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auM ST IRUNUE ATy
(ordinary differential equation :ODE)

Yot y=f
dx

X awlsau (Independent variable)
y :éwlsew (dependent variable)

. v J Y
—,  ouWusved Y euny X
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(ordinary differential equation :ODE)

a v d LY
ﬁ?»lﬂ1§!"lf\‘lﬂ‘léw1—!ﬁ’éﬂllﬁy

ODE Linear ODE Nonlinear ODE
aumsBsouiusaley | aumseeuiusaiiey
a Y L Y
LY 13 % Ulll!‘INEET‘H

Y dU A ¢ v a

aaulsmu(y) WHanduaaau WHangulans ada

v d Y dU A Y
ayusvasn sy | Wanyudaau WanFulaisadu

.y’ .)

Tudiwagaszin Y way | Anagasenin Y waz Y,

y,Y,... vy, ...

Note: liaulan X
widuegls

y”’+5xy’+4y=0 y’+5yy’+4y=cos(X)
y’'+5xy’+4y=cos(x) | y’'+ 5xy’+cos(y)=0
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auM ST IRUNUE ATy
(ordinary differential equation :ODE)

ODE Homogeneous Nonhomogeneous
ODE :ieniius ODE :'lueniius

Notel: e X auflu | X wie f(X) eddaty |fwor X wie f(X) @
oaszn Y, Y,.nsehi |y YT e lajedaamu Y, Y,..

Note2: dossazilli Yy,

y'.. lifisdailuau

y’'+5xy’+4y=0 y’'+5xy’+4y=cos(x)
y’+ 5xy’+cos(y)=0
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auM ST IRUNUE ATy
(ordinary differential equation :ODE)

ouau(order) szivdu(degree)
vosaums ODE | wesaums ODE
= UAVYINAVD :gaméﬁﬁagaqﬂmm
oUNUS oUNUBOUAUFIGA
y"+5xy’+4y=cos(X) 2 1
Y +BX(y" e+ xy +4y=0 3 1
(y™)?+ Sxy"+4xy'+4y>=0 3 2
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a\ v J
NALRAYUDITUNITIBIDUNUD

siluuy ANHUTVRINAIRAY EX:
wanaaiialil AAAIAAD 1111209 y'-y =0
1 Y Y
(general soln.) DYNUDY 1 A7 y=Ae*, y=Be~*
HAIR AN paragliunumag |y -y =0
. Y ' Y Y
(particular soln.) |7 limizesaleanay y=2e*, y=3e™
HaInasUS Y30l Hainagn 1iUn y'-y =0
(complete soln.) |dszneudrenamas y=Ae* + Be
dog ) MiudaseFudy
NI Ao Ng 1M hionm ldnawamas | (y)2-xy’+y=0

(singular soin.)

N ldvesaunsigs
Y] J
OUNUT

Y=CX-C? : gen. soln.
y=x2/4 : singular




A v ¢ v v v
UM IBIDYWUTAIHYOUA ‘lJ N 1 (15t order ODE)

1st ODE Form
1.dwlsuondula
(variables separable form) T (x)dx=g(y)dy
2 .10nWus
(homogeneous form) M(x, y)dx=N(x, y)dy
3. iU M N
(exact form) M (x, )k + N(x,y)dy =0, =2
4. Fudu dy
(linear form) dx +P(x)y=Q(x)

2102204 EE Math 1: Mana Sriyudthsak, Chulalongkorn Univ.




15t ODE muwéamlsuaniula (variables separable form)

| : f (x)dx=g(y)dy
1 p(x)Q(y)dx = P(x)q(y)dy
@dX:Mdy
P(x) Q(y)
11 : ﬂ=M(X)N(y)
dx
M (x)dx:idy

N(y)
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1stOD

E wudmilsuaniuld (variables separable form)

f (x)dx = g(y)dy = [ f(9ax=[a(y)dy+C

Ex(2-1):Solve  xydx+dy = x°dy + xdx

[

_ N o 1 X
Soln: (1-x7)dy =x(1—y)dx = —(1 ) dy = (1_X2)dx
- 1 1 )
.(1 " dy = j(l X) = —fn(\l—y\):—afn(‘l—x‘)+C1
| [A=Y)° }z—zclzc = {aﬂ’ﬂ:e‘?
|(1—x7) (1-x°)
g: ig) =+e“ =k = y =1F[k(L-x*)]"?
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1St ODE wuwensius (homogeneous form)

Condition: M (X, y)dx =N(x,Yy)dy
1. M(x,y),N(x,y):homogeneous function
2. M(X,¥),N(x,y):same degree

Homogeneous (X, V)
function

A>0 X>AX , Yy Ay
F(x,y)= A'F(X,Y)
n:degree
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1St ODE wumenwius (homogeneous form)

M (X, y)dx = N(x,y)dy

M (X,V¥),N(X,Yy):homogeneous function
M(AX, Ay) = A"M (x,y) and N(Ax,Ay)=A"N(X,Y)

M(X,y)/N(X,y)=M(Ax,y)/ N (Ax, Ay)

while x>0, A=1/X

while x <0, A=-1/x

M(x,y)/N(x,y):M(l,X)/N(l%) (x> 0)
X

“M(=L=)/NEL Y (x<0)
X X
dy .Y
&—R(X)

Note: M(X,y), N(X,y) @i masiiluiladsu oz hiduileddueonius EX: M(X,y)=(4xy+5)
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15t ODE wuwenstus (homogeneous form)

MO =Nxdy = D=t I gl

dx  N(x,y)

. y y dy du

if y=ux = -=u, R(=)=RU) , —=Uu+Xx—

X X dx dx
R(U)=U+xd—u - R(u)—u:xd—u
dx dx

@) :if {R(u)=u} then du:ldx — variables separable form

R(u)—u X
(2) :if {R(u)zu:x} then %:X :ﬂ:%: variables separable form
X X X y X
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1st ODE wwuenitus (homogeneous form)
Ex(2-3): Solve  (X*+2y?)dx = 2xydy

Solution (x*+2y?) and 2xy are 2" degree homogeneous functions.
Al: set y=ux = dy=udx+ xdu
= x°(1+2u®)dx = 2x°u(udx + xdu) = (1+ 2u®)dx = 2u(udx + xdu)

= dx=2uxdu = 2udu=(1/x)dx= _[ = u®=/x+C

= (y/X)2 :fn‘X‘-I-C — y:ix[fn‘x‘_l_c]l/Z st

A2: set x=vy = dx=vdy+ ydv
= y*(V* +2)(vdy + ydv) =2vwy’dy = vdy+ 2vdy +Vv°ydv + 2ydv = 2vdy

= v?ydv + 2ydv = —v°dy = (E+%)dv:—idy
VoV y
1 y i
_[ :fn\v\—v—zz—ﬁn\th = /n|x|—/(ny|—- " =—/nly|+C,
= (y/x)*=/n|x-C, = y=+x[/nlx|-C,J"* | ##
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1st ODE wuwvunnunse (exact form)

oM ©ON
M (X, y)dx+ N(x,y)dy=0 , ikl
(x,y) (x, y)dy & - ox
af (x,y): M(x,y)zafg(’y) and N(x,y):af(x’y)
X oy
. TN gy T 40 = dfz0 = [ =t w
OX oy

Ex(2-4):Solve (-4x+3y+1)dx+(3x+2y—-2)dy =0

Solution: (-4x+3y+1) and (3x+2y-2) are not homogeneous.
v (—AAX+ 34y +1) = A(-4x+3y+1) and (3AX+24y—2) #(3x+2y—2)
but O(—4x+3y+1) _3 and 8(3x+2y—2):3 o oM _oN
oy OX oy  OX
= .. (dx —4xdx) + (3ydx + 3xdy) + (2ydy — 2dy) =0
= d(x—2x?)+3d(xy)+d(y*-2y)=0
= j = (x=2x*)+3(xy) +(y* -2y)=C
= Vo +(Bx-2)y+(x-2x*-C)=0 = y=..H##
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1st ODE wuwvunnunse (exact form)

Ex(2-5):Solve  xdx—(x*+y?—y)dy=0

Solution: M _9)_4 N _0-("+y"~y) _ —2Xx = .. not in exact form.
oy ox OX

but xdlx + ydy:;d(x2+y2) o exact differential form of ;(x2+y2).
use 212 which is a function of (x*+y*) as integrating factor.

(X" +Yy7)
= multiply 1 = X dx-|1- Y dy=0

(x> +y?) X° +y° X° + y?

Now M_0 M —x(2Y) - N_o 1-— Y |- y(2x 2 > <>exact form

oy oy\x"+y (X“+Yy°) OX OX X“+Yy (x +Y9)
N xdx+ydy _dy=0 N 1d(x +vy?%) —dy=0

X2 +y? 2 (X*+vy%)
= d[@jln(x%yz)—y}zo = I :(Zjln(x2+y2)—y:C = y=..##
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1st ODE wuwvunnunse (exact form)

Ex(2-6):Solve  xdy+(x’y*+y)dx using integrating factor.
Solution: 1. (X),(x’y*+y) are not homogeneous function.
2. 8(x)¢8(x3y2+y) ". nhot exact form.
OX oy
reform:= (xdy + ydx) + x*y?dx =0 = d(xy) + x’y°dx =0
Since (xdy+ ydx) is differential form of d(xy)
then using 1/(xy)’ as integrating factor.

— d(Xy)+xdx 0 — d{l+lx} 0
(xy)’ Xy 2

= I = _—1+1x =C = y=.. Hi#t

Xy
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1st ODE wuwvunnunse (exact form)

Ex(2-7): Solve xdy — ydx = —(x* +4y*)dx

Solution: 1. (=x*—4y® +Y),(x) : nonhomogeneous.
2. (=x°=4y®+y),(X):not exact form.

but : xdy — ydx = xzd(xj then using iz as Integrating factor.
X X

— 2 2 2
(xdy zde) :_(X +24y jdx = d(yj=—£1+ 4(Xj jdx
X X X X

L Zd(ijmx:o = Etan‘{ﬂ)ﬁLX =0
1+4(y/x)? \ x 2 X

j — ltan‘l(ﬂj +x=C H.
2 X
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1st ODE wuwvunnunse (exact form)

Finding integrating factor:

For M (X, y)dx+ N(x,y)dy=0
1. If M # oN but L[ oM _N = 1(X)
oy  OX N{ oy oOXx
. . . 1({oM ©N
then integrating factor IS X) = ex — dx
grating u(x) pUN(éy 6)(] }
.. oM ©ON 1 ({0ON oM
2. If + but — =
&y ox M [ax @yj H0Y)

then Integrating factor Is y(y)zexp{j 1 [82\: _oM jdx}
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1st ODE wuwvunnunse (exact form)

Ex(2-8)(2-5) Solve xdx—(x*+y*—y)dy=0
: oM ON 1(oM ON 1
Solution : 1. # and — — = 0—(-2x)) # u(x
OX N(@y axj —(x2+y2—y)( (72X9) 7 u(x)
then can not use integrating factor u(Xx)=exp Ii oM _oN dx |.
N{ oy ox
oM  ON 1(oN oM\ 1
2. # but — =—(-2x-0)=-2=
" o M(ax ay] (-2x-0)=-2= uly)
: : : 1(oN oM
then integrating factor is = ex = dx | =exp|| —2dy|=e*’
grating u(y) pUM(@( 8yj } p|[ - 20}
xdx — (x> +y* —y)dy =0 = (xdx + ydy) — (x* + y*)dy =0
2 2 2 2
—~d ‘;y )—(+y)dy=0 = *e?¥ = e-zyd(%)—e-zy(xhyz)dy:o

= %d[ezy(x2+y2)]:0 = _[ = e?(x*+y?)=C

= /n :>—2y+€n(x2+y2)=€n(C):> %En(x2+y2)—y:%€n(C):C1 ##.
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1st ODE wyu@atay (linear form)

Y px)y=Q(x)
dx

using integrating factor ¢(x)

—

900 X + 40P (Y = 400

select ¢(x) that satisfy d¢(x)_¢(x)P(x) = d¢(X):P(x)dx
dx #(X)

= i) = [POOdX+k =] g(x) = ze¥el "% = el 7O
then ()2 + 000y - LUV 49000

X dx
:>d[¢(X)y]—¢(X)Q(X)dXz> [= #(0y=[#(0Q(x)dx~+C'

C'

d
=Y= (400 dX+ -
y= -k'eIP(X)dX]Q(X)dX ! C' :e-jp(x)dXJ[ejp(x)dx]Q(X)dX+Ce-jp(x)dx

1
k'eJ P(x)d I =

k'e

JP(x)dx
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1st ODE wyu@atay (linear form)

Ex(2-9): Solve Xy'+y+4=0, y=1 when x=1

Solutionl: = y'+(1/X)y =-4/x, P(x) =1/, Q(x)=-4/x

using integrating factor qﬁ(x)zk'ejp(x)OIX , jP(x)dx=j(1/x)dx:€nx o PO gy
: C' 1 C C
since p(X)Q(X)dX +—— =—|[X][-4/ x]dx +— = (-4)+— H.
"~ 4(x )I #(X) ><I X X
Solution2:  using integrating factor g(x)=el"®% -
multiply by ¢(X)[=X] = xdy+y = xdy+yOI _ 90y —4
dx dx °dx dx
= d(xy) =-4dx = '[ = Xy = —4x+C = y :—4+5 #it
Solution3: Xy'+y+4=0 = xdy +(y+4)dx=0 — Exact form
GM:a(y+4):1 _ ON _o(x) _
oy oy oX  OX
differential form: (xdy + ydx) +4dx = d(xy)+4dx = d(xy+4) =
J‘ = Xy+4x = C = y = —4+9 Hi
X
C 5
x=1 =y =1-= _4+I = C=5 = y=—4+; ##
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L madszgndmadenng sy il

= Ex(2-10): Find i as function of t. 1=0 at t=0.

Solution:  V, +V, =E,+ \\[I—_Ld—-;, V, =Ri

+
di di RE
:E L—+R| E — —+—
dt dt\y

i
R R
jP(x)dt edet _ G(LJt

R S+PMi=Q()

E di
L dt

integrating factor : A(X) =

multiply by ¢(x) = ﬂ*emt+5i*em=%*emt = d(i*emt):%*emt

dt L
") R) R)
_[ = i*eU = E_[ emdt + C = (Ehjem + C
L LR
= D E et t=0-i=0, = 0=C +C =cC=-=C
R R R
- . B _E E(1—e_m) ##
R R R
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EX: anuduvesduussaum Iihasiunamissenindmsenoulunuaunu Y (Ey) fu
datlsznoulunuanu X (Ex) 41 E=(1/X)ax — (1/y)ay wawazudaumsoyiius

Solution:

U

dy (-1l/y) X
dx (1/x) y

Xdx + ydy =0
;d(x2 +y?)=0

(x*+y*°)=C #t
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Bernoulli equation: y'+P(X)y = Q(x)y"

assume: z=y"" = z =(1-n)y"y

z _ zy"
l-ny™" (@€-n)

Z'y - .

e’ P(x)y=Q(x)y

z+(1-nmPX)y™" =@1-nQ(x)

y':

" ,N

z+(1-nP(x)z =@1-n)Q(X) = Linear ODE

Ex: y +y=x/y = 2=y =y* =7 =2yy

=  ——4y== =  Z+42y°=2X = 7 +27=2X
2y y
2dx 2% C

po=e =t 2= [00R00
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Riccati equation: y'=P(x)y’ +Q(x)y + R(x)
if y=u(x) is a solution then u =P(X)u*+Q(x)u+ R(x)
| 1 o1
assume . y:u+E then y =u —?z
y =P(x)y* +Q(x)y+R(x)
1 , 2u 1 1
u —?z =P(x)(u +?+?)+Q(x)(u +E)+R(X)

=[P(U* + QU+ R()]+ 2 4 P, QU

Z Z Z
_izz- _2P(x)u N P(2X)+Q(X)
Z Z Z Z
—z  =[2P(X)u+Q(X)]z + P(X)
= Linear ODE

Ex: y'=xy* +(1-2x)y+x-1
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