh(x) = e*
sinh(2x) = 2 sinh(x) cosh(x)
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Student note

38. Find the derivative of the following functions

f.(x)=xcoshx, f,(x)=sinh’x.
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Student note

39. Find the derivative of the following functions

74(x)=sinh(coshx), f,(x)=tanh ™'y x
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