2301107 Calculus 1

8. Improper Integrals

Outline

8.1. Improper integral of type I
8.2. Improper integral of type II

8.3. Improper integral of mixed type
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Integral formulae

n+1

fx"dx=§+l +C f%dx:hﬂxl-i-C
fexdxzex—FC faxde%—FC
fsinxdx:—cosx+C fcosxdx:sinx+C
fseczxdxztanx+C fcsczxdxz—cotx+C
fsecxtanxdxzsecx+C fcscxcotxdx:—cscx+C
ftanxdx=1n|secxl+C fcotxdx:mlsinxl-i-C
fsinhxdxzcoshx+C fcoshxdxzsinhx-i-C
f 21 dezl—arctan Zl+c Jl;dx:arcsin —_|+C
x'+a a a Jd=x° a
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Improper integrals

» Sometime a function may not be continuous on
[a, b], or a and/or b are not finite. We also

interested in
b

J r(x)ax
1 1 0 3 1
for example, {;dx,:[oxe dx,{ — dx
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8.1. Improper integrals of Type 1

* Definition of an improper integral of Type 1

t
- If f f(x)dx exists for every number 7> a, then

_?f(x)dx:hm t f(x)dx

t— o0

b
- If f f(x)dx exists for every number ¢ < b, then

t
b

[ f(x)ax=1im [ £ (x)dx

—® t—o—w
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Improper integrals of Type 1

» The improper integrals are convergent if the
corresponding limit exists and divergent if the
limit does not exist.

e [f both f f(x)dx, f f(x)dx are convergent then

0

f f(x)dx:_f f(x)dx+f f(x)dx

—00
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Student note

1. Determine whether the integral is convergent or

divergent. 0

de,])‘%dx, f xe dx
X 1

X —

_‘b;S
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Student note

2. Determine whether the integral is convergent or

divergent. = ! |
= dx, f —dx
—» 1+x 1 )Cp
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8.2. Improper integrals of Type 2

If fis continuous on [a, b) and is discontinuous at b,

f f(x)dx=1lim f f(x
t>b g4
eIffis contlnuous on (a, b] and is discontinuous at a,
f f(x)dx=1lim f f(x
ta"

*If fhas a dlscontlnulty at c, Where a<c<b,and
both f f(x)dx, f f (x)dx are convergent then
' f f(x)dx= J" £(x)dx+ J" f(x
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Student note

3. Determine whether the integral is convergent or
divergent. z

5 2
dx, | secxdx
2 \/ - 0
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Student note

4. Determine whether the integral is convergent or
divergent. 3

1
dx, | Inxd
0x_lx_(l)‘nxx
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A comparison test for improper
integrals

 Suppose that f'and g are continuous functions with
flx)>g(x) >0 forx > a,

o If f f (x)dxis convergent, thenf g(x)dx is convergent

a

o If f g(x)dx is divergent, then f f(x)dx is divergent.
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Student note

5. Show that | ¢ ™ dx is convergent.
0
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Student note

l+e"
X

6. Show that the integral f dx 1s divergent.
1
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Student note

0

7. Find } sec x dx, f dex
0

-1 X
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8. Find f = dx fln—xdx
1 3x 1

_|_
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Student note

1

3
1 1
i =dx, | ——d
9. Find {xh X !4y—1 3%
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8.3. Improper integrals of mixed
type
* We may be interested in integrating a function to
infinity while the function is not continuous on the
interval of integration. We call this the improper
integrals of mixed type.
» We first split the interval so that f'is continuous on

that interval and then integrate to infinity
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Student note

T 1
: d
10. F1nd{ 4y—17
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